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The  method  of  selecting  pre  and  post  pulses  described  In  this  paper  con¬ 
siders  (1)  the  entire  pulse  must  fit  the  required  tolerances,  (2)  the 
optimum  Initial  conditions  must  exist  before  the  test  pulse  starts.  In¬ 
cluding  optimum  velocity,  displacement  and  acceleration,  (3)  the  terminal 
acceleration,  velocity  and  displacement  must  be  zero  and  (4)  the  excur¬ 
sions  of  acceleration,  velocity  and  displacement  must  fall  within  the 
shaker  system  capability. 

Inorder  to  simultaneously  consider  these  four  requirements,  a  computer 
program  was  written  to  generate  various  shaped  pre  and  post  pulses. 

These  shapes  were  mathematically  Integrated  to  find  the  velocity  and 
displacement  profiles,  which  could  then  be  compared  to  the  requirements. 
Parametric  variation  was  performed  to  optimize  the  shapes. 

An  example  Is  shown  using  a  MIL-STO  810C,  11  millisecond,  30G  half  sine 
pulse  with  tolerances  of  ±S%  on  pre-pulse,  ±15S  on  classic  pulse  and 
'•'20%,  -30%  on  post  pulse  (as  required  by  the  MIl-STD).  The  results  of 
this  example  are  compared  with  the  results  obtained  by  using  present 
"typical"  pre  and  post  pulses. 


HISTORY 


Impact  Shock  Testing  was  developed  to 
evaluate  and  demonstrate  a  test  Items  ability 
to  survive  a  collision  with  something.  This 
type  shock  typically  Is  of  half-sine,  termi¬ 
nal  peak  sawtooth  or  square  wave  acceleration 
time  history,  depending  on  the  nature  of  the 
materials  Involved  at  the  collision  Inter¬ 
face.  The  shock  Involves  a  change  In  veloc¬ 
ity  of  the  test  Item,  caused  by  the  Impact. 

In  the  past,  this  type  test  was  performed 
by  simulating  the  collision.  The  test  Item 
was  attached  to  a  table  which  was  allowed 
to  collide  with  part  of  the  shock  machine. 
Various  materials  were  placed  at  the  col¬ 
lision  Interface  to  obtain  the  desired  time 
history.  Originally,  sand  was  used  at  the 
Interface.  Later  It  was  replaced  by  lead, 
rubber,  platic  foams,  pneumatic  programmers 
and  others,  all  In  an  attempt  to  shape  the 
time  history.  Tolerances  were  established 
to  Insure  some  degree  of  validity  to  the 
tests.  The  tolerances  were  developed  on 
the  basis  of  an  actual  collision,  with 
some  consideration  being  given  to  the  type 
of  shock  machines  being  used  for  this  test. 


The  tolerances  allow  very  little  motion 
before  the  Impact,  a  degree  of  accuracy 
during  the  Impact  period  and  fractional 
"ringing"  after  Impact.  See  Figure  I 
for  MIL-STD  81DC  tolerances.  These  tol¬ 
erances  tend  to  encourage  a  change  In  test 
Item  velocity. 


As  the  age  of  electronics  progressed, 
the  concept  of  Impact  testing  on  a  vibration 
shaker  was  bom.  This  concept  allows  great 
flexibility  In  time  history.  Rather  than 
change  Impact  material,  dial  settings  on  a 
pulse  generator  were  changed  to  produce  the 
desired  shapes.  Unfortunately,  the  signal 
put  into  a  shaker  system  Is  not  Identical  to 
the  acceleration  It  produces  because  of  the 
transfer  function  of  the  system.  Various 
methods  of  overcoming  non-unity  transfer 
functions  were  developed.  During  this 
period,  a  technical  paper  describing  a 
closed-loop  Iterative  equalizer  costing 
$100,000  was  followed  by  a  paper  describing 
a  $15  OP-AMP  circuit  which  unitized  the 
system  transfer  function.  Finally,  the 
development  of  low  cost  computer  controllers 
has  allowed  digital  control  of  shock  tests  In 
many  laboratories. 


Figure  I 

Half-Sine  Shock  Pulse  with 
MIL-ST0-810C  Tolerances 


THE  PROBLEM 

Although  impact  shock  results  In  a  change 
in  velocity  an  electrodynamic  shaker  system  is 
not  capable  of  long  term  velocity  change. 
Typically,  the  shaker  head  is  constrained 
to  a  single  location  and  can  deviate  from 
that  location  by  only  a  centimeter  or  so. 

This  restriction  provides  the  remaining 
challenge  to  impact  testing.  See  Figure  II 
for  acceleration,  velocity  and  displacement 
of  an  Impact  shock.  In  order  to  overcome 
the  requirement  for  a  change  in  velocity, 
the  test  must  possess  a  second  change  in 
velocity  being  of  equal  magnitude  but  oppo- 
sit  direction  as  the  required  change.  This 
zeros  the  long  term  velocity  change  and 
allows  testing  to  be  performed  on  a  shaker. 
The  way  in  which  this  opposite  velocity  is 
obtained  is  the  essence  of  this  paper. 

Tolerances  on  impact  testing  are  ap¬ 
plied  to  acceleration  time  history.  In 
order  to  minimize  the  acceleration  required 
to  generate  the  opposite  velocity  change, 
long  duration  pulses  are  used.  (Since  veloc¬ 
ity  change  is  the  time  integral  of  accel¬ 
eration,  increasing  the  time  and  re¬ 
ducing  the  amplitude  of  a  pulse  will  result 
in  the  same  velocity  change.)  To  further 
reduce  the  amplitude  two  pulses  are  used, 
one  before  and  one  after  the  impact  shock. 


It  is  advantageous  to  minimize  these  pre  and 
post  pulses  to  eliminate  their  damage  poten¬ 
tial  to  the  test  item  and  to  meet  pre  and 
post  test  tolerances. 

COMMON  SOLUTION 

Present  canned  programs  have  equal  pre 
and  post  pulses.  See  Figure  III  for  accel¬ 
eration,  velocity  and  displacement  of  a  306, 
11  millisecond  half-sine  for  a  typical 
canned  program  pulse  test.  Notice  the  pre 
and  post  pulse  acceleration  is  equal,  the 
positive  velocity  equal  the  negative  veloc¬ 
ity  and  the  displacement  is  all  negative. 

The  size  of  the  boxes  around  velocity  and 
displacement  represents  the  shaker  system 
limits,  that  is,  254  centimeters/second 
is  the  maximum  velocity  possible  and  2.54 
centimeters  is  the  maximum  double  amplitude 
possible  for  the  particular  shaker  system 
under  consideration.  Notice  the  displace¬ 
ment  required  for  this  pulse  is  greater 
than  allowable  for  this  system.  The  ac¬ 
celeration  magnitude  of  the  pre-pulse  is 
greater  than  the  allowable  tolerance.  We 
will  see  later  in  this  paper,  that  this 
shock  test  can  be  performed  within  tol¬ 
erance,  on  this  system,  by  optimizing 
the  pre  and  post  pulse. 


T V=204 . 6  CM/SEC  DISP» 1.119  CM  DURATION* .01093  SEC 


Figure  II 

30  G,  11  ms  Half-Sine 
Accel ,Vel,  and  Disp. 


OPTIMUM  SOLUTION 


The  following  considerations  should 
be  made  to  optimize  pre  and  post  pulses: 
(1)  Tolerances,  (2)  Initial  conditions 
should  be  optimum,  (3)  Final  conditions 
should  be  zero,  (4)  Excursions  should  be 
within  shaker  system  capabilities  and 
(5)  Damage  potential  of  pre  and  post 
pulses  should  be  minimized.  Let  us  try  to 
consider  the  first  three  constraints  one 
at  a  time,  while  keeping  our  solutions 
within  the  bounds  pf  the  fourth  and  fifth 
constraints. 


TOLERANCES 


In  order  to  meet  the  tolerances,  the 
pre-pulse  must  be  constrained  to  5%  of 
the  pulse  magnitude.  If  the  shapes  are 
the  same  for  pre,  post  and  shock  pulse, 
and  the  pre  and  post  pulse  magnitudes 
are  equal ,  then  the  duration  of  the  pre 
and  post  pulse  must  be  ten  times  the 
shock  pulse.  This  would  result  in  twenty 
times  the  duration  at  one-twentieth  the 
magnitude  to  completely  cancel  the  shock 
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Figure  III 
"Typical  Solution" 


pulse  velocity.  Unfortunatelly,  two 
problems  arise  from  this  approach.  First, 
for  an  11  millisecond  shock  pulse,  the  pre 
and  post  pulses  must  be  110  milliseconds 
long.  This  is  too  long  for  the  shaker 
system  being  considered,  since  it  is  limited 
to  testing  at  5  Hertz  and  above  and  a  110 
millisecond  half-sine  pulse  contains  a  com¬ 
ponent  below  5  Hertz.  Secondly,  as  Is  seen 
In  Figure  III,  the  displacement  of  the  pre¬ 
pulse  exceeds  the  shaker  capability.  For 
these  reasons.  It  Is  not  practical  to  pre¬ 
serve  equal  pre  and  post-pulses.  The  pre¬ 
pulse  must  be  designed  to  fit  the  tolerance 
and  comply  with  shaker  capabilities,  leaving 
more  than  SOX  of  the  velocity  to  be  can¬ 
celled  by  the  post-pulse.  The  post  pulse. 


having  greater  than  5X  tolerance,  has  the 
ability  to  make  up  for  the  pre-pulse 
deficiency. 


INITIAL  CONDITIONS 


Within  the  contraints  of  the  previous 
paragraphs,  now  we  must  optimize  the 
acceleration,  velocity  and  displacement 
just  prior  to  the  shock  pulse. 


The  optimum  acceleration  is  zero 
since  the  shock  pulse  starts  and  ends 
at  zero.  To  comply  with  this  requirement, 
we  win  simply  define  any  acceleration 
before  the  zero  crossing  as  pre-pulse. 
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The  perfect  velocity  Is  a  negative 
velocity  representing  half  the  shock 
pulse  velocity.  We  already  know  this  Is 
Impossible  so  the  optimum  velocity  Is 
the  maximum  negative  velocity  obtainable 
within  the  5  hertz  and  SX  amplitude  con¬ 
straint.  This  velocity  must  be  obtained 
without  exceeding  the  displacement  limit. 

Since  amplitude  and  duration  of  the 
pre-pulse  are  bounded,  the  only  variable 
left  Is  shape.  To  obtain  the  maximum 
velocity  from  a  pulse  of  limited  amplitude 
and  magnitude,  a  square  wave  should  be  used. 
Square  waves  have  components  at  all  fre¬ 
quencies  and  will  excite  a11  natural  fre¬ 
quencies  of  a  test  Item.  For  this  reason 
only  the  first  two  components  of  the 
square  wave  are  used.  This  produces  a 
square-like  wave  with  limited  damage  poten¬ 
tial.  A  1.15S  amplitude  half-sine  at  the 


fundamental  frequency  was  added  to  a  0.231 
amplitude  sine  at  the  third  hanionlc  to 
produce  a  maximum  velocity  wave  of  unity 
magnitude.  See  Figure  IV.  This  shape 
was  used  for  the  pre-pulse  to  obuin 
maximum  velocity  In  minimum  time  with 
limited  damage  potential. 

The  optimum  displacement  must  be  with 
In  the  2.54  centimeters  of  shaker  stroke. 
If  we  start  from  center  and  accelerate 
downward,  the  further  we  can  travel;  the 
higher  the  velocity.  For  this  reason, 
to  maximize  velocity,  we  should  start 
at  the  top  of  the  allowable  stroke,  not 
the  center.  The  optimum  Initial  con¬ 
dition  for  the  pre-pulse.  Is  zero  veloc¬ 
ity,  maximum  positive  displacement.  It  is 
possible  to  Include  in  the  pre-pulse,  an 
initial  portion  designed  to  establish  this 
condition. 


COMPONENT 


TIME  (Z  OF  TOTAL  TIME) 


Figure  IV 

Squarc-Lthc  Wave 

man,  VelocUy.  min.  Daaiage 


FtfMT*  V  SIMM  tHH  afftialxtd  prt- 
VmIm  »4i9*rta|MM4  on  tlw  rosultlnf 
tfltflocMot.  Ttw  prt-p«1it  contUts 
of  •  poottloo  polso  of  0.24  aoplUuOo 
folloMtf  Igr  0  ooyot<«o  pvlso  of  unit 
ao^Htiiii.  tho  dltplocoMot  shoM  tltot 
tko  first  tit  of  tlw  pmIso  Is  usod  to 
oktoln  tko  MJiloMo  positive  dlsplocoaont/ 
xoro  volocity  condltteo.  Tko  rowlnlnp 
351  It  usod  to  oktoln  ■oxlMOi  woloclty 
Just  koforo  rcocklnp  Malaioi  nooatlvt 
displocoaont.  A  taoll  aaouRt  of  dlspUco- 
■ont  oust  roMln  to  porfor«  tko  skock 
pulso.  Unit  aoplltudo  ond  durotlon  kovo 
kooN  usod  to  ollou  tollorlM  of  this  tiao 
History  to  vorlous  skock  puitos.  For  tko 


305  Hoif-slnc  discussed,  tho  St  toloronce 
■ould  ollow  t  Mopnitude  of  I.SG's.  This 
yields  t  pre-pulse  fundooenUl  frequency 
of  6.1  Hertz ,  Motl  obove  the  5  Hertz  lower 
Holt. 

kote:  For  the  2.S4  cent  looter  sheker 
systoo,  the  reUtionshlp  between 
oopnitude  (M)  ond  fundooentol 
frequency  (F)  Is: 

F^*2SM  Derived  from  the  besic 
equetion  of  motion: 

Oistence  •  Acceleration  »  Time^/2 


TIME  (X  OF  TOTAL  TIME) 


Figure  V 
Pre-Pulse 

Acceleration  end  Displace 


FINAL  CONDITIONS 

Having  optimized  the  pre-pulse  and  per¬ 
formed  the  required  shock  pulse,  a  residual 
velocity  and  displacement  m111  exist.  A 
post  pulse  must  be  designed  to  cancel 
the  residual  velocity  within  the  displace¬ 
ment  constraint,  while  minimizing  the 
damaoe  potential.  Figure  VI  shows  the 
development  of  acceleration,  velocity  and 
displacement  up  to  the  post-pulse.  The  task 


remains  to  develop  a  post-pulse  which  will 
result  In  zero  acceleration,  velocity  and 
displacement  at  the  end  of  the  test.  From 
Figure  VI,  we  see  the  post-pulse  must  start 
at  0.06  acceleration,  133.1  cn/sec  velocity 
and  -0.7354  cm  displacement  and  end  at  zero. 
It  Is  easier  to  conceive  of  a  pulse  that 
starts  at  zero  and  ends  at  the  above  con¬ 
ditions  so  we  will  consider  this  type 
pulse  and  simply  reverse  the  time  axis 
polarity  when  we  find  a  pulse  which  com- 
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Figure  VI 

Pre- Pulse  and  Half-Sine 
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plies  with  our  requirements.  The  post-pulse 
tolerances  will  limit  the  amplitude  of  this 
pulse  to  *6  G's  and  -9  G's.  The  shape  of 
the  post-pulse  will  establish  the  resulting 
velocity  to  displacement  ratio  and  the 
magnitude  of  the  post  pulse  will  establish 
the  values  for  velocity  and  displacement. 

For  this  reason,  we  will  first  find  a 
suitable  shape,  then  establish  Its  magnitude. 

The  veloclty/dlsplacement  ratio  required 


p  .  -133.1  cm/sec 


-181  sec' 


If  a  half-sine  Is  used  for  the  post-pulse, 
the  ratio  R.  Is  2.0  dividled  by  duration. 

The  appropriate  duration  post-pulse  of 
half-sine  shape  would  be  11  milliseconds. 

The  magnitude  required  to  obtain  a  -133.1 
cm/sec  velocity  Is  -20  G's.  This  is  greater 
than  the  -9  G's  allowed  so  a  different  shape 
of  longer  duration  is  required. 

To  satisfy  a  large  number  of  possible 
requirement,  a  family  of  curves  was  in¬ 
vestigated.  This  family  possesses 
(1)  smooth  displacement,  velocity  and 
acceleration  time  histories.  (2)  high 
variation  of  R.  (3)  simple  and  continuous 
mathematical  representation.  See  Figure 
VII.  The  function  is  one  complete  cycle 


Kt^SIN  2mt 


TIME  (X  OF  TOTAL  TIME) 

Figure  VII 

Family  of  Post-Pulses 


of  a  sine  function  with  amplitude  modulated 
by  an  exponential,  represented: 

F(t)  =  K  t^  SIN  2iift 

The  frequency  (f)  and  the  exponent  (y) 
can  be  varied  to  obtain  various  ratios 
(R).  The  equation  represents  a  sine  in¬ 
creasing  in  amplitude.  In  actual  use, 
the  time  axis  is  reversed  and  the  amplitude 
decays.  Figure  VIII  shows  what  f  and  y  are 
required  to  obtain  a  desired  ratio  R. 


When  the  exponent  y  is  between  1  and  2, 
the  ratio  varies  greatly;  when  above  2 
it  remains  relatively  constant.  This 
occurs  because  the  function  looks  less 
like  a  full  cycle  of  sine  and  more  like 
a  pulse  as  y  is  increased  and  therefore, 
takes  on  the  pulse-like  characteristic  of 
having  a  single  R  for  a  given  frequency. 
Figure  VIII  can  be  used  to  select  can¬ 
didate  post-pulses.  The  maximum  accelera¬ 
tion  of  the  candidate  must  be  adjusted  to 
obtain  the  proper  velocity  change.  This 


Exponent  (y) 


Figure  VIII 
R  Selection  Chart 


acceleration  Is  limited  by  the  post-pulse 
tolerance  so  not  all  the  candidates  will 
suffice.  If  the  post-pulse  Is  limited  to 
-9  G's,  the  frequency  must  be  14  Hertz 
or  less  to  obtain  tlw  desired  velocity 
change.  Simllarlly,  If  the  frequency 
Is  too  low,  the  displacement  exceeds 


the  shaker  capability.  For  this  particu¬ 
lar  case,  the  frequency  must  be  between 
12  and  14  Hertz.  Figure  IX  shows  the 
total  wave  shape  using  a  frequency  of  14 
Hertz,  an  exponent  of  1.29  and  an  ampli¬ 
tude  of  -8.17  G's. 


ACCELERATION 


GR 
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Figure  X 

Optimum  Solution 


This  shape  completely  satisfies  the 
requirements,  however,  the  displacement 
for  the  pre-pulse  Is  to  the  2.54  cm  limit, 
while  the  displacement  for  the  post  pulse 
Is  far  from  the  limit.  The  pre-pulse  was 
made  slightly  smaller  and  the  post  pulse 
made  larger  to  even  out  the  displacement. 
Figure  X  shows  the  final  shock  profile. 


The  total  shock  time  history  can  be 
expressed  mathematically  In  four  sections 
with  time  equal  zero  at  the  start  of  each 
section.  Section  I  Is  the  positive  pre¬ 
pulse,  Section  II  Is  the  negative  pre-pulse 
Section  III  is  the  classic  pulse  and 
Section  IV  Is  the  post-pulse, 
below  shows  these  equations. 


ACCELERATION 


3312  {1.155  SIN  2w(6.1  H*)t  ♦  0.231  SIN  2»(3X6.1  Hz)t) 
3800  {1.155  SIN  2»(6.1  Mz)t  ♦  0.231  SIN  2w(3X6.1  Hz)t) 
30.0  SIN  2« (500/1 1msec )t 


y;1543.0  (0.0714-t) 


1.29 


SIN  2w(14  Hz){0.0714-t) 


The  chart 

SEGMENT 

I 

SEGMENT 

II 

SEGMENT 

III 

SEGMENT 

IV 

EQUATION  FOR  ACCELERATION 


COMPARISON 


The  30  6  pulse  can  be  performed  on  a 
2.54  cm  D.A.  machine  only  because  of  the 
pre  and  post  pulse  optimization.  If  a 
typical  10S  half-sine  pre  and  post¬ 
pulse  were  used,  the  machine  would  be 
limited  to  a  12  6  pulse  so  this  optimi¬ 
zation  procedure  has  Increased  the  machine 
capability  by  a  factor  of  2H. 

Additionally,  the  tolerances  of 
NIL-STD  810C  have  been  met;  but  at  what 
price?  Figure  XI  shows  the  shock-response 
spectrum  (Q-10)  for  the  pure  pulse,  the 
10X  pre  and  post  pulse  solution,  and  the 
optimized  solution.  To  accommodate  the  ISS 
pre-pu1se  tolerance,  most  of  the  velocity 
compmsatlon  had  to  be  In  the  post-pulse, 
resulting  In  the  -9  G  decaying  sine.  This 
post  pulse  Is  almost  three  times  the  post¬ 


pulse  amplitude  required  If  the  pre-pulse 
tolerance  Is  not  met.  Complying  with  the 
tolerance  results  In  a  40i  Increase  In  the 
SRS  at  25Hz,  over  the  SRS  for  the  classic 
shape,  or  the  IDS  pre-post  pulse  solution. 

It  Is  not  the  Intent  of  the  tolerance,  to 
Increase  the  pulse  damage  potential.  For 
this  reason.  It  Is  suggested  that  the  pre¬ 
pulse  tolerance  of  MIL-STO  810C  be  In¬ 
creased  to  ±15t  to  allow  shaker  shock  testing 
with  no  Increase  In  damage  potential. 

Notice  both  shaker  solutions  under¬ 
test  at  frequencies  below  10  Hz.  This  Is 
a  disadvantage  Intrinsic  to  shaker  shock 
and  must  be  considered  for  testing  low 
frequency  systems  such  as  Isolated 
electronics  or  packaged  equipment. 


Figure  XI 

Shock-Response-Spectrum  (SRS) 
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CONCLUSION 


This  paper  has  shown  how  to  optimize 
pre  and  post-pulse  shapes  for  shaker  shock 
testing  and  thereby: 

1.  Meet  MIL-STD  810C  tolerances 

2.  Maximize  usable  range  of  the  shaker 
system  (up  to  30  G's,  11ms  for  a 
2.54  shaker). 

3.  Minimize  damage  potential  of  pre 
and  post-pulses. 


DISCUSSION 

Mr.  Rogers  (Onholtx-Dlcklc):  Are  the 
digital  control  people  aware  of  your 
work  and  haa  thla  been  Inplemented  In 
their  aoftware? 

Mr.  Pandrlch;  Aa  far  aa  1  know  at  thla 
point  In  time.  It  haa  not  been  Imple¬ 
mented  In  their  aoftware  although,  aome 
of  the  technical  people  In  the  varloua 
companies  who  sell  theae  programs  have 
been  pushing  In  this  direction,  they  are 
aware  of  It.  And  In  fact,  after  I 
finished  thla  paper  I  found  that  there 
were  aome  In-houae  mamoa  in  tome  of 
these  companlea  that  had  been  written  to 
try  and  get  thla  kind  of  solution.  And 
hopefully  thla  will  help  precipitate 
that  solution  also.  I  have  a  canned 
program  that  will  do  classic  pulses  as 
well  as  any  time  history  I  put  Into 
It.  So  I  can  program  In  an  optimum  pre- 
In  post-pulse  and  not  use  their  canned 
solution  to  the  problem  which  is  a  good 
advantage . 

Mr.  Koiers;  Also  I  noticed  your  choice 
of  one  hundred  Inches  per  second.  That 
seems  fairly  high  compared  to  moat  shak¬ 
er  system  velocity  ratings. 

Mr.  Fandrlch;  One  hundred  Inches  per 
second  Is  the  limit  on  the  shaker  that  I 
was  using  so  I  think  1  only  needed  40  or 
50  Inches  per  second  to  accomplish  all 
this.  Velocity  never  was  a  problem  on 
this  shaker  system. 

Mr.  Koaers:  40  or  50  seems  more 
consistent  with  the  performance  rating 
of  most  shaker  systems.  100  Inch  par 
second  velocity  capability  Is  fairly 
rare.  So  I  am  glad  to  see  that  you 
stayed  within  40  and  50.  I  think  that’s 
good. 

Mr.  Fandrlch;  Tea,  the  velocity  was  no 
problem. 


SHOCK,  VIBRATION  AND  FATIGUE  IN 


TRANSPORTATION  INDUSTRIES 

T.  V.  Seshadri 
Principal  Engineer,  Systems 
Fruehaxif  Corporation,  Detroit,  Michigan 


Fatigue  failure  is  the  most  common  form  of  failure  In  transportation 
industries .  Design  for  fatigue  loading ,  taking  into  account  all  the 
variables,  is  complex.  A  durability  test  technique  for  tractor-trailers 
Is  presented.  A  dynamometer  is  used  which  inputs  periodic  bumps  to 
the  vehicle.  Even  though  this  technique  does  not  simulate  the  road 
loading  In  real  time.  It  provides  an  overall  view  of  the  adequacy  of  the 
design  for  field  loads.  Theoretical  analysis  is  performed  treating  the 
vehicle  as  a  simple  dynamical  system.  A  brief  review  of  fatigue  design 
is  included. 


In  transportation  industries,  the  main 
cause  of  product  failure  Is  fatigue.  The 
dynamic  loading  Is  caused  by  the  service 
environment.  This  loading  Is,  In  general, 
random  such  as  the  gust  loading  on  an  aircraft, 
wave  motion  loading  on  ships  and  loading 
caused  due  to  road  undulations  on  toad 
vehicles .  The  analysis  of  fatigue  for  random 
loading  Is  fairly  complex  as  It  Involves  ac¬ 
curate  measurement  of  the  service  spectrum , 
sophisticated  counting  techniques  and  reason¬ 
ably  accurate  and  comprehensive  material 
properties  data .  This  is  further  complicated 
by  the  fact  that  the  service  environment  will 
vary  from  trip  to  trip.  For  example,  the 
stresses  and  strains  on  an  automobile  or 
tractor-trailer  will  depend  on  the  speed,  road 
surface  and  loading.  The  variation  of  loading 
conditions  Is  much  more  drastic  in  a  tractor- 
trailer  than  an  automobile.  There  are  also 
additional  loading  conditions  such  as  braking, 
hitting  a  curb  or  dock ,  cornering ,  etc .  Ac¬ 
curate  fatigue  data  is  also  not  available  for 
modem  lightweight  materials  such  as  glass 
reinforced  plastics .  Because  of  these  draw¬ 
backs,  smaller  companies  resort  to  some  form 
of  durability  testing  using  a  constant  amplltuds 
or  equivalent  loading  for  fatigue  design . 

Durability  testing  Is  used  for  another 
reason  also.  Usually,  the  road  vehicles  such 
as  the  tractor-trailers  are  expected  to  have  a 
useful  service  life  of  ten  years  or  a  million 


miles.  Real  time  testing  of  actual  service 
environment,  If  such  Is  available,  will  take 
an  extensively  long  time  which  is  not  practi¬ 
cal.  In  some  industries,  accelerated  fatigue 
testing  is  used  either  by  increasing  the  mag¬ 
nitude  or  frequency  or  both  of  the  service 
spectrum.  This  technique  may  work  for  some 
components  but  will  not  work  for  an  entire 
vehicle.  Since  the  stresses  caused  in  the 
tractor-trailer  are  a  function  of  the  frequency 
of  road  undulations.  Increasing  the  frequency 
may  not  result  In  the  same  component  response 
Increasing  the  magnitude  of  loading  will  result 
in  yielding  at  some  locations  which  do  not 
yield  In  actual  service.  Fatigue  performance 
Is  significantly  altered  by  the  presence  of 
residual  stresses  which  occur  after  unloading 
beyond  yielding.  Therefore,  If  the  service 
environment  Is  to  be  simulated.  It  is  more  or 
less  mandatory  to  use  real  time  data  with  no 
change  in  magnitude  or  frequency. 

Durability  testing  at  Fruehauf  Corporation 
is  done  by  using  a  Chassis  Eiynamometer 
(Figure  1) .  The  Chassis  Dynamometer  con¬ 
sists  of  a  set  of  rolls  on  which  the  trailer 
wheels  are  placed.  These  rolls  are  1.02  m 
(40  In.)  In  diameter.  There  are  four  pairs  of 
rolls,  two  in  front  and  two  In  rear.  Rolls  are 
wide  enough  so  they  can  accommodate  a  set 
of  dual  tires .  The  front  of  the  trailer  is  res¬ 
trained  at  the  king  pin  by  a  device  (dolly) 
which  has  a  fifth  wheel  similar  to  the  tractor. 


UNLIMITED 


.17.07  in  (54  FT) - 

12.50  m  (42  FT) - 

MAX 


1.07  m  (42  IN)  MIN 
0.10  m  (20  FT)  MAX 


200  HP 
MOTOR 


DYNAMOMETER  COMPONENTS  AND  LIMITING  DIMENSIONS 


Different  height  and  length  of  bumps  can  be 
Installed  on  the  rolls .  The  speed  of  the  two 
front  and  two  rear  rolls  and  the  phase  between 
them  can  be  varied .  The  loading  on  the  trailer 
Is  therefore,  a  series  of  periodic  bumps.  In 
most  cases,  the  speed  Is  adjusted  until  the 
natural  bounce  frequency  of  the  trailer  Is  ex¬ 
cited  .  The  test  Is  run  at  this  speed  for  a 
certain  length  of  time.  Effort  Is  still  under 


way  to  estimate  the  required  test  time  which 
will  adequately  simulate  the  actual  service 
life.  The  test  Is  stopped  at  periodic  inter¬ 
vals  to  Inspect  the  trailer.  Usually  46  cm 
(18")  long,  1.27  cm  (1/2*)  high  bumps  are  used 
(Figure  2) .  If  the  trailer  completes  the  test 
successfully.  It  Is  expttcted  to  have  adequate 
service  life. 

I — 1.27  cm  (Vk  In.) 


-1.02  m- 
(40  M.) 


ROLL  AND  BUMP  DIMENSIONS 


The  time  history  of  dynamometer  loading 
will  be  periodic .  The  period  T  Is  made  to 
correspond  to  the  natural  bounce  frequency 


of  the  trailer.  Since  the  Ure  Is  an  elastic 
body,  the  actual  loading  on  the  tires  will  be 
as  shown  in  Figure  3. 


A  Single  bump  can  be  represented  mathematic¬ 
ally  by  a  haversine  function 

yi(t)  =  j  (1  -  cos  wjt)  - (1) 

where, 

8  =  Actual  bump  height 
<ui  =  27r/Tj  where  Tj  is  the  duration  of 
the  bump. 

Since  the  loading  on  the  tires  is  a 
periodic  function,  it  can  be  expanded  into 
Fourier  series.  The  function  y(t)  is  then 
given  by, 

00 

y(t)  S  An  cos  n<ot  +  sin  n<ot 

’  - (2) 

where, 

a>=  2  /T  (T  is  the  period  corresponding  to 
trailer  bounce.) 

The  Fourier  series  representation  of  (2) 
converges  rapidly  if  the  ratio  T  ^/T  is  0 .  S  or 
more.  Since  the  bump  width  is  46  cm  (18  in.), 
the  ratio  of  T^/T  is  .14  and  sevraal  terms  are 
needed  for  proper  representation  of  the  func¬ 
tion  .  But  as  it  will  be  shown  later ,  the  con¬ 
tribution  of  only  the  first  term  (n  1) 
adequately  represented  the  total  response. 


TRAILER  MODEL 


The  trailer  suspension  can  be  represented 
as  a  two  degree  of  freedom  system,  the  masses 
being  the  sprung  and  unsprung  masses  and  the 
stiffnesses  being  those  of  the  spring  and  tires . 
Taking  one  set  of  tires  and  spring ,  the  para¬ 
meters  are  as  shown  in  Figure  4. 

The  equations  of  motion  for  such  a  system 

are. 


mjXj  +  kj(xj  -  X2)  =  0 

m2X2  +  k2(x2  -  Xj)  +  k2X2  =  k2Y 


(3) 


Using  the  homogeneous  equations,  the 
mode  shapes  can  be  found.  The  mode  shape 
matrix  for  the  chosen  parameters  is 


TWO  DEGREE  OF  FREEDOM  TRAILER  MODEL 


This  means,  in  the  first  mode,  which  Is  at 
1.5  Hz,  the  trailer  body  moves  in  phase  with 
the  axle  with  about  50%  more  amplitude.  The 
second  mode  at  14.6  Hz  is  basically  an  axle 
bounce  mode  because  trailer  body  is  not  mov¬ 
ing  much. 

Using  normal  mode  theory,  the  two  degrees 
of  freedom  system  can  be  reduced  to  two  single 
degree  of  freedom  systems,  the  analysis  of 
which  Is  simpler.  The  two  single  degrees  of 
freedom  systems  and  the  corresponding  loading 
are  shown  in  Figure  5  . 

It  has  to  be  noted  that  even  though  there  is 
loading  only  at  the  tires ,  in  the  reduced 
models,  there  is  loading  at  both  springs.  But, 
as  stated  previously,  each  single  degree  of 
freedom  represents  one  mode  and,  in  the 
second  mode,  the  motion  of  the  trailer  frame 
is  very  small .  Therefore ,  for  fatigue  analysis 
of  the  trailer  frame,  the  first  mode  model  of 
the  trailer  is  adequate.  A  damping  ratio  of 
0.2%  is  used  in  the  analysts. 


The  total  response  for  the  periodic  input 
is  obtained  by  adding  the  response  to  indivi¬ 
dual  Fourier  components.  For  a  1.27  cm  (1/2") 
bump,  the  maximum  response  was  found  to  be 
0.62  cm  (0.25") . 

EVALUATION  OF  STRESSES 

The  next  step  will  be  to  convert  this 
response  into  meaningful  stress  values.  The 
life  of  the  trailer  for  dynamometer  loading  can 
be  estimated  by  well  known  fatigue  theories. 
One  of  the  more  popular  models  of  Fruehauf 
trailers  is  a  platform  trailer  which  is  used 
extensively  for  carrying  steel  and  aluminum 
colls,  transformers,  machinery  and  construc¬ 
tion  equipment.  It  basically  consists  of  two 
simply  supported  beams. 

Figure  6  shows  the  dimensions  and  dy¬ 
namic  properties  of  this  beam.  This  beam  can 
be  represented  by  a  single  degree  of  freedom 
system  model. 


A  A  /\ 


Xi  =  1.48  qi  •  .033  q; 
.X.'  =  qi  +  q: 


325  N 


2.75  X  10*  N/m 
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BEAM  AND  ITS  FIRST  MODE  MODEL 

Fig.  6 


The  equation  of  motion  for  such  a  beam  will  be 
^3t  +  cx  +  hx  = 

The  natural  frequency  of  the  beam  Is  0.91 
Hz  and  the  frequency  of  excitation  is  l.S  Hz. 
The  response  fora  0.62  cm  (0.25")  displace¬ 
ment  loading  is  0.86  cm  (0.34").  Knowing  the 
static  displacement  and  stress  of  the  beam , 
the  dynamic  loading  is  found  to  fluctuate 
■<-0.28g.  This  means  the  stress  fluctuates 


from  0.72  to  1.28  times  the  static  stress.  The 
number  of  cycles  per  hour  can  be  easily  found 
because  the  frequency  of  excitation  and  res¬ 
ponse  is  known. 

FATIGUE  ANALYSIS 

Fatigue  analysis  for  a  constant  amplitude 
loading  is  fairly  straightforward  if  the  material 
fatigue  properties  are  known  in  the  form  of 
S-N  curve  (Figure  7). 


If  test  data  la  not  avallaUa ,  SAE  raoommanda 
savafal  mathoda  to  aatlmata  thla  cuzva  ualng 
raaulta  of  tha  tanaila  taat. 

But  faUgua  fallura  uauaUy  occura  In  a 
raglon  of  atraaa  ooncantratlon  auch  aa  a  ««ald. 
bolt  or  rlvat  hola.  Tha  local  atraaa  can  ba 
obtainad  by  multiplying  tha  nominal  atraaa  by 
a  notch  factor.  Thua,  tha  llfa  of  tha  tnllar  at 
a  wald  detail  on  tha  dynamomatar  can  ba 
aatlmatad.  Stnln  maaauramanta  can  alao  ba 
mada  to  ooiralata  tha  thaoratlcal  analyala. 

Fruahauf  la  cuirantly  %vorhlng  on  finding 
tha  agulvalwtca  of  number  of  houra  in  tha  dyna¬ 
momatar  to  actual  aarvlca  llfa.  Actual  attain 


maaauramanta  are  mada  on  tha  road.  Tha 
attain  hlatory  ia  oonvartad  into  number  of 
cyclaa  of  dlffarant  magnltudaa  ualng  talnflow 
counting.  Appropriate  notch  factor  and  cumu¬ 
lative  damage  thaorlaa  are  uaad  to  find  the 
fatigue  damage .  From  the  fatigue  damage  co- 
efflclenta  in  the  dynamometer  and  road  teata, 
the  number  of  mllea  cotreapondlng  to  an  hour 
of  dynamomatar  teat  can  be  eatabllahed. 

Thua,  ualng  the  dynamometer  aa  a  tool, 
the  dealgn  englnaw  can  verify  whether  any 
particular  component  la  ovMdealgned  or  under 
daalgnad.  Thla  provider  a  meana  for  opti¬ 
mising  tha  dealgn  reaultlng  in  reduced 
manufocturlng  and  warranty  coats. 


HPAFl) :  I  have  acvaral  quaitlons.  Did 

I  understand  you  to  say  that  you  used  a 
constant  dasiping  force  to  transalt  the 
force  froa  the  dynaaoaeter  Into  the 
truck  fraae. 

Mr .  Se  shad  r 1 ;  Yes,  tt  Is  a  constant  you 
use  here. 

Mr.  Ge  ra  rd 1 :  Were  you  able  to  coapare 
any  of  the  forcing  functions  with  the 
actually  aeasured  value?  How  well  did 
they  coapare? 

M  r .  Seshad  r 1 :  Yes,  the  aeasured  values 
In  the  trailer  coapared  pretty  good. 

Mr  .  Ge  ra  rd 1 :  Had  you  ever  considered 

the  non-llnear  characteristics  of  the 
daaper  or  do  you  feel  that  It  la  Just 
not  that  taportant? 

Mr.  Se s had r 1 :  Well  right  now  we  don't 
have  any  shock  absorbers  In  the 
trailers.  There  la  really  no  daaplng 
aechanlSB  In  the  trailer.  All  there  Is 
Is  friction. 

Mr.  tie  ra  rd  1  :  I  didn't  know  that.  So 

Tou  are  Just  talking  basically  tire 
daaplng  then. 

Mr .  Seshad  r 1 :  Tire  daaplng,  Inter¬ 
facing,  Interlift  friction  In  the 
suspension  spring  and  structural  daaplng 
In  the  beaa. 

Mr.  Gerardl:  I  see,  thank  you. 

Mr.  Dyrdahl  (toeing  Coapany):  What  did 

YOU  use  for  road  roughness?  How  did  you 
cackle  that  problea?  Hid  you  establish 
Che  buap  heights' 

Mr.  Se  s  had  r 1 :  Well  this  Is  a  siaulated 

dirt  road.  This  Is  not  an  actual  road. 

Mr.  Dyrdahl:  Well,  I  understand  that, 

but  you  ought  Co  realistic  soaewhat. 

Mr.  Se  s  had  r 1  :  Yes,  what  we  think  Is 

best  based  on  field  failures  and  fail¬ 
ures  Induced  on  the  dynaoaeter  was  a 
half  Inch  buap.  This  Is  based  on  a  lot 
of  trial  and  error  experience  and  we 
finally  settled  on  a  half  an  Inch  buap 
size. 

Mr.  Dyrdahl:  I  see.  You  used  a  half  an 

Inch  hiiap  and  then  you  tuned  It  up  to 
resonate  the  suspension  syscea. 


Mr.  Handley  (SUP  SHIP  San  Diego):  I 
undcratand  you  are  using  the  load  of  the 
beaa  plus  a  uniforaly  distributed  load 
above  the  beaa. 

Mr  .  Seshad  r 1 :  Right. 

Mr.  Handley:  Have  you  given  any  con¬ 
sideration  Co  Che  use  of  a  concentrated 
load? 

Mr .  Seshad  r 1 :  Not  really  because  aost 
of  our  custoaers  use  the  trailers  for 
hauling  conatrucclon  equlpaent  where  the 
loads  are  uniforaly  distributed.  To  re¬ 
do  the  problea  using  a  concentrated  load 
would  not  be  a  difficult  task.  You 
would  have  to  change  the  spring  rate  of 
the  beaa.  The  natural  frequency  would 
be  different  but  you  could  use  the  saae 
type  of  analysis  for  a  concentrated 
load . 
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RANDOM  IMPACT  VIBRATION  TESTOR 


W.  D.  Everett 

Pacific  Missile  Test  Center 
Point  Mugu,  California 


The  Randoa  lapact  Vibration  Tester  (RIVT)  Is  a  new  device  that  effi¬ 
ciently  stlmilates  realistic  vibration  In  flight  vehicles.  The 
stleulus  Is  repetitive  lapacts  by  snail  projectiles  on  the  surface  of 
the  test  vehicle.  The  nature  of  these  lapacts  Is  randoa  with  respect 
to  the  relative  location,  tiae  Interval  and  Intensity  between  succes¬ 
sive  lapacts.  The  resultant  vehicle  vibration  reseables  that  of 
flight  with  the  characteristics  of  broad  band  randoa  noise  notion,  In 
aany  directions,  throughout  the  vehicle  structure. 


BACKGROUND 

The  RIVT  Is  based  on  a  phenonenon  that 
has  becone  apparent  In  the  study  of  alsslle 
flight  vibration.  Vibration  In  nisslles 
during  high-speed  flight  Is  primarily  Induced 
by  fluctuating  air  pressure  bearing  on  the 
outside  surface  or  skin  of  the  alsslle.  The 
source  of  the  fluctuating  pressure  can  be  jet 
engine  exhaust,  unstable  aerodynaalc  flow, 
oscillating  shocks,  wakes  fron  nearby  flow- 
distributing  structures,  the  turbulent 
boundary  layer,  or  sone  coabi nation  of  the 
above.  In  spite  of  the  possible  coaplexity  In 
the  characteristics  of  the  fluctuating 
pressure,  the  alsslle  randoa  vibration 
spectral  and  spatial  characteristics  are 
deteralned  primarily  by  the  mechanical 
structures.  Thus,  the  fluctuating  pressure 
field  can  be  considered  the  stimulating,  broad 
frequency  energy  source  to  which  the  missile 
responds  In  Its  characteristic  modes.  These 
resonant  skin  and  Internal  structural  modes 
determine  the  frequencies  (randoa  noise 
spectral  characteristics)  and  locations  and 
directions  (spatial  characteristics)  of  the 
response  vibration. 

Shaker  Stimulation  of  Missile  Vibration 

The  conventional  means  of  reproducing 
flight-like  vibration  In  missiles  employs 
shakers.  Typically,  the  device  Is  an  electro- 
dynamic  shaker  with  a  randoa  noise  vibration 
output  that  can  be  controlled  by  sophisticated 
electronic  servo  systems.  One  or  more  of 
these  shakers  can  be  attached  to  a  missile  by 
clamp  fixtures,  and  the  missile  forced  to 
vibrate.  With  this  system  It  Is  possible  to 
force  some  monitored  point  In  the  missile  to 


vibrate  In  a  manner  resembling  flight  vibra¬ 
tion.  This  forced  vibration  will  be  primarily 
In  the  direction  of  the  shaker  motion,  unlike 
omnidirectional  flight  vibration,  and  will  not 
resemble  flight  vibration  at  other  points  In 
the  missile.  Clamping  the  moving  element 
(armature)  of  the  shaker  to  the  missile 
disturbs  the  natural  vibration  modes  of  the 
missile.  This  disturbing  effect  became  more 
apparent  as  more  thorough  measurements  of 
flight  vibration  were  conducted  recently 
(reference  1).  One  technique  to  resolve  the 
problem  Is  to  clamp  additional  shakers  on  the 
missile  at  points  where  flight  vibration  Is 
measured  and  to  force  those  points  to  move  In 
a  flight-like  manner.  This  technique  further 
distorts  the  natural  response  modes  of  the 
missile  so  that  other  unmeasured  points  In  the 
missile  vibrate  In  a  progressively  less 
realistic  manner. 

Acoustic  Stimulation  of  Missile  Vibration 

Recently,  It  was  shown  that  reverberant 
acoustic  facilities  can  recreate  flight-like 
vibration  In  airborne  stores.  Typically,  one 
or  more  stores  are  suspended  near  the  center 
of  the  acoustic  chamber  and  random  noise 
acoustic  power  Is  fed  Into  the  room  creating  a 
diffuse  acoustic  pressure  field  sufficient  to 
vibrate  the  missile.  This  method  has  proven 
effective  In  vibration  tests  of  several  Navy 
missiles  undergoing  reliability  evaluations 
(reference  2).  It  Is  also  a  requirement  In 
the  MIL-STD-810  vibration  test  for  airborne 
stores. 

The  success  of  the  acoustic  stimulation 
In  recreating  flight  vibrations  probably  Is 
due  to  similarity  In  the  "forcing  function." 


In  both  instances  the  forcing  function,  or 
stimulus,  is  a  broad  frequency  band  of 
fluctuating  pressure  acting  on  the  outside 
surface  of  the  store,  yet  not  interfering  with 
the  natural  vibration  responses  that  result. 
The  disadvantage  of  the  acoustic  stimulation  is 
the  requirement  for  a  large,  expensive  rever¬ 
berant  acoustic  chamber  and  its  poor  operating 
efficiency. 


RIVT  PROTOTYPE  AND  EVALUATION 


The  RIVT  represents  an  effort  to  combine 
some  desirable  features  of  the  shaker  and 
acoustic  stimulation  techniques.  Like  the 
acoustic  facility  it  applies  fluctuating 
pressures  (the  contact  pressure  during  each 
impact)  over  the  outside  surface  of  the 
missile.  Yet,  like  shakers,  it  requires  little 
operational  space  or  power  to  effect  the  stimu¬ 
lation  of  missile  vibration. 


RIVT  Design 

The  initial  prototype  for  the  RIVT  is 
shown  in  figure  1,  connected  to  an  8  inch 
diameter  missile  motor  section,  to  indicate  the 
size  and  proportions  of  the  device.  In  figure 
2,  the  device  is  shown  in  a  cross  section 
sketch  to  illustrate  the  functional  parts.  In 
this  view,  three  of  the  four  essential 
functional  elements  are  shown.  The  element  not 
shown  is  a  set  of  projectiles,  typically  small 
resilient  rubber  balls,  which  impart  the  vibra¬ 
tion  energy  to  the  missile  upon  impact.  The 
first  element  shown  in  the  sketch  is  the 
chamber  which  encloses  the  test  section  of  a 
missile,  promoting  rebound  of  projectiles  for 
additional  impacts.  The  second  element  is  a 
motor  driven  impeller  or  slinger  which  restores 
kinetic  energy  to  spent  projectiles  within  the 
chamber.  The  third  element  is  the  provision 
for  circulation  such  that  the  least  energetic 
projectiles  are  returned  to  the  slinger  for 
restoration  of  energy. 


Figurt  2.  End  V1«w  of  RIVT  Showing  Functional  Elt 


Chaabar 

Thera  are  sow  details  associated  with 
each  of  the  functional  elewnts  worthy  of 
further  discussion.  The  cross  sectional  shape 
of  the  chaaber  Incorporates  an  approxlwtion  of 
an  elliptical  section.  The  degree  and  purpose 
of  the  approxlwtion  Is  Indicated  In  figure  3, 
where  the  two  foci  positions  are  Indicated  by 
asterisks.  The  elliptical  surface  has  the 
property  of  reflecting  any  ray  leaving  one 
focus  toward  the  other  focus.  In  figure  3,  a 
ranw  of  trajectories,  over  a  90°  sector,  Is 
Indicated  as  rays  starting  froa  the  left  focus. 
It  can  be  seen  that  those  balls  that  don’t 
directly  strike  the  perlwter  of  circular 
section  of  the  alsslle,  are  reflected  toward 
the  center  of  the  circular  section,  which 
corresponds  to  the  right  focus  of  the  ellipse. 
Thus,  the  reflected  balls  trajectories  are 
norwl  to  the  alsslle  surface  and  there  will  be 
wxiaua  effect  or  energy  exchange  during 
lapact.  The  relationship  between  the  dlwn- 
slons  of  the  elliptical  chaaber  and  the 
cylindrical  alsslle  was  deteralned  by  trial  and 


error,  to  give  an  even  distribution  of  lapacts 
over  the  alsslle  surface.  The  even  distribu¬ 
tion,  Indicated  In  figure  3,  Is  dependent  upon 
an  even  distribution  of  trajectories  starting 
froa  the  left  focus  of  the  el  Hose.  To 
achieve  that  distribution  over  the  90°  sector, 
there  Is  a  deflector  at  the  focus  which 
scatters  the  balls  leaving  tangentially  froa 
the  lapel ler.  This  unit  has  the  appearance  of 
a  scalloped  blade  with  the  peaks  or  wxiaua 
extensions  positioned  to  deflect  balls  to  the 
lower  extrew  of  the  90°  sector  and  the 
notches  corresponding  to  a  grazing  angle  of 
Incidence  with  the  tangential  path  froa  the 
lapeller,  which  1$  the  upper  extrew  of  the 
sector.  This  description  and  Illustrations 
refer  to  a  chaaber  covering  one  half  the 
surface  of  the  alsslle  and  such  an  arrangewnt 
has  proven  successful.  However,  a  duplicate 
chaaber,  to  cover  the  other  half  of  the 
alsslle,  was  added  to  Increase  the  lapact  rate 
and  the  results  reported  In  a  subsequent, 
evaluation  section  were  acquired  with  that 
addition. 


Figure  3.  Elliptical  Aspect  of  Chaaber  Shape 
with  Deflector  and  Missile  Located  at  Foci 


lapel ler 

The  iapeller  is  a  paddle  wheel  which 
sweeps  balls,  entering  at  the  bottoa,  up  to  the 
deflector  unit  with  an  exit  velocity  corres* 
ponding  to  the  blade  tip  velocity.  The  tip 
section  of  the  blade  is  aade  of  a  flexible 
aaterial  which  can  deflect  when  the  blade  tends 
to  jaa  on  entering  balls.  The  blade  diaaeter 
is  slightly  greater  than  the  aissile  radius,  so 
that  the  top  of  its  arc  corresponds  to  the 
focus  which  is  level  with  the  aissile  center- 
1i(<:  and  the  bottoa  of  the  arc  is  soaewhat 
below  the  aissile  to  facilitate  gravity  return 
of  the  balls.  The  shaft  of  the  paddle  wheel  is 
driven  via  a  belt  drive  by  a  variable  speed 
motor.  In  the  prototype,  the  resultant 
iapeller  speed  range  is  200  to  1800  rpa  which, 
coupled  with  the  five  inch  diaaeter  iapeller 
blade  dimension,  yields  a  aaxiaua  projectile 
velocity  of  approximately  40  feet  per  second. 

Circulation 


The  requirement  of  circulation  is  to 
return  spent  balls  to  the  impeller  with  a 
minimum  of  interference  with  the  other 
rebounding  balls  within  the  chaaber.  In  this 
prototype  the  balls  that  are  not  bouncing 
appreciably  will  roll  to  the  low  point  in  the 
chamber  which  is  the  inlet  to  the  impeller, 
thus,  satisfying  the  circulation  requirement. 

Projectiles 

The  set  of  projectiles  is  the  most 
important  functional  element  of  the  machine  and 
has  been  the  most  difficult  to  perfect.  The 
choice  of  a  spherical  shape  seemed  appropriate 
to  assure  that  spent  projectiles  could  roll 
back  to  the  iapeller.  The  proper  choice  of 
size,  number  and  aaterial  for  those  spheres  has 


been  more  difficult  and  is  incomplete.  The 
original  choice  was  resilient  plastic  balls 
with  diaaeters  between  1/2  inch  to  one  inch  in 
sets  numbering  between  25  and  50.  Nylon, 
phenolic  and  teflon  plastics  were  used  in  the 
prototype  aachine  and  the  aore  resilient  nylon 
and  phenolic  balls  perforaed  best.  In  this 
instance  good  perforaance  aeant  a  sustained, 
lively,  erratic  aotion  of  the  balls  within  the 
chaaber  and  Infrequent  returns  to  the  iapeller 
aechanisa.  However,  when  aissile  sections 
were  exposed  to  impacts  from  the  plastic  balls 
the  response  vibration  tended  to  have  too  auch 
high  frequency  energy.  The  first  atteapt  to 
reduce  the  high  frequency  responses  used 
rubber  sheeting  over  the  aissile  skin  as  a 
aechanical  "low  pass"  filter.  When  the  thick¬ 
ness  of  rubber  sheeting  was  sufficient  to 
reduce  the  high  frequency  part  of  the  response 
spectrua  there  was  also  a  great  reduction  in 
the  overall  vibration  effect.  Therefore, 
current  efforts  to  control  the  spectrua  are 
oriented  toward  the  ball  aaterial.  An  exten¬ 
sion  of  Hertz  theory  of  impact  involving  solid 
spheres  indicates  that  the  modular  of 
elasticity  is  an  important  property  of  the 
projectile  influencing  the  response  vibration 
spectrum  of  an  Impacted  plate  (reference  4). 
This  is  supported  by  experience  with  the  RIVT 
in  attempts  to  match  flight  vibration 
spectrums.  Best  results  so  far  were  achieved 
with  a  mixture  of  ball  types,  with  one  inch 
diaaeter  hard  rubber  balls  to  excite  responses 
up  to  800  Hertz  and  one  half  inch  diaaeter 
nylon  balls  to  excite  the  higher  frequencies. 
The  best  aixture  for  aatching  flight  data  at 
the  front  section  of  one  missile  contained  40 
rubber  balls  and  eight  nylon  balls.  Further 
aft  on  the  same  missile  the  best  proportion 
became  40  rubber  and  18  nylon  balls  to  create 
more  high  frequency  responses  that  were 
measured  in  flight. 


Current  efforts  to  develop  the  prototype 
Machine  have  concentrated  on  the  ball  Material, 
as  It  affects  response  vibration.  It  has  been 
possible  to  use  the  Machine  with  three 
different  Navy  Missile  types  for  which  there 
were  flight  vibration  Measureaents.  In  each 
Instance  It  was  the  actual  flight  test  vehicle 
that  was  then  exposed  to  the  RIVT  enabling  a 
direct  coaparlson  with  the  Measured  flight 
vibration. 


Spatial  and  Spectral  Co 


The  Majority  of  experlMentatlon  has  been 
done  with  a  Navy  air-to-air  Missile  as  the  test 
vehicle.  This  Missile  Is  8  inches  In  diaaeter 
and  approxiMately  12  feet  long.  However, 
Interest  in  the  alsslle  vibration  Is  typically 
Halted  to  the  electronics  sections,  which  for 
this  Missile  are  the  seeker  section  at  the 
front  and  the  control  section  near  the  center 
of  the  Missile.  Therefore,  the  RIVT  stiaulus 


was  applied  to  the  forward  30  Inch  length  of 
the  seeker  section  (laaedlately  aft  of  the 
radoae)  for  one  experlaent  and  to  the  center 
30  Inch  length  of  the  alsslle.  Including  the 
control  section,  for  a  second  experiment.  The 
best  results  for  each  of  these  experiments  Is 
shown  In  figure  4.  This  figure  shows  the 
results  of  the  experiments  with  both  sections 
In  terms  of  power  spectral  density  (PSD)  plots 
for  both  flight  and  RIVT  stimulated  vibration. 
The  small  scale  and  size  of  the  plots  provides 
for  an  overview  of  the  characteristics  of  the 
several  vibration  responses  In  the  missile.  A 
detailed  review  of  each  of  the  Individual 
comparisons  can  detect  differences  greater 
than  would  normally  be  tolerated  In  a  single 
axis  vibration  test.  The  overview  shows  that 
the  RIVT  vibration  Is  similar  to  flight  In 
terms  of  spectrum  shape,  and  of  perhaps 
greater  significance,  both  occur  simulta¬ 
neously  In  the  two  axes  of  measurement.  This 
matching  of  the  multi-axis  character  of  flight 
vibration  allows  the  Internal  electronic 
components  to  respond  similarly,  thus  Improv¬ 
ing  test  realism. 
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Figure  4.  Comparison  ot  .  lots,  with  256  degrees  of 
freedom,  in  units  of  y  ,  Hz  vs.  Hz,  for  vibration 
in  eight  inch  diameter  missile 


Random  Characteristics 


of  one  of  the  accelerometer  signals  from  the 
missile,  with  the  top  trace  corresponding  to 
Although  spatial  and  spectral  character-  flight  data  and  the  bottom  trace  from  RIVT 

istics  are  the  conventional  way  of  looking  at  stimulation.  In  each  instance  the  amplitude 

random  noise  vibration,  the  RIVT  mechanism  of  the  function  approaches  zero  with 

invites  further  analysis.  The  major  concern  is  increasing  time  delay  in  a  fashion  character- 

the  degree  of  randomness  in  the  missile  vibra-  istic  of  band-limited  white  noise  (reference 

tion  in  response  to  the  discrete  impacts.  The  3).  There  is  also  a  tendency  for  the  impacts 

nature  of  the  impacts  tends  to  be  random,  to  even  out  over  the  exposed  missile  surface 

particularly  with  increasing  numbers  of  balls  as  evidenced  in  figure  6,  which  is  the  pattern 

in  the  chamber.  The  previous  description  of  of  impacts  recorded  on  a  carbon  backed  sheet 

the  design,  described  how  the  chamber  geometry  of  paper  placed  on  the  impacted  surface  of  the 

and  a  deflector  unit  tended  to  evenly  missile.  Because  all  the  balls  were  the  same 

distribute  the  impacts  of  balls  leaving  the  size  and  material,  the  variation  in  dot  size 

impeller.  As  the  number  of  active  balls  in  the  in  the  patten  is  an  indication  of  the  varia- 

chamber  grows  large,  most  impacts  will  come  tion  in  impact  intensity  as  evidenced  by  the 

from  balls  that  have  rebounded  several  times  degree  of  ball  deformation  causing  carbon 

since  leaving  the  impeller  and  there  is  an  transfer.  A  better  measure  of  the  apparently 

inherent  randomness  associated  with  such  a  random  variation  in  impact  intensity  and 

phenomenon.  This  random  characteristic  can  be  period  shows  in  the  acceleration  versus  time 

seen  in  figure  5,  the  autocorrelation  function  records  in  figure  7  of  the  vibration  sensed  in 
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Figure  5.  Autocorrelation  Function  of  Missile 
Vibration  (Top  Plot  of  Flight  Data  and 
Bottom  Plot  of  RIVT  Data) 


Figure  6.  Sample  of  Impact  Pattern 
Over  a  Section  of  Missile  Surface 


of  discrete  lepacts  decreases  as  the  vibration 
energy  progresses  Into  the  Missile  electronics 
equipaent. 


a  five  Inch  dIaHeter  alsslle,  where  the 
Individual  traces  correspond  to  bulkhead  and 
Internal  electronic  Module  responses.  In 
figure  7  It  can  be  seen  also  that  the  evidence 
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Figure  7.  1  Second  Saaple  of  Acceleration  versus  Tlee  at 
Bulkhead  and  Electronic  Modules 


SUMMARY 

The  aforegoing  discussion  and  figures  have 
described  a  slaple  vibration  Machine  and  some 
realistic  results  achieved  with  that  Machine. 
The  Machine  slepllclty  Is  evidenced  by  Its 
single,  Motor  driven  Moving  part,  the  lepeller 
and  by  the  total  fabrication  cost  being  less 
then  $2,000.  The  realIsM  of  the  vibration  was 
dcMonstrated  for  a  variety  of  Missile  types  In 
tents  of  both  spatial  and  spectral  siMlIarlty 
to  flight  MeasureMents.  The  sleple  Machine 
created  realistic  vibration  when  powered  by  a 
fractional  horsepower  Motor,  thus,  presents 
potential  as  a  cost  effective  vibration  source. 
Effort  Is  continuing  to  iMprove  the  Gaussian 
character  of  the  vibration  and  to  adapt  the 
RIVT  concept  to  use  with  other  types  of  avionic 
equIpMent. 
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DISCUSSION 

Mr.  Satama  (Naval  Surface  Weapons 
Centerrr  Is  this  the  first  aschine  of 
this  type  that  you  have  built? 


Mr.  Everett: 


Yes.  It  Is. 


Mr.  Sasama;  And  do  you  have  to  replace 
the  balls  after  awhile? 

Mr.  Everett:  Not  yet,  because  we  really 
haven't  put  a  lot  of  hours  on  the  balls. 
In  fact,  part  of  the  process  so  far  has 
been  determining  what  kind  of  ball 
materials  excite  the  right  kind  of 
frequencies  In  the  missiles  and  my  first 
guess  was  bad.  At  first  I  had  a  lot  of 
relatively  hard  plastic  balls  and  they 
brought  out  too  much  high  frequency. 

I'm  now  Investigating  the  merits  of 
using  softer  more  rubber  like  balls. 

Mr.  Werback  (Naval  Weapons  Center): 

Doug,  how  do  you  account  for  the 
relatively  high  level  of  longitudinal 
response  that  you  got  versus  transverse 
response? 

Mr.  Everett:  It  was  a  resonant  response 
on  a  module  within  the  missile.  It 
amplified  at  a  certain  band  of  frequen¬ 
cies  and  the  response  Just  happened  to 
be  In  the  longitudinal  direction. 


PARAHETERS  FOR  DESIGN  OF  REVERBERANT  ACOUSTIC 
CHAMBERS  FOR  TESTING  AIR-CARRIED  MISSILES 


T.  W.  ELLIOTT 
PACMISTESTCEN 
POINT  MUGU.  CALIFORNIA 


Rectangular  box-shaped  reverberant  acoustic  chambers  were  theoretically 
analyzed,  using  a  normal-mode  model,  for  the  purpose  of  optimal  design  for 
simulating  captive  flight  vibration  of  air-carried  missiles.  A  mathe¬ 
matical  derivation  relating  chamber  volume  to  minimum  usable  frequency  was 
derived.  It  was  determined  that  minimum  usable  frequency  varied  inversely 
as  the  square  root  of  the  volume  ratios.  A  computer  program  was  generated 
to  Investigate  the  Important  parameters  for  design  of  these  chambers.  It 
was  found  that,  apart  from  some  general  ru)es-of-thumb  to  avoid  in  acoustic 
chamber  design,  there  was  no  over-riding  reason  to  select  one  configuration 
over  another. 


INTRODUCTION 

Reverberant  acoustic  chambers  have  been 
extensively  analyzed  in  the  literature,  par¬ 
ticularly  the  rectangular  box-shaped  chamber. 
As  new  applications  for  acoustic  chambers 
occur  the  analysis  is  extended  to  Investigate 
optimum  criteria  for  the  new  application. 

The  Pacific  Missile  Test  Center  (PACMIS¬ 
TESTCEN)  has  been  using  rectangular  box- shaped 
reverberant  acoustic  chambers  for  several 
years  to  simulate  the  vibration  response  of  an 
air-carried  guided  missile  during  captive 
flight. 

This  paper  extends  the  general  analysis 
of  these  chambers  to  the  application  of  simu¬ 
lation  of  vibration  response  of  air-carried 
guided  missiles.  In  particular,  a  criteria 
for  minimum  usable  frequency  of  a  chamber  is 
defined  and  justified.  The  relationship 
between  this  minimum  frequency  and  chamber 
volume  is  derived  and  the  criteria  is  used  to 
compare  several  ponfigurations  to  determine 
the  optimum  configuration  for  testing  of 
air-carried  guided  missiles. 

BACKGROUND 

A  reverberant  acoustic  chamber  may  be 
defined  as  an  enclosure  with  rigid  reflecting 
walls  excited  by  an  acoustic  power  source. 
Sound  power  emanating  into  the  enclosure  is 
reflected  by  the  walls  resulting  in  a  rever¬ 
berant  sound  field.  The  waves  of  the  sound 
field  are  known  to  obey  the  three-dimensional 
wave  equation 


- 


1 


where  0  =  velocity  potential 


(1) 


Analytical  solutions  to  the  equation  are  pos¬ 
sible  for  simple  geometric  figures  such  as 
rectangular  rooms,  sphere,  cylinder,  etc.  The 
most  easily  solvable  geometric  figure  is  the 
rectangular  box.  For  this  reason,  and  for  the 
fact  it  is  also  the  most  easily  constructed, 
the  rectangular  room  reverberant  acoustic 
chamber  has  been  extensively  studied. 


The  frequency  solution  to  this  equation 
for  the  rectangular  room,  assuming  totally 
reflecting  walls,  is: 


where  c  =  speed  of  sound 
f  =  frequency 

'■x’  *'v’  '"z  ~  i*’  fi’e 

^  X,  y.  z  directions, 

^x’  ^v’  ~  integer  numbers  corre- 

^  spending  to  the  eigen¬ 

value  solution  of  the 
equation. 

Examination  of  equation  (2)  reveals  that  the 
spacing  between  frequencies  decreases  as 
frequency  increases.  Thus,  it  is  generally 
accepted  that  the  reverberant  sound  field  is 
diffuse  at  high  frequencies,  where  the  mode 
density  is  high,  when  driven  by  a  source 
capable  of  exciting  these  modes,  and  is  not 


diffuse  at  low  frequencies,  where  aode  density 
Is  low.  Also,  when  the  aode  density  becoaes 
high  It,  for  MSt  cases,  becoaes  randoa 
(reference  1). 

The  concept  of  a  diffuse  sound  field 
assuaes  that  the  sound  field  consists  of  equal 
aaplltude  plane  waves  traveling  with  equal 
probability  In  a11  directions  as  a  result  of 
aultiple  reflections  off  the  boundaries  of  the 
chaaber.  At  high  frequencies,  where  aodal 
density  Is  high,  a  randoa  source  excites  aany 
chaaber  resonances,  each  of  which  exhibits  a 
preferred  direction  of  propagation.  As  aore 
aodes  are  excited,  the  nuaber  of  directions  of 
wave  propagation  Increases  until  the  sound 
field  exhibits  characteristics  which  are 
statistical  In  nature  (randoa).  The  sound 
field  Is  then  said  to  be  diffuse  which  assuaes 
unifora  distribution  of  energy  density  and 
equal  Intensity  In  all  directions  at  all 
points.  The  transition  point  has  never  been 
clearly  defined,  however,  the  sound  field  is 
generally  accepted  to  be  diffuse  at  high 
frequencies,  where  aodal  density  Is  high,  and 
Is  not  diffuse  at  low  frequencies,  where  aodal 
density  Is  low. 

Thus,  the  concept  of  a  diffuse,  and 
randoa,  sound  field  assuaes: 

a.  High  modal  density  -  the  fre¬ 
quency  field  should  Include  aany  resonances. 

b.  Smooth  frequency  distribution  - 
the  frequency  field  should  not  concentrate 
energy  In  certain  bands  or  leave  gaps. 

c.  Homogeneity  -  the  field  should 
not  be  dependent  upon  spatial  location. 

The  Production  Acceptance  Test  and 
Evaluation  Division  of  the  U.S.  Navy  at  PAC- 
MISTESTCEN  has  been  using  reverberant  acoustic 
chambers  for  several  years  to  subject  Navy 
air-launched  missiles  to  acoustically  Induced 
vibration  for  the  purpose  of  simulating  the 
missile  vibration  response  that  occurs  during 
In-service  captive  flight.  The  chamber 
requirements  for  simulation  of  this  environ¬ 
ment  are: 

a.  Isotropy  -  the  energy  must  flow 
In  all  directions  simultaneously. 

b.  Similarity  -  vibration 
responses  similar  to  that  which  occurs  In  a 
guided  missile  during  captive-flight. 

When  compared  to  vibration  simulation 
results  using  mechanical  shaker  systems,  the 
reverberant  acoustic  chambers  fulfill  the 
above  requirements  sufficiently  well  that  they 
have  become  the  preferred  vibration  excitation 
technique  at  the  PACHISTESTCEN  when  simulation 
at  all  points  In  all  directions  simultaneously 
1$  desired,  and  the  In-service  source  excita¬ 
tion  Is  primarily  aeroacoustic  in  nature. 


There  are  currently  five  reverberant 
acoustic  chambers  operating  at  the  PACMISTEST- 
CEN  (two  more  are  partially  completed  chambers 
and  should  be  operable  by  the  time  this  paper 
Is  published).  The  first,  and  smallest.  Is  a 
pentagonal  cross-section  shaped  cylindrical 
chaaber  of  350  ft^.  Simulation  results  from 
this  chaaber  led  to  construction  of  a  larger 
rectangular  box  shaped  chamber  of  1993  ft^  and 
side  length  ratios  of  1.00/0.79/0.63.  This 
volume  was  selected  because  It  was  the  largest 
chamber  of  this  set  of  side  length  ratios  that 
would  fit  within  a  room  selected  as  a  housing 
for  the  chamber.  Three  more  duplicates  of  this 
chamber  were  constructed.  Two  more  chambers 
were  constructed  of  2900  ft^  In  the  same  shape 
and  side  length  ratios  as  the  1993  ft^  cham¬ 
bers.  Again  the  volume  was  selected  for 
reasons  of  convenience  and  the  side  length 
ratios  were  maintained  because  satisfactory 
simulation  results  were  obtained  from  the 
smaller  chambers. 

Early  test  results  showed  that  when  simu¬ 
lation  required  energy  at  low  frequencies  It 
was  necessary  to  augment  the  acoustic  chamber 
with  a  mechanical  shaker  and  cross  over  excita¬ 
tion  control  at  some  frequency  where  the 
acoustic  field  became  ufficlently  broadband 
and  diffuse.  As  chamber  size  Increases  this 
cross-over  point  decreases.  However,  a  precise 
theory  relating  this  cross-over  point  to 
chamber  size  was  not  known  and  this  point  was 
determined  empirically  after  selection  of  a 
size  and  completion  of  construction. 


RELATIONSHIP  BETWEEN  MINIMUM  USABLE  FREQUENCY 
AND  CHAMBER  VOLUME 

Two  different  theories  relating  minimum 
usable  frequency  to  chamber  volume  have  been 
published.  Each  of  these  were  developed  from 
different  assumptions  of  what  constituted 
minimum  usable  frequency  and  each  resulted  in 
different  relationships  to  volume. 

Schroeder,  In  1964  (reference  2),  required 
that  "the  average  spacing  of  the  resonance 
frequencies  be  smaller  than  one-third  of  their 
3  dB  down  bandwidth",  or  "the  normal  or  eigen 
modes  of  an  enclosure  overlap  each  other  In  a 
ratio  of  3:1."  Based  on  this  requirement  he 
defines  the  lowest  frequency,  f^,  as 

ho  ** 

fj.  =  2000  (-^)  for  fj.  >  300  Hz  (3) 


where  Tgn  Is  the  reverberation  time  of  the 
enclosure^  and  V  Is  the  volume.  Therefore,  If 
T,g  Is  constant,  f  varies  Inversely  as  the 
square  root  of  the  volume.  If  T^g  varies,  or 
Is  unknown,  this  relationship  ts  not  very 
useful  for  design  of  a  new  enclosure. 

Sepmcyer,  In  1965  (reference  3),  proposed 
formulas  "for  determining  the  lowest  frequency 
for  which  a  given  room  meets  the  criterion  for 


number  of  modes  in  the  lowest  usable  band. 
His  proposals  are: 


For  a  1-octave  band  containing  20  modes 

fjj  =  1150/V^^^  (4) 

For  a  1/2-octave  band  containing  12  modes 

=  1280/V^^^  (5) 

For  a  1/3-octave  band  containing  9  modes 

=  1350/V^^^  (6) 

Thus,  the  lowest  frequency  varies  inversely  as 
the  cube  root  of  the  volume.  These  relation¬ 
ships,  however,  do  not  appear  to  satisfy  the 
broadband  requirement,  particularly  if  f  is 
high. 

This  paper  analyzes  the  same  question 
from  the  requirements  of  testing  air-carried 
missiles  and  uses  empirical  data  gathered  from 
experience  in  this  type  of  testing. 

APPROACH 


f 


FIGURF  1.  Generalized  Solution  to  Equation  8 
for  Number  of  Eigentones  (N)  Below 
Any  Frequency  (f) 


Examination  of  figure  1  reveals  the  lack 
of  continuum,  or  broadbandedness,  at  low  fre¬ 
quencies.  Thus  at  low  frequencies  the  acoustic 
chamber  will  not  provide  broadband  diffuse 
excitation  necessary  for  testing  of  missiles. 
Above  some  minimum  frequency  the  acoustic 
chamber  is  satisfactory. 


Equation  (2)  generates  all  the  fre¬ 
quencies  that  are  compatible  with  a  chamber  of 
given  dimensions  by  letting  the  mode  numbers, 
Nj,  vary  from  zero  to  infinity.  By  truncating 
the  set  of  mode  numbers  at  some  dependent  set 
such  that 

Nx  2  N  2  * 

^  <  constant  (7) 

^x  ^y  ^z 


The  determination  of  this  minimum  fre¬ 
quency  is  of  prime  concern.  When  an  acoustic 
chamber  requires  the  augmentation  of  a  mechan¬ 
ical  shaker  for  testing  of  missiles,  this 
minimum  frequency  is  the  theoretical  cross-over 
point  between  shaker  and  chamber  control  of 
vibration  response.  In  the  PACMISTESTCEN 
chambers,  this  cross-over  was  determined 
empirically  such  that  missile  vibration 
response  closely  reproduced  vibration  measured 
in  captive  flight. 


equation  (2)  generates  all  the  compatible 
frequencies  below  some  upper  frequency  limit. 
The  solution  of  this  problem  for  the  number  of 
compatible  frequencies,  or  eigentones,  below 
an  upper  limit  has  been  extensively  analyzed. 
Maa,  in  1939  (reference  4)  presented  the  fol¬ 
lowing  approximation  for  the  number  of  eigen¬ 
tones  below  a  given  frequency. 


N 


_  4nVf3 
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{1  + 


3Sc 

T5Vf 


3Lc*  , 


(8) 


Where  N  =  no.  of  eigentones 
f  =  limiting  frequency 
V  =  chamber  volume 
c  =  speed  of  sound 
S  =  surface  area  of 


below  f 


chamber 


The  generalized  solution  for  equation  (8) 
is  shown  in  figure  1. 


One  of  the  purposes  of  this  investigation 
is  to  find  a  definition  of  the  minimum  usable 
frequency  which  has  a  theoretical  basis,  satis¬ 
fies  the  criteria  for  testing  of  missiles,  and 
agrees  with  experience.  For  the  purposes  of 
this  investigation,  after  examining  the  charac¬ 
teristics  of  the  acoustic  field  predicted  by 
equation  (3)  and  comparing  to  missile  testing 
requirements,  the  following  definition  and 
criteria  is  proposed: 


"The  minimum  usable  frequency  is 
that  frequency  which  is  the  lower 
band  edge  of  the  lowest  1/3  octave 
bandwidth  which  will  contain  eigen¬ 
tones  in-  at  least  2/3  of  the  1  Hz 
bandwidth  windows  centered  on  the 
integer  frequencies." 


In  other  words,  if  the  frequency  solutions 
to  equation  (2)  are  rounded  to  the  nearest 
integer  frequency  they  will  include  at  least 


I 

'i 

V 

I 

? 

V 

’jf 


2/3  of  the  integers  in  the  Imrast  usable  1/3 
octave  band. 


of  a  constant  1  Hz  wide  gap  as  undesirable, 
independent  of  chaabcr  voluac. 


Most  of  the  eapirical  data  collected  on 
the  PACMISTESTCEN  acoustic  chaabers  has  been 
on  a  design  of  1993  ft^  with  side  length 
ratios  of  1/0.79/0.63  which  yields  side 
lengths  of  15.88  ft.  12.55  ft,  10.00  ft. 
There  are  three  of  these  chaabers.  Initial 
testing  with  these  chaabers  to  deteraine 
optiaua  techniques  for  testing  air-carried 
aissiles  proved  that  the  addition  of  shakers 
was  necessary  to  obtain  vibrations  down  to  20 
Hz  and  that  a  cross-over  point  between  the  two 
excitation  techniques  was  about  150  Hz.  Thus 
vibrations  from  20  Hz  to  150  Hz  were  provided 
primarily  from  the  shakers  and  the  vibrations 
above  150  Hz  were  provided  by  the  acoustics. 
The  criteria  above  was  empirically  derived 
from  a  solution  to  equation  (2)  for  this 
design  with  the  desired  constraints  of  using 
common  vibration  terms  for  simplification. 
Solving  for  the  eigentones  (equation  (2))  of 
this  chamber  yields  a  theoretical  minimum 
frequency,  or  cross-over  point,  of  167  Hz. 
This  is  considered  to  be  good  agreement  when 
one  takes  into  the  account  the  techniques  of 
mechanical  shaker  vibration  control. 


The  definition  of  minimum  usable  fre¬ 
quency  above  specifies  a  minimum  acceptable 
deviation  from  a  vibration  spectrum  continuum 
but  does  not  put  any  criteria  on  diffusivity. 
Solving  equation  (2)  for  this  chamber  for  all 
the  modes  that  yield  eigentones  in  the  1/3 
octave  above  167  Hz  yields  the  following 
statistics  for  the  two-thirds  of  the  1  Hz 
windows  which  can  contain  energy: 


Initially,  it  night  appear  that  the  solu¬ 
tion  to  this  problem  is  trivial  and  of  the  form 
proposed  by  Sepmcyer:  i.e. , 


f  « 


This,  however,  describes  the  value  of  tne 
frequency  for  a  consistent  set  of  modal  index 
numbers  when  chamber  voltae  varies  and  the  side 
length  ratios  are  held  constant.  This  can  be 
shown  most  simply  by  considering  a  cube,  where 


then 


•■x  ==  “-y  = 


c.l("x)*  *  ("v)*  *  ("z)* 

-jV - - 


and,  letting 


(M^)*  ♦  (Hy)*  ♦  (M^)*  =  H* 
and  recognizing  that 


(9) 


a.  Fifty  percent  of  the  1  Hz 
windows  couple  obliquely  -  energy  will  be 
supported  in  all  three  axes. 


f  =  -£Ii- 
2(V) 


1/3 


(10) 
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b.  Forty-five  percent  of  the  1  Hz 
windows  couple  tangentially  -  energy  will  be 
supported  in  two  axes. 

c.  Five  percent  of  the  1  Hz  win¬ 
dows  couple  axially  -  energy  will  be  supported 
in  only  one  axis. 

Since  the  theoretical  minimum  frequency  is  in 
good  agreement  with  experiment  the  above  is 
considered  sufficiently  diffuse. 

Thus  the  proposed  criteria  appears  valid 
enough  upon  which  to  base  a  more  detailed 
analysis. 


MATHEMATICAL  DERIVATION 

This  analysis  is  concerned  with  deter¬ 
mining  a  mathematical  relationship  between 
chamber  volume,  for  a  given  configuration,  and 
the  minimum  usable  frequency  as  defined  above. 
The  mathematical  derivation  of  this  relation¬ 
ship  is  rendered  non-trivial  by  the  limitation 


Therefore,  between  two  chambers  of  different 
volume  and  constant  side  length  ratios,  the 
value  of  frequency  for  constant  modal  index 
numbers  is  so  defined.  Taking  the  lower  and 
upper  frequencies  of  a  1/3  octave  bandwidth 
this  relationship  will  define  the  equivalent 
frequencies  and  1/3  octave  bandwidth  for  the 
new  chamber.  However,  the  number  of 
frequencies  within  this  1/3  octave  will  remain 
constant  and,  therefore,  the  modal  density  will 
change.  It  seems  reasonable  that  the  lowest 
usable  frequency  of  the  new  chamber  could  be 
lower  than  predicted  by  this  relationship  if 
the  chamber  is  larger  and,  thus,  the  modal 
density  in  this  equivalent  1/3  octave  is 
greater 

If  a  chamber  is  of  a  shape  such  that  the 
modal  distribution  curve  is  closely  approxi¬ 
mated  by  the  smooth  curve  of  figure  1.  the 
modal  density,  where  modal  density  is  defined 
as, 

"u-"/  (11) 
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Whcrt  B  =  b«ndw1<tth  of  1/3  octavo 
N  =  nualMr  of  tlgofliofios  boloM 
“  ufipor  Halt  of  1/3  octavo 
N,  =  nuabor  of  oigontoflot  bolow 
^  lowor  Malt  of  1/3  octavo 


scalos  In  a  slapio  way  with  chaabor  voluao 
wbon  rolativo  dlaonsions  aro  hold  constant. 
Tho  critorla  roquiros  that,  ovor  tho  lowost 
usablo  1/3  octavo,  tho  donsity  of  gaps,  or 
voids,  in  ono  chaabor  Is  oqual  to  that  In 
anothor  chaabor  with  a  difforont  voluao  but 
tho  saao  dlaonsiona)  ratios.  This  rolation* 
ship  win  bo  approxiaatoly  satisflod  by  oqual 
aodal  donsity  of  tho  olgonfroqucnclos  in  tho 
lowest  usablo  1/3  octavo.  Thus  for  two 
chaabors  of  difforont  voluaos  having  tho  saao 
aodal  donsity  ovor  bands  B.  and  B,  rospoc- 
tivoly. 
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Tho  value  of  tho  various  b's  Is  given  by 
equation  (B)  and  tho  bandwidth  B  Is  given  by  Froa  (12) 


“  '  ^  ^  -  I  ^  *  ^4  (13) 

Solving  for  chaabor  1  froa  equation  (8) 


102411  V.  f-.*  27S.C  24L.  c* 


*»  3S.C 

by= - fl  ♦  - 


3  L,  C* 


3c* 


16Vjf,i  ft.  Vj  f^j* 


I  (14) 


and,  since 
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Coabininq  (13),  (14).  and  (15)  into  tho  fora 
of  (12) 


This  indicates  that  tho  ainiaua  usablo 
froquoncy  ratio  varios  as  tho  square  root  of 
tho  voluao  ratio  aultipliod  by  tho  brackotod 


Ura.  It  vill  be  shown  bolow  by  nuMricoI 
analysis  for  sovoral  voIum  ratios,  hoidit^ 
tht  shape  constant,  that  only  a  s«m11  error  is 
introduced  in  the  calculation  of  the  einieue 
usable  frequency  by  neglecting  the  bracketed 
tere  of  (19).  If,  for  siepiification  pur¬ 
poses,  this  tens  eay  be  neglected. 


-  (ip)**  for  r^’  i-^  =  constant  (20) 
L2  *1  '■X  '■* 


The  relationship  for  einieue  usable 
frequency  for  testing  of  air-carried  guided 
eissiies  follows  the  saae  fore  as  proposed  by 
Schroeder  (reference  2).  Equation  (20)  then 
provides  a  good  first  approxieation  to  chaaber 
voiuae  requireaents  for  a  desired  ainiauo 
usable  frequency  «dien  scaling  froa  one  chaaber 
to  a  second  of  the  saac  side-tength  ratios. 
Any  real  new  chaaber  design  aust  be  supported 
by  a  coapiete  solution  to  equation  (3). 


COMPUTER  INVESTIGATION 

To  deteraine  how  closely  equation  (20) 
can  predict  ainiaua  usable  frequency  a  coa- 
puter  analysis  was  perforaed.  The  procedure 
was  as  follows: 

a.  Sets  of  side  length  ratios  were 
initialized  and  allowed  to  vary  as  follows; 


X 

L  /L  =  0.51  to  0.96  at  0.05  increaents 

y  * 

^  ®  increaents 


b.  For  each  set  of  side  length 
ratios  the  voiuae  was  doubled  froa  1000  ft^  to 
128,000  ft»,  (i.e. .  1000,  2000,  4000,  8000, 
etc). 

c.  For  each  voiuae  and  set  of  side 
length  ratios  the  ainiaua  usable  frequency  was 
deterained  using  the  first  definition. 

d.  For  each  set  of  side  length 
ratios  the  calculated  ainiaua  usable  fre¬ 
quencies  and  voluaes  were  fitted  to  a  linear 
curve  of  the  fora 


f  =  -^  *6  (22) 


and  the  linear  regression  coefficient  was 
deterained. 


This  aaounted  to  55  separate  linear 
regression  coefficients  being  deterained  for 
as  aany  sets  of  side  length  ratios.  To  four 


deciaal  places,  the  linear  regression  coeffi¬ 
cients  varied  froa  0.9642  to  0.9997.  The  value 
of  b,  which  is  a  correction  to  the  value  of 
frequency,  varied  froa  6.4039  to  -22.6441. 
This  is  considered  sufficient  support  for 
the  validity  of  equation  (20). 


INVESTIGATION  OF  OPTIMUM  CHAMBER  SHAPE 

Other  investigations  have  been  perforaed 
to  define  best  shapes  of  rectangular  box-shaped 
acoustic  chaabers.  These  were  typically  per¬ 
foraed  to  deteraine  best  shape  for  general 
usage  rather  than  for  a  specific  application. 
The  Bost  coaprehensive  of  these  is  the  work 
conducted  by  Sepaeycr  (reference  3).  Sepaeyer 
studied  the  nodal  frequency  distribution  and 
angular  distribution  with  a  digital  coaputer, 
developed  aerit  criteria  and  rated  various 
configurations  relative  to  each  other.  His 
aerit  criteria  defined,  for  each  configuration, 
an  average  and  ms  value  for,  (1)  nodal  spacing 
irregularity,  and  (2)  angularity  of  the  nodes. 
Angularity  was  defined  as  the  actual  nuaber  of 
nodes  with  direction  cosines  within  a  solid 
angle  coapared  to  the  expected  nuaber  of  nodes. 
Based  on  this  investigation  Sepaeyer  recoa- 
aends,  as  best  sh^s,  rectangular  box-shaped 
chaabers  with  side  length  ratios  of;  (1) 
1.00/0.83/0.65,  (2)  1.00/0.82/0.72,  and  (3) 
1.00/0.69/0.43.  He  also  discussed  a  chaaber 
with  side  length  ratios  of  1.00/0.79/0.63  as 
giving  good  results  but  conaents  on  its  high 
sensitivity  to  saal)  variations  in  diaension- 
ality.  It  was  this  last  set  of  side  length 
ratios  PACMISTESTCEN  selected  for  the  above 
chaabers  for  reasons  of  convenience. 


COMPUTER  INVESTIGATION 

A  coaputer  prograa  was  generated  to  inves¬ 
tigate  the  iaportant  paraaeters  of  rectangular 
box-shaped  reverberant  acoustic  chaabers  for 
side  length  ratios  froa  1.00/0.50/0.50  to 
1.00/1.00/1.00  in  increaents  of  0.01  in  the  Y 
and  Z  diaensions.  This  prograa  used  a  constant 
voiuae  of  1993  ft^  for  coaparison  to  one  of  the 
acoustic  chaabers  at  PACMISTESTCEN.  The  pro¬ 
graa  first  calculated  the  lengths  of  each  side 
for  the  particular  set  of  side  length  ratios 
and  then  calculated  all  the  frequencies 
generated  by  equation  (2).  For  ease  of  deter- 
aination  of  which  1  Hz  bandwidth  each  frequency 
belonged,  each  calculated  frequency  was  rounded 
to  the  nearest  integer  frequency.  The  nuaber 
of  calculated  frequencies  for  each  integer 
frequency  froa  0  to  350  Hz  was  then  calculated 
and  analyzed  to  detemine  the  ainiaua  usable 
frequency  and  the  ms  value  of  the  frequency 
count. 

The  ainiaua  usable  frequency  was  deter¬ 
ained  froa  the  previous  definition.  Starting  at 
1  Hz  each  integer  frequency  value  was  checked 
to  detemine  whether  any  calculated  frequency 
value  occurred  for  that  frequency.  If  no 
calculated  frequency  had  occurred  the  next 
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integer  frequency  was  checked.  If  one  or  more 
calculated  frequencies  occurred  at  the  fre- 
quency  (fQ)i  the  1/3  octave  bandwidth  upper 
level  was”  calculated  (5  f  /4)  and  rounded 
upward  to  the  next  integer  Trequency  (if  not 
an  integer  itself).  The  1/3  octave  bandwidth 
was  checked  at  each  frequency  to  determine 
whether  calculated  frequencies  had  occurred  at 
2/3  or  store  (5  f  /16  or  swre)  of  the  1/3 
octave.  If  calculated  frequencies  occurred  at 
2/3  or  sKtre  of  the  1/3  octave,  the  lower  band 
edge,  f  ,  was  called  the  stiniHusi  usable  fre¬ 
quency.  If  not,  the  process  was  repeated 
until  a  siinisiuai  usable  frequency  was  found. 


The  rsis  value  of  the  frequency  count  was 
deteneined  by  counting  the  nuiiber  of  tisies  a 
calculated  frequency  (rounded  off)  equaled  an 
integer  frequency  and  then  calculating  the  mis 
value  of  these  counts  for  all  frequencies  frost 
the  previously  detersiined  siinisiusi  usable 
frequency  up  to  350  Hz.  It  is  assusied  that 
the  rats  value  provides  a  swasure  of  the 
ssioothness  of  the  frequency  energy  field  in  an 
acoustic  chasdter.  In  other  words  a  chasiber 
that  has  its  energy  spread  out  over  the  fre¬ 
quencies  would  have  a  ssioother  frequency 
energy  field  than  a  chasiber  that  concentrated 
its  energy  in  a  few  number  of  frequencies. 
The  lower  the  rms  value,  the  ssMother  and  store 
desirable  a  particular  chasiber  configuration 
appears. 


Then,  the  computer  was  programmed  to  do 
two  sorts  to  provide  a  list  of  all  chamber 
configurations,  ordered  from  lowest  to 
highest,  by  (1)  minimum  usable  frequency,  and 
(2)  rms  value.  From  these  lists,  the  pre¬ 
ferred  chamber  configurations  could  be  deter¬ 
mined  by  selecting  those  that  appear  in  the 
early  parts  of  both  lists. 


One  final  computer  program  was  generated 
to  investigate  disiensional  sensitivity. 
Reference  3  recomsiended  a  minimum  variance  of 
0.01  in  side  length  ratio  for  analysis 
purposes  as  this  was  equal  to  one  percent  and 
represents  the  best  tolerance  of  building 
trades  for  this  kind  of  construction  (concrete 
walls).  This  may  be  true,  however,  for  the 
chamber  size  used  in  this  analysis  it  repre¬ 
sents  a  deviation  of  1.8  inches.  If,  with 
detailed  attention  to  dimensions  during  con¬ 
struction,  that  tolerance  can  be  reduced,  what 
tolerance  is  necessary  to  assure  achieving 
desired  chamber  characteristics?  One  par¬ 
ticular  configuration  was  selected,  which  was 
the  "best"  from  the  analysis  above,  the  side 
length  ratios  of  this  configuration  were 
allowed  to  vary  lO.Ol  in  increments  of  0.001. 
The  minimum  usable  frequency  and  the  rms  value 
were  determined  for  each  of  these  "new"  con¬ 
figurations  to  investigate  dimensional 
sensitivity. 


RESULTS  ANO  DISCUSSION 

The  lists,  ordered  from  lowest  to  highest 
by  minimum  usable  frequency  and  by  rms,  were 
compared  for  the  top  30  in  each  list  and  the 
top  100  in  each  list.  Only  one  configuration 
(1.00/0.69/0.98)  ranked  in  the  top  30  on  both 
lists.  This  configuration  ranked  in  the  top  10 
for  minimum  usable  frequency  and  the  top  20  for 
rms.  Except  for  this  configuration,  the  lack 
of  correlation  between  these  two  lists 
indicates  the  difficulty  in  selecting  a  pre¬ 
ferred  configuration.  Comparison  of  the  top 
100  for  both  lists  revealed  a  total  of  21 
configurations  that  appeared  on  both  lists. 
Table  1  lists  these  21  configurations,  the 
minimum  usable  frequency,  the  rms  value,  and 
their  rank  on  each  list. 


TABLE  1 


Ly/Lx 

Lz/Lx 

MF 

rffls 

MF 

Rank 

ms 

Rank 

0.68 

0.71 

146 

1.1906 

1 

97 

0.69 

0.98 

156 

1.1413 

9 

17 

0.74 

0.90 

157 

1.1705 

15 

48 

0.91 

0.98 

157 

1.1706 

16 

49 

0.90 

0.98 

158 

1.1774 

20 

63 

0.55 

0.62 

159 

1.1571 

32 

31 

0.64 

0.91 

160 

1. 1682 

36 

44 

0.59 

0.92 

161 

1.1338 

39 

11 

0.63 

0.70 

163 

1.1293 

54 

7 

0.59 

0.93 

163 

1.1797 

55 

68 

0.85 

0.93 

163 

1.1842 

56 

81 

0.68 

0.98 

165 

1.1531 

72 

25 

0.64 

0.93 

165 

1. 1803 

73 

71 

0.55 

0.91 

165 

1. 1839 

74 

79 

0.66 

0.92 

166 

1. 1632 

86 

37 

0.76 

0.91 

166 

1.1648 

87 

39 

0.63 

0.69 

166 

1.1913 

88 

100 

0.52 

0.82 

167 

1. 1787 

94 

65 

0.68 

0.72 

168 

1.1463 

99 

19 

0.72 

0.76 

168 

1.1511 

100 

22 

The  minimum  usable  frequency  for  all 
configurations  was  plotted,  from  lowest  to 
highest,  against  run  number  in  the  sorted  list. 
This  is  shown  in  figure  2.  The  lowest  usable 
frequency  ranged  from  146  Hz  to  278  Hz. 
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FIGURE  2.  Sorted  List  of  Mlniwa 
Usable  Frequency  (NF)  for  All  Runs 


The  ras  value  for  all  configurations  was 
plotted,  fro*  lowest  to  highest,  against  run 
nuaber  In  the  sorted  list.  This  Is  shown  In 
figure  3.  The  ras  value  ranged  froa  1.0799  to 
2.269S. 


FIGURE  3.  Sorted  List  of  RMS  for 
All  Runs 


Several  strong  correlations  can  be 
deteralned  froa  coaparlson  of  figures  2  and  3. 
The  shapes  of  the  two  curves  are  nearly 
Identical.  The  first  reflection  point  occurs 
around  50*100  runs.  The  second  reflection 
point  occurs  around  1050  runs.  In-between 
these  two  reflection  points  the  plot  aay  be 
represented  by  a  straight  line.  The  alnlaua 
usable  frequency  over  the  center  portion  ranges 
froa  168  to  207.  The  ras  value  over  the  center 
portion  ranges  froa  1.19  to  1.49. 

A  final  correlation  can  be  obtained  froa 
an  exaalnatlon  of  the  Individual  configurations 
froa  each  sorted  list  that  are  beyond  the 
second  reflection  point.  This  data  represented 
230  runs  on  each  test.  As  opposed  to  the  first 
30  or  the  first  100  there  were  aany  configura¬ 
tions  that  were  coaaon  to  both  lists.  An 
exaalnatlon  of  all  these  configurations 
revealed  soae  coaaonalltles  In  patterns  of 
these  configurations  which  eight  be  expected. 
These  coaaonalltles  are: 

1.  Two  sides  equal. 

2.  One  side  a  low  aultiple,  1:2,  2:3, 
3:4,  3:5  of  the  other. 

Of  the  last  230  runs,  155  were  defined  by  these 
coaaonalltles.  Thus,  while  It  Is  difficult  to 
select  preferred  configurations.  It  Is  possible 
to  define  rules-of-thuab  for  configurations  to 
be  avoided. 

For  the  final  analysis  the  "best"  config¬ 
uration,  1.00/0.69/0.96,  was  selected  and  the  Y 
and  Z  ratios  were  allowed  to  vary  froa  0.680- 
0.700  and  0.970  to  0.990  respectively  In  Incre- 
aents  of  0.001.  This  analysis  showed  that  even 
diaenslonal  changes  of  0.001  In  side  length 
ratios  gave  significant  changes  1ii  results. 
Table  2  gives  the  pertinent  characteristics  of 
the  range  of  side  length  ratios  used  In  this 
analysis  which  aay  be  used  for  coaparlson. 

TABLE  2 


CHARACTERISTICS  FOR  RANGE  OF 
DIMENSIONAL  SENSITIVITY  ANALYSIS 


l,y/U 

Lz/Lx 

Lx.  ft 

ft 

Lx.  ft  M.F. 

rms 

0.680 

0.970 

14.46 

9.83 

14.02 

192 

1.2526 

0.680 

0.980 

14.41 

9.80 

14.12 

165 

1.1531 

0.680 

0.990 

14.36 

9.76 

14.22 

191 

1.2065 

0.690 

0.970 

14.39 

9.93 

13.96 

165 

1.1884 

0.690 

0.980 

14.34 

9.89 

14.05 

156 

1.1413 

0.690 

0.990 

14.29 

9.86 

14.15 

188 

1.2292 

0.700 

0.970 

14.32 

10.02 

13.89 

192 

1.2924 

0.704 

0.980 

14.27 

9.99 

13.98 

189 

1.2411 

0.700 

0.990 

14.22 

9.95 

14.08 

194 

1.3833 

This  analysis  looked  at  a  total  of  441 
configurations  within  the  range  of  table  2. 
For  these  configurations  the  alnlaua  usable 
frequency  varied  froa  153  to  218  and  the  ras 
value  ranged  froa  1.0804  to  1.4762. 


COfiCLUSIONS 


Table  3  shows  the  pertinent  character¬ 
istics  for  so«e  of  these  configurations.  The 
first  half  of  this  table  shows  the  effect  of 
varying  LVL  ♦0.005  around  0.980  in  incre- 
■ents  of  %.dbl“with  tyt  held  constant  at 
0.690.  The  second  half^f’ihe  table  shows  the 
effect  of  varying  L  /L  >0.005  around  0.690  in 
increaents  of  O.OOx  witli  L  /L  held  constant 
at  0.980.  Of  these  21  conngiirations  only  11 
would  rank  in  the  top  100  of  ■iniaua  usable 
frequency  and  only  nine  would  rank  in  the  top 
100  for  ras  value.  It  can  be  seen  that  there 
is  no  saooth  pattern  to  the  results  and  values 
show  discrete  juaps.  The  variance  in  actual 
diaensions,  froa  configuration  to  configura¬ 
tion,  is  less  than  1/8  inch  which  is  below  the 
norsMl  tolerance  for  flatness  of  a  concrete 
wall  of  the  area  used  in  this  analysis.  Thus 
a  concrete  acoustic  chaaber  cannot  be  con¬ 
structed  to  obtain  characteristics  derived 
froa  an  analysis  where  side  length  ratios  are 
held  to  >0.001. 

TABLE  3 


PARTIAL  RESULTS  OF  OINENSIONAL 
SENSITIVITY  ANALYSIS 


Ly/Lx 

Lz/Lx 

Lx,  ft 

i-y, 

Lz.  ft  M.F. 

nis 

0.690 

0.975 

14.36 

9.91 

14.00 

189 

1.2862 

0.690 

0.976 

14.36 

9.91 

14.01 

168 

1.3025 

0.690 

0.977 

14.35 

9.90 

14.02 

156 

1.2199 

0.690 

0.978 

14.35 

9.90 

14.03 

153 

1.2371 

0.690 

0.979 

14.34 

9.90 

14.04 

153 

1. 1477 

0.690 

0.980 

14.34 

9.89 

14.05 

156 

1. 1413 

0.690 

0.981 

14.33 

9.89 

14.06 

195 

1.1608 

0.690 

0.982 

14.33 

9.89 

14.07 

158 

1. 1276 

0.690 

0.983 

14.32 

9.88 

14.08 

158 

1. 1460 

0.690 

0.984 

14.32 

9.88 

14.09 

156 

1.1548 

0.690 

0.985 

14.31 

9.88 

14.10 

159 

1. 1528 

0.685 

0.980 

14.37 

9.85 

14.08 

190 

1.  3265 

0.686 

0.980 

14.37 

9.85 

14.08 

163 

1.2420 

0.687 

0.980 

14.36 

9.86 

14.07 

186 

1.2138 

0.688 

0.980 

14.35 

9.87 

14.06 

158 

1.1639 

0.689 

0.980 

14.34 

9.88 

14.06 

158 

1.1818 

0.690 

0.980 

14.34 

9.89 

14.05 

156 

1.1413 

0.691 

0.980 

14.33 

9.90 

14.04 

193 

1.2151 

0.692 

0.980 

14.32 

9.91 

14.04 

193 

1.3245 

0.693 

0.980 

14.32 

9.92 

14.03 

193 

1.3856 

0.694 

0.980 

14.31 

9.93 

14.02 

190 

1.2923 

0.695 

0.980 

14.30 

9.94 

14.02 

168 

1.2058 

Froa  consideration  of  diaensional  sensi¬ 
tivity  and  noraal  trade  tolerances  in  wail 
placeaent  and  wall  flatness  an  analytical 
selection  of  a  "best"  configuration  is  an 
acadeaic  exercise  at  best.  As  long  as  certain 
unfavorable  design  criteria  are  avoided, 
noraal  trade  tolerances  in  construction 
probably  act  to  blur  distinctions  between 
"best"  configurations  and  configurations 
selected  for  other  reasons  such  as  convenience 
or  cost. 


A  good  criteria  for  deteraining  the  lowest 
usable  frequency  of  a  reverberant  rectangular 
box-shaped  acoustic  chaaber  for  testing  of 
air-carried  guided  aissiles  is: 

"The  ainiaua  usable  frequency  is  that 
frequency  which  is  the  lower  band 
edge  of  the  lowest  1/3  octave  band¬ 
width  which  will  contain  eigentones 
in  at  least  2/3  of  the  1  Hz  bandwidth 
windows  centered  on  the  integer 
frequencies." 

Using  the  above  definition,  the  ainiaua 
usable  frequency  varies  as  the  inverse  square 
root  of  the  voluae  ratio,  as  follows: 


Although  it  is  possible  to  define  best 
shapes  for  rectangular  box-shaped  reverberant 
acoustic  chaabers  for  siaulation  of  captive 
flight  vibration  of  air-carried  guided  aissiles 
the  diaensional  sensitivity  of  these  chaabers 
is  such  that  construction  tolerances  probably 
blur  the  advantage  of  one  configuration  over 
another.  As  long  as  soae  siaple  rules-of-thuab 
in  design  criteria  are  avoided  there  is 
probably  no  over-riding  technical  reason  for 
selecting  one  configuration  over  another.  The 
rules-of-thuab  to  avoid  are: 

1.  No  two  walls  the  saae  length. 

2.  No  two  walls  in  low  aultiples  of  each 
other,  i.e.,  1:2,  2:3,  3:4,  3:5,  etc. 
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A  systematic  test  procedure  is  presented  for  multi-shaker, 
sine-dwell,  modal  test  of  spacecraft.  This  procedure  has 
been  applied  to  the  modal  testing  of  a  Defense  Meteorological 
Satellite.  Good  results  were  obtained. 


INTRODUCTION 

The  multi-shaker  sine-dwell  test  is  a 
widely  accepted  method  for  identifying 
the  dyneunic  characteristics  of 
aerospace  structures.  The  idea  in 
using  multiple  shakers  is  to  position 
the  shakers  at  the  proper  locations 
and  adjust  their  forces  so  as  to 
excite  individually  each  of  the  modes 
of  the  structure.  However,  the 
Iteration  process  in  adjusting  the 
force  ratios  among  shakers  in  the  modal 
tuning  phase  of  the  test  is  often 
difficult  and  time  consuming.  This 
paper  describes  a  procedure  which  over¬ 
comes  this  difficulty  and  allows  the 
test  to  be  conducted  in  a  systematic 
manner. 

A  single  shaker  sine  sweep  test  is 
performed  first  to  identify  the 
resonant  frequencies  of  the  spacecraft 
and  the  preliminary  response  data  at 
the  possible  shaker  locations.  These 
preliminary  response  data  for  each  mode 
are  used  to  decide  the  number  of 
shakers,  best  shaker  locations,  and 
the  force  pattern  needed  to  excite 
the  mode.  Usually,  the  number  of 
shakers  needed  to  excite  a  particular 
mode  is  equal  to  or  less  than  the 
nuBiber  of  modes  with  frequencies  close 
to  the  mode  of  interest.  The  force 
ratio  among  shakers  is  calculated  using 
the  method  similar  to  the  one  proposed 
by  Morosow  and  Ayre  (1,  2).  A  system¬ 
atic  iteration  procedure  is  also  formu¬ 
lated  to  Improve  the  accuracy  of  the 
force  pattern. 

The  test  procedure  presented  in  this 
paper  was  applied  to  a  modal  test  of  a 
Defense  Meteorological  Satellite  built 


by  RCA  for  USAF.  Nine  modes  below 
50  Hz  were  determined  within  required 
accuracy  and  within  cost  and  schedule 
constraints . 


THEORETICAL  BACKGROUND 

The  equations  of  motion  for  an  n-degree- 
of- freedom  linear  damped  system  can  be 
written  as: 

(M) (u)  +  (Cl (0)  +  IKl (u)  «  (F)  (1) 

where  [M] ,  [Cl  and  [K]  are  the  mass, 
damping,  and  stiffness  matrices  of  the 
structure  respectively.  (u)  is  the 
displacement  vector  and  (FI  is  the 
forcing  vector. 

Applying  modal  transformation 

(ul  -  (♦Kq)  (2) 

to  equation  (1)  and  assuming  proportion¬ 
al  damping,  we  have: 


|-MJ(q>  +  [--CJ(q)  +  [~KJ(q) 
(♦l’‘(F) 

where:  (~MJ  «  It  (’’‘’(M)  (t  | 


t~C  J  =  I*  1  (Ml  1 


['•K-.l  -  t«  r  IKl  U  1 

and  (*1  contains  the  mode  shapes  of  the 
structure  and  'q'  is  the  vector  of  modal 
coordinates . 


-  jy, 


Equation  (3)  is  a  set  of  uncoupled 
equations  which  have  general  form  as: 


displacement  and  the  shaker  forces  is: 


"  r  •  2 

Q  Q  U)  Q 

r 


where  M-  and  C^.  are  the  generalized 
mass  and  modal  damping  of  the  structure 
respectively  for  mode  r  and  is 

the  generalized  force  in  mode  r.  up  is 
the  frequency  of  mode  r. 


6  «  tan 


■1  r-1  ^  ^ 


r-1  ^  ^ 


This  angle  may  not  be  90°  unless 


The  solution  of  equation  (4)  corres¬ 
ponding  to  a  sinusoidal  external  force 
with  frequency  ^  is; 


q^  “  X^cosQt  +  y^siniit 


-l»pl  (F)  (Cj.u/M^l 

- 3—3—5 - - 

1  + 


This  condition  can  be 


achieved  by  letting  the  generalized 
forces  associated  with  the  other  modes, 
except  the  mode  to  be  excited,  to  be 
zero.  This  can  be  seen  from  equation 
(7)  which  shows  that  the  coefficient  Yj- 
is  directly  proportional  to  the 
generalized  force  associated  with  the 
rth  mode  of  the  structure.  The  force 
ratio  among  shakers  for  exciting  the 
natural  mode  of  the  structure  can  then 
be  calculated  such  that  it  will  satisfy 
the  above  mentioned  condition,  i.e.: 


(4j.l’’fF}  -  fi^l 


+  tc^si/Mpi‘ 


From  equation  (5) ,  we  can  see  that  the 
modal  response  of  the  structure  has 
magnitude 

Iqrl  -  +  Yj.^  (8) 


and  phase  angle 


0  «  tan"^  ^ 

^  *r 


with  « 


the  coefficients  X^.  and  Y^ 


and  hence,  ”  90°.  In  other  words, 
the  phase  angle  between  the  modal  force 
and  the  modal  displacement  is  always 
90°.  However,  from  equation  (2) ,  the 
phase  angle  between  the  physical 


where  (Fg)  is  an  nxl  generalized  force 
vector  with  null  elements  except  the 
rth  element. 

Equation  (13)  represents  a  set  of  n 
simultaneous  linear  algebraic  equations 
where  n  is  the  number  of  modes  of 
interest  in  the  test.  Out  of  these  n 
equations,  n-1  would  be  homogenous  and 
hence  could  be  used  to  solve  for  the 
force  ratio  among  shakers,  assuming  the 
number  of  shakers  is  also  equal  to  n. 

For  exzunple ,  if  there  are  ten  modes  to 
be  excited  for  the  test  using  ten 
shakers,  the  force  ratio  among  these 
ten  shalters  can  be  calculated  by  solving 
a  set  of  nine  simultaneous  equations 
with  coefficients  equal  to  the  mode 
shape  coefficients  at  exciting  locations 
for  each  mode.  With  these  forces,  the 
generalized  force  for  exciting  a 
particular  mode  is  represented  by  the 
non-zero  element  in  the  generalized 
force  vector  (Fq)  for  that  mode. 
Conceptually,  the  generalized  force 
represents  the  distribution  of  energy, 
converted  from  the  work  done  by  exciting 
forces,  among  the  different  modes  of  the 
structure.  It  is  reasonable,  then,  to 
set  the  force  ratio  among  shakers  such 
that  all  the  kinetic  energy  is  con¬ 
centrated  to  the  mode  to  be  excited. 


Note  that  the  frequency  difference 
factor  (ur  -a)  involved  in  equation  (7) 
has  second  power  in  the  denominator 
and,  hence,  Yf  will  be  smaller  for  the 
modes  having  frequencies  widely 
separated  from  the  frequency  of  the 
exciting  force.  In  other  words,  these 
modes  will  have  small  Interference  with 
the  mode  to  be  excited.  By  excluding 
these  modes  from  the  calculation  of  the 
force  pattern  for  exciting  a  particular 
mode,  the  number  of  simultaneous  equa¬ 
tions  to  be  solved  is  reduced.  For  the 
case  of  exciting  ten  modes  in  the  test, 
it  is  not  always  necessary  to  use  ten 
shakers  and  solve  nine  simult£meous 
equations  for  the  force  pattern.  The 
actual  number  of  shakers  needed  to 
excite  a  particular  mode  can  be  judged 
by  examining  the  separation  of  frequen¬ 
cies  between  the  modes.  In  general, 
the  number  of  equations  to  be  solved 
for  the  force  ratio  among  shakers  to 
excite  a  particular  mode  will  be  equal 
to  the  number  of  adjacent  modes  to  be 
suppressed.  The  number  of  shakers 
needed  will  be  equal  to  the  number  of 
equations  plus  1. 

In  case  the  number  of  shakers  is  less 
than  the  number  of  modes  to  be  sup¬ 
pressed  for  tuning  a  particular  mode, 
a  least  square  error  solution  of 
equation  (13)  can  be  obtained  as: 

(F)  =  ((♦)  (♦)^)"^((t.]  (14) 


Note  that  in  order  to  use  equations 
(13)  or  (14)  for  the  force  ratio 
calculation,  the  mode  shape  coeffi¬ 
cients  at  the  driving  points  must  be 
known  ahead  of  time.  These  can  be 
obtained  from  the  single  point  sine 
sweep  test  or  from  an  analytical 
finite  element  model  of  the  structure. 
A  systematic  iteration  procedure  can 
be  used  to  improve  the  accuracy  of  the 
force  ratio  calculations. 


TEST  PROCEDURE 

The  test  procedure  is  divided  into  the 
following  main  phases: 

a.  Single  exciter  sine-sweeps  (modal 
search) . 

b.  Multiple  exciter  mode  tuning. 

c.  Multiple  exciter  sine-dwell  (mode 
survey) . 

The  steps  involved  in  each  phase  are 
listed  below: 


A.  Single  Exciter  Sine  Sweeps 

1.  A  single  exciter  sine  sweep  is 
performed  over  the  frequency 
range  of  interest  using  one  of 
the  initial  exciter  locations. 
The  other  exciters  remain 
disconnected  during  this  sweep. 

2.  The  frequency  response  fiuiction 
(FRF)  between  the  driving  point 
acceleration  and  force  is 
calculated  and  displayed  on  the 
digital  computer's  CRT  terminal. 

3.  The  resonant  frequencies  are 
determined  from  inspection  of 
this  FRF  by  observing  the 
frequencies  at  which  the  rate 
of  change  of  phase  is  maximum 
(determined  from  the  displayed 
Nyquist  plot) . 

4.  To  establish  the  validity  of  the 
FRF,  a  coherence  function  is 
calculated,  displayed,  and 
inspected.  Also,  the  results  of 
an  MDOF  (multi-degree  of  freedom) 
curve-fit  are  displayed  to  fur¬ 
ther  verify  the  calculated 
driving  point  FRF. 

5.  Steps  1  through  4  are  repeated 
using  each  of  the  initial 
exciter  locations  as  necessary 
to  reveal  all  important 
resonances  in  the  frequency 
range  of  interest. 

6.  After  the  resonant  frequencies 
of  interest  have  been  identifiedi 
short,  single-exciter  sine 
sweeps  are  performed  for  each 
mode.  Responses  from  the  driv¬ 
ing  point  accelerometer  and 
several  additional  well-spaced 
accelerometers  are  recorded  for 
each  mode.  "Coarse"  mode  shapes 
are  computed  and  used  to  aid  in 
selecting  the  force  pattern  and 
relative  phasing  of  the  exciters 
for  each  mode. 

B.  Multiple  Exciter  Mode  Tuning 

1.  Using  the  coarse  mode  shape 
determined  in  A. 6,  the  number 
of  shakers,  the  driving  points, 
and  the  corresponding  force 
pattern  and  phasing  are  deter¬ 
mined  as  follows: 

1.1  The  modes  to  be  excited 

within  the  frequency  range 
of  interest  are  grouped 
into  several  units  based  on 
the  separation  of  resonant 
frequencies. 


C.  Multi-Exciter  Sine  Dwell 

1.  Once  the  mode  has  been  tuned  as 
described  in  Section  B,  the 
acceleration  data  for  each 
group  of  accelerometers  is 
acquired  by  dwelling  at  the 
resonant  peak.  The  proper 
force  amplitudes  are  set  and 
controlled  through  a  force 
feedback  loop  so  that  resonance 
occurs  under  invariant  condi¬ 
tions. 

2.  The  frequency  response  between 
the  master  force  and  each 
acceleration  signal  is  cal¬ 
culated. 

3.  The  mode  coefficients  are 
determined  from  the  quadrature 
values  of  the  measured  accelera¬ 
tion  response  at  the  resonant 
frequency. 


MODAL  TEST  OF  5D-2  SATELLITE 

The  test  procedure  described  in  the 
previous  section  was  used  for  the  modal 
test  of  a  satellite.  The  spacecraft 
used  in  the  test  was  the  first  Block 
5D-2  configuration  built  by  RCA  for  the 
Denfense  Meteorological  Satellite 
Program.  The  spacecraft  was  rigidly 
mounted  at  its  base  to  a  200-ton  seismic 
block.  Figure  1  shows  the  general  setup 
of  the  test.  Scaffolding  was  built  on 
the  block  to  completely  enclose  the 
spacecraft.  It  provided  a  versatile 
means  for  supporting  the  shakers ,  and 
provided  access  to  all  parts  of  the  ISS 
during  the  test.  Moving  a  shaker  to  a 
different  location  on  the  structure 
simply  involved  raising  the  shaker  from 
the  deck  via  the  ceiling  crane  and 
either  changing  the  position  of  the 
scaffolding  deck  or  placing  the  shaker 
onto  another  deck  at  the  new  location. 


1.2  The  number  of  shakers 
needed  to  excite  the  mode 
within  a  particular  unit 
is  equal  to  or  less  than 
the  number  of  modes  within 
that  unit. 

1.3  The  best  locations  for 
these  shakers  and  the 
force  pattern  to  excite  a 
particular  mode  are  deter¬ 
mined  from  equations  (13) 
or  (14)  and  from  the 
resulting  generalized 
force  associated  with  the 
mode  to  be  excited. 

1.4  For  each  mode  of  a  unit, 
those  shakers  to  be  used 
are  connected  and  the 
force  levels  and  phases 
are  adjusted  accordingly. 
The  excitation  frequency 
is  adjusted  to  match  the 
resonant  frequency  of  the 
mode  to  be  excited. 

1.5  The  mode  coefficients  are 
determined  at  the  driving 
points  from  the  quadrature 
values  of  the  measured 
acceleration  response  at 
the  resonant  frequency. 

1.6  If  the  mode  coefficients 
differ  from  the  "coarse" 
mode  coefficients  deter¬ 
mined  from  step  A. 6, 
repeat  steps  1.3  through 
1.5  using  the  updated 
mode  coefficients  until 
final  sets  of  force 
patterns  are  obtained. 

The  sweep  oscillator  is  taken 
out  of  the  dwell  mode  and  the 
excitation  frequency  is  set  to 
a  value  slightly  below  the 
frequency  of  the  tuned  mode. 
Using  the  linear  sweep  setting, 
the  sweep  oscillator  sweeps 
the  exciters  through  a  peak  of 
the  mode  to  a  frequency  slight¬ 
ly  above  the  resonant  frequency. 

Additional  acceleration  data, 
selected  from  various  locations 
on  the  spacecraft,  are  acquired 
through  the  same  sweeping 
operation  and  the  same  force 
signals.  The  Nyquist  circles 
associated  with  the  accelera¬ 
tion/master  force  functions 
are  inspected  to  further 
verify  a  properly  tuned  mode. 


Seven  shaker  locations  were  used  during 
the  course  of  the  modal  test  to  excite 
the  spacecraft  structure.  No  more  than 
three  shakers  were  used  simultaneously 
to  excite  any  particular  mode  of  the 
spacecraft.  Figure  2  shows  the  loca¬ 
tions  of  the  shakers.  Attachments  of 
the  shaker  armatures  to  the  spacecraft 
driving  points  were  accomplished  with 
flexures  (stingers) ,  devices  specially 
designed  by  RCA  for  transmitting  pure 
axial  forces  to  the  structure.  The 
flexures  reduce  the  need  for  precise 
shaker  alignment  and  eliminate  bending 
moments  into  the  force  gages. 


Seventy-six  accelerometers  attached  to 
the  spacecraft  were  used  to  measure 
mode  shapes.  Figure  3  shows  the 
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mounting  locations  of  the  accelero¬ 
meters.  Data  from  these  transducers 
was  processed  by  a  mini-computer 
utilizing  SDRC  software.  The 
electronic  gear  setup,  visible  in 
Figure  1,  is  shown  in  detail  in 
Figure  4.  A  schematic  of  this  equip¬ 
ment  is  shown  in  Figure  5. 


Five  initial  exciter  locations  (i.e., 
positions  1  to  5  in  Figure  2)  were 
used  to  perform  the  single  exciter  sine 
sweep  between  0  and  55  Hz.  The 
frequency  response  functions  (FRF) 
between  the  driving  point  acceleration 
and  force  were  calculated  and  the 
resonant  frequencies  of  the  spacecraft 
were  determined  from  the  peaks  in  the 
FRF  plots.  Figure  6  shows  the  driving 
point  FRF  from  exciter  locations  1  and 
2.  By  inspection  of  the  FRF  from  all 
five  initial  exciter  locations,  nine 
modes  below  50  Hz  were  identified  to  be 
the  structural  modes  of  the  spacecraft. 

With  the  frequencies  of  the  modes 
identified,  modes  were  tuned  according 
to  the  procedure  described  in  this 
paper.  Once  the  mode  was  tuned,  the 
acceleration  data  for  all  of  the  76 
accelerometers  was  acquired  by  dwelling 
at  the  resonant  peak.  The  proper  force 
amplitudes  were  set  and  controlled 
through  a  force  feedback  loop  so  that 
resonance  occurred  under  invariant 
conditions.  The  frequency  response 
between  the  master  force  and  each 
acceleration  signal  was  calculated. 

The  mode  coefficients  were  determined 
frcm  the  quadrature  values  of  the 
measured  acceleration  response  at  the 
resonant  frequency.  Once  the  complete 
mode  shape  coefficients  were  obtained, 
an  animated  mode  shape  was  displayed. 
Figure  7  shows  the  mode  shape  display 
for  the  first  bending  mode  of  the 
spacecraft,  and  Figure  8  shows  a 
typical  Nyquist  plot  from  that  mode. 

The  modal  damping  coefficient  is  de¬ 
rived  from  the  frequencies  of  the 
maximum  (^3)  and  minimum  (wj^)  coinci¬ 
dent  response  at  each  mode.  Assuming 
equivalent  viscous  damping,  the  modal 
damping  coefficient  for  mode  i  is 
obtained  by: 
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The  ro  plot  from  the  master  shaker  on 
each  mode  is  used  for  the  calculation. 
Figure  9  shows  the  calculation  of  the 
modal  daxiiping  coefficient  for  the  first 
mode  of  the  spacecraft. 

It  is  required  by  the  task  assignment 
that  the  orthogonality  check  is  per¬ 
formed  to  verify  the  accuracy  of  the 
test  results.  The  test  accuracy  goal 
is  to  achieve  off-diagonal  terms  in  the 
error  matrix  of  magnitude  0.1  or  less, 
where  the  diagonal  terms  are  normalized 
to  1.  The  resulting  error  matrix, 
given  in  Table  1,  shows  very  good  modal 
purity.  It  is  noted  from  this  table 
that  only  two  terms  exceed  the  0.1  goal. 
The  two  high  values  lie  between  0.1  and 
0.2,  and  are  for  higher  order  modes,  the 
eighth  and  ninth.  It  is,  therefore, 
believed  that  the  results  shown  in 
Table  1  represent  very  good  results 
which  in  total  are  better  than  required. 

One  traditional  way  to  verify  the  purity 
of  the  tuned  mode  and  to  evaluate  the 
modal  damping  is  the  decay  check.  Due 
to  the  limitation  on  testing  time  and 
the  fact  that  the  modal  damping  could  be 
calculated  more  accurately  using  the 
driving  point  CO  plot,  the  decay  check 
was  performed  only  for  the  first  mode 
using  shaker  no.  3.  The  resulting  decay 
curve  is  given  in  Figure  19.  The  modal 
damping  calculated  from  this  decay  curve 
is  equal  to  0.0066,  as  shown  in  the 
figure.  This  number  is  in  close 
agreement  with  the  value  shown  in 
Figure  9.  The  tuning  purity  is  indi¬ 
cated  by  the  absence  of  beating  in  the 
decay  response. 

Although  the  purpose  of  this  test  is  to 
create  a  dynamic  model  of  the  spacecraft 
directly  from  the  experimental  measure¬ 
ments,  an  analytical  finite  element 
model  was  created  for  the  spacecraft  in 
the  test  configuration.  This  was 
necessary  for  the  construction  of  the 
mass  matrix  which  is  needed  in  the 
orthogonality  check  of  modes.  This 
model  was  also  found  to  be  invaluable  in 
guiding  the  locations  and  the  tuning  of 
shakers  and  in  sorting  out  discrepancies 
discovered  when  initial  measurements  did 
not  satisfy  the  criteria  for  orthogonal¬ 
ity  between  modes.  This  computer  model, 
as  shown  in  Figure  11,  consists  of  beams 
and  spring  elements  and  36  mass  points 
with  a  total  of  179  dynamic  degrees  of 
freedom.  These  dynamic  degrees  of 
freedom  reduce  to  120  after  Guyan 
reduction  and,  hence,  the  mass  matrix 
(M)  for  the  test  has  dimension  120  x 
120. 


The  natural  frequencies  calculated  from 
this  computer  model  are,  in  general, 
lower  than  the  frequencies  measured  from 


Figure  11.  Dynamic  Finite  Element  Model  of  5D-2  Spacecraft 


TABLE  1 

Error  Matrix  for  Orthogonality  Check 


TABLE  2 

Comparison  of  Natural  Frequencies  and  Mode  Shapes  from  Test  and  Analysis 


Frequency  (Hz) 

Mode  Shape 

Mode 

No. 

Test 

Pre-Test 

Model 

Post-Test 

Model 

[♦)„’' (M) 

Description 

1 

9.13 

9.04 

0.98 

First  Y  Bending 

2 

9.13 

9.09 

0.93 

First  Z  Bending 

3 

25.79 

25.43 

0.94 

PMP  Bending* 

4 

27.56 

25.06 

27.20 

0.91 

PMP  Torsion 

5 

29.76 

27.24 

29.44 

0.90 

First  Torsion 

6 

35.51 

33.27 

36.05 

0.92 

Second  Y  Bending 

7 

40.42 

37.59 

41.17 

0.85 

Second  Torsion 

8 

44.59 

39.87 

45.86 

0.79 

First  Thrust 

9 

47.27 

_ 

— 

— 

— 

ESM  Panel  Mode 

the  test.  Modifications  were  made  to 
this  computer  model  and  the  updated 
model  gives  the  natural  frequencies  of 
the  spacecraft  within  3  percent  of  the 
test  results.  Table  2  gives  the 
comparison  of  the  natural  frequencies. 

A  comparison  between  the  mode  shapes 
from  the  test  measurements  and  the 
updated  computer  model  is  also  given  in 
Table  2.  The  comparisons  of  the  mode 
shapes  are  made  based  on  the  criteria 
Im'^  1^1  (it  1 A  where  [((iIm  is  tbe  measured 
mode  shape,  [<t>lA  ^s  the  analytical  mode 
shape  from  the  computer  model.  If  two 
mode  shapes  are  identical,  the  value  is 
1. 


CONCLUSION 

A  modal  test  of  a  Defense  Meteorological 
Satellite  developed  and  built  at  RCA 
Astro-Electronics  for  the  USAF  was 
successfully  completed  in  May  1979. 

The  test  was  performed  to  create  a 
dynamic  model  of  the  spacecraft 
directly  from  experimental  measurements. 
This  dyn^unic  model  is  necessary  for  an 
accurate  loads  analysis  in  order  to 
predict  spacecraft  and  launch  vehicle 
loads  during  lift-off  and  boost  ascent. 
The  procedure  used  in  the  test  was  the 
multi-shaker  sine-dwell  technique 
required  by  the  task  assignment. 


This  paper  presents  the  test  results 
and  the  systematic  test  procedure 
developed  at  RCA  for  this  test.  Nine 
modes  with  resonant  frequencies  below 
50  Hz  were  measured.  Single-exciter 
sine  sweeps  were  used  to  locate  all 
these  frequencies  and  to  guide  the 
tuning  of  shakers.  Then  modes  were 
tuned,  one  at  a  time,  using  the 
analytical  shaker  force  calculation 
method.  Since  the  driving  points  mode 
shape  coefficients  are  needed  to 
calculate  the  shaker  forces,  an  itera¬ 
tion  procedure  is  developed  to  improve 
the  shaker  forces  using  the  updated 
mode  shapes  from  each  iteration  cycle. 
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U.  S,  Army  mobile  tactical  communication  systems,  typically  housed 
In  shelters  on  trucks,  may  be  loaded  substantially  from  the  alrblast 
produced  by  high  explosive  or  nuclear  weapons.  A  laboratory  simula¬ 
tion  device  capable  of  generating  specified  force-time  histories 
could  be  used  to  subject  the  equipment  to  loads  as  might  be  encoun¬ 
tered  In  a  battlefield  condition.  Such  a  device  has  been  developed 
with  a  capability  of  producing  rectangular  force  pulses  along  two 
axes  in  excess  of  45  kN.  Calibration  of  the  force  pulser  and  Ini¬ 
tial  biaxial  tests  using  a  simulated  mass  in  lieu  of  actual  radio 
equipment  have  been  conducted.  Such  tests  clearly  demonstrate  the 
feasibility  of  the  system's  usefulness  in  subjecting  equipment  to 
force-time  histories  having  both  the  amplitude  and  frequency  content 
of  those  measured  In  high  explosive  field  tests. 


INTRODUCTION 

Mobile  tactical  communication  systems  used 
by  the  U.  S.  Army  are  housed  In  a  shelter  typi¬ 
cally  mounted  on  a  2-1/2-ton  truck  (Figure  1). 
Alrblast,  generated  by  high  explosive  or  nuclear 
weapons,  loads  the  shelter,  thereby  Inducing 
transient  vibrations  to  the  communication  equip¬ 
ment.  Typical  acceleration-time  histories  at 
the  midpoint  of  the  equipment  rack,  recorded  In 
the  DICE  THROW  high  explosive  event,  are  shown 
In  Figure  2.  Residual  shock  spectra  for  the 
horizontal  data  record  of  Figure  2  are  shown  In 
Figure  3,  from  which  can  be  observed  the  broad 
frequency  range  of  response  (20  to  5000  Hz).  At 
zero  damping  this  display  Is  equivalent  to  the 
Fourier  magnitude  of  the  time  history. 

The  transient  loadings  and  resulting  motion 
of  the  equipment  are  quite  severe.  A  laboratory 
simulation  device  capable  of  generating  speci¬ 
fied  force-time  histories  could  be  used  to  de¬ 
termine  the  vulnerabllity/survlvablllty  of  Indi¬ 
vidual  pieces  of  equipment.  A  program  was  ini¬ 
tiated  to  develop  such  a  simulation  device  and 


subject  various  components  of  the  communication 
system  to  loadings  as  might  be  encountered  in  a 
battlefield  environment.  Program  management  is 
being  provided  by  the  U.  S.  Army  Electronic  Re¬ 
search  Development  Command  (ERADCOM)  and  the 
U.  S.  Army  Ballistic  Research  Laboratory  (BRL) . 
The  simulation  system  Is  being  developed  and 
Implemented  jointly  by  Agbablan  Associates  (AA) 
and  the  U.  S.  Army  Engineer  Waterways  Experiment 
Station  (WES). 

SIMULATOR  DEVELOPMENT 

A  mechanical  pulse  simulating  device  pro¬ 
vides  a  means  of  closely  approximating  the  tran¬ 
sient  acceleration-time  histories  on  equipment 
as  experienced  In  high  explosive  field  tests 
(References  1  and  2).  This  simulation  may  be 
accomplished  In  one,  two,  or  three  orthogonal 
axes  simultaneously.  For  this  program  biaxial 
tests  are  being  used.  In  addition,  single  axis 
tests  were  tried  with  the  pulse  thrust  axis 
placed  at  angles  between  the  major  horizontal 
and  vertical  axes.  Test  acceleration  levels  of 
the  equipment  will  be  set  slightly  below,  equal 
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Fig.  1  -  Airblast  loading  of  equipment  shelter. 
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Fig,  2  -  Acceleration  tlme-hlstorles  as  recorded 
on  equipment  rack  In  DICE  THROW  event. 


to,  and  several  factors  above  high  explosive 
field  test  records  for  analysis  and  evaluation 
of  vulnerability.  Additional  survivability,  or 
acceptance,  tests  are  planned  using  specified 
motion-time  histories  as  criteria. 


The  recorded  data  of  acceleration-time  his¬ 
tories  from  high  explosive  tests  on  the  commu¬ 
nications  equipment  Is  used  as  an  objective 
function.  This  Is  the  motion  to  be  matched  In 
both  horizontal  and  vertical  direction  by  the 
pulse  tests  on  the  equipment  In  a  laboratory. 
The  upper  half  of  Figure  4  describes  the  field 
test  and  the  lower  half  describes  the 
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Fig.  3  -  Shock  spectra  of  horizontal  motion. 


computational  procedure  needed  to  generate  the 
pulse  train.  In  many  situations  high  explosive 
field  tests  data  upon  equipments  are  not  avail¬ 
able,  In  which  case  response  motions  from  com¬ 
puter  models  may  be  used  as  the  objective  func¬ 
tion.  In  this  latter  case,  airblast  loads  on 
scale  models  of  the  vehicle  or  shelter  from 
shock  tubes  should  be  used  with  the  finite  ele¬ 
ment  computer  model  of  the  structure. 


Impedance  measurements  between  the  vertical 
and  horizontal  Input  loading  points  of  the  hold¬ 
ing  fixture  and  the  transducer  locations  on  the 
equipment  are  first  made.  The  measurements  In¬ 
clude  vertical  and  horizontal  drive  point  Inert- 
ance  functions  and  cross-axis  transfer  Inertance 
functions.  These  measurements,  when  converted 
to  Impulse  functions,  are  used  In  the  develop¬ 
ment  of  the  pulse  train.  Impedance  measurements 
are  In  the  form  of  Inertance,  the  complex  ratio 


of  output  acceleration  to  Input  force 


[f  (J"] 


Pulse  trains  are  a  series  of  rectangular 
pulses  that  vary  In  amplitude,  time  duration, 
and  Initiation  time.  An  Iterative  optimization 
algorithm  Is  to  be  used  to  tailor  a  pulse  train 
by  convolution  with  the  Impedance  measurements 
to  cause  the  test  article  to  have  response  ac¬ 
celerations  matching  specified  motions  or  mo¬ 
tions  experienced  in  the  high  explosive  field 
tests  (see  Figure  ^). 


A  highly  efficient  search  algorithm  Is  used, 
which  employs  an  adaptive  random  search  tech¬ 
nique.  Given  a  two-axes  test  for  a  response  mo¬ 
tion  bandwidth  of  20  Hz  to  4000  Hz,  pulse  trains 
are  generated  in  accordance  with  the  following 
matrix: 


OF  P 


r  r 

H  VH 


Objcc-  Pulsed 
tlve  motion 
func¬ 
tion 


System 

func¬ 

tions 


Pulse 

trains 


r».> 


I 


CMMiwritM  mnit 
(Hl«l  IVIMIVI  riCift  lltf) 


-4>  •.<•!> 


CtHIPMUn 
•CtMMSC  (t.) 


fMOT  rMKTIM 


MNWICATiM 
(mi  CMIIMMIIM) 


fOWIMH 
MIHMi  (i.) 


Fig.  A  -  Optimum  response  of  communications  equipment  by  pulse  excitation 
to  match  motions  Induced  by  air  blast  loads. 
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(vertical  and  horltontal)  from 
field  tests  (objective 
function) 
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Response  acceleration  motion 
(vertical  and  horizontal)  due 
to  force-pulse  train  Inputs 


Horizontal  transfer  Inertance 
Impulse  function 


Vertical  transfer  Inertance 
Impulse  function 


An  adaptive  random  search  method  was  used 
to  determine  the  pulse  trains  for  botH  the  hori¬ 
zontal  and  vertical  axes  (Reference  4).  These 
pulses  were  convolved  with  the  impulse  function 
matrix  shown  above  to  induce  motions  In  the 
equipment.  Since  each  Individual  pulse  In  the 
train  Is  characterized  by  the  independent  param¬ 
eters  of  amplitude,  duration,  and  Initiation 
time,  a  total  of  three  parameters  are  needed  to 
define  each  pulse  and  each  direction.  Thus,  for 
example.  If  eight  pulses  are  required  for  both 
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Cross-axis  transfer  Inertance 
Impulse  function  (motions 
generated  orthogonally  to 
Input  axis) 
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The  Impulse  function,  T  , 
Is  the  Inverse  Fourier 
transform  of  the  complex 
ratio  of  output  accelera¬ 
tion  to  input  force  over 
the  frequency  range  of 
Interest  (Inertance 
function) 
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Optimization  Iterations  are  continued  until 
error  functions*  as  given  below  for  both  verti¬ 
cal  and  horizontal  motions  of  the  equipment  to 
be  tested*  are  equal  to  or  less  than  3  percent. 


Fig.  3  -  Adaptive  step  size  search,  both  wide 
range  and  precision  for  rapid  conver¬ 
gence  of  cost  function. 
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b.  Complete  system. 

Fig.  ft  -  Schematic  of  pulse  generator  system. 


vertical  and  horizontal  direction,  48  parameters 
would  be  required. 

The  algorithm  for  the  adaptive  random  search 
consists  of  alternating  sequences  of  a  global 
random  search  with  a  fixed  value  for  the  step 
size  variance  {  ;)  followed  by  searches  for  the 
locally  optimal  a  .  Figure  5  Illustrates  the 
adaptive  algorithm  whereby  a  very  wide-range 
search  selects  the  best  standard  deviation  of 
step  size  (o)  for  the  coarseness  of  the  Incre¬ 
ments  used,  followed  by  a  sequential  precision 
search  of  finer  Increments.  As  the  rate  of 
convergence  decreases,  a  new  precision  search 
Is  made,  but  directed  Cowards  a  smaller  step 
size.  At  selected  iteration  intervals,  the 
wide-range  search  Is  reintroduced  to  prevent 
convergence  to  local  minima. 


(END  OF 
STROKE) 


Fig.  7  -  Pulse  generator  as  used  In  calibration 
test . 

PULSER  DESIGN 

Using  the  procedures  in  Figure  4,  specifica¬ 
tions  will  be  developed  for  the  pulse  train, 
which  are  then  used  to  establish  the  physical 
parameters  of  the  pulse  generating  device.  The 
pulse  units  employed  are  metal  cutting  devices 
in  which  a  cutter  removes  shaped  projections 
from  an  aluminum  mandrel  (References  1,  2,  and 
3).  The  resulting  forces  generated  by  cutting 
the  projections  from  the  mandrel  are  transmitted 
directly  to  the  system  to  be  tested.  Pulse 
amplitudes,  wave  form  shapes,  and  pulse  dura¬ 
tions  are  functions  of  cutter  design,  projection 
shapes,  cutting  velocity,  type  of  metal,  and 
energy  source.  The  pulse  generator  system  in¬ 
cluding  power  supply  is  depicted  schematically 
in  Figure  6,  and  a  photograph  of  the  pulser  is 
shown  In  Figure  7. 


DESCRIPTION 


1  Thirty-gallon  reservoir  with  cover,  sight 
gage,  flush  drain,  and  baffles.  Activation 
No.  T30L 

1  Suction  strainer,  MFF  No.  SR45 

1  Electric  motor,  3HP,  Lincoln  No.  182T 

1  Pressure  compensated  pump,  Hydura  No. 
PVQ-06-LSAY-CNSN 

1  High  pressure  filter,  5  micron,  MFP  No. 
HP1-1-G08 

1  Relief  valve,  sun  No.  RPGC-JAN-CEB 

Pressure  gage,  0-3000  psl,  UCC  No. 

UC-3907 

Directional  control  valve,  4-way,  3- 
posltlon,  solenoid  operated.  Double  A 
No.  QF-Ol-C-lOFl 


DESCRIPTION 


9  1  Check  valve.  Could  No.  DC  500 

10  1  Ball  valve,  Clayton  Mark  No. 

1/2  CSB-790 

11  4  Directional  control  valve,  4-way, 

2-position,  solenoid  operated. 
Double  A  No.  QJ-005-C- lOBl 

12  4  Relief  valve.  Double  A  No. 

BT-12-12A2 

13  1  Ten-gallon  accumulator, 

i  Greer  No,  30A-10A 

i  1 

14  !  2  i  Flow  control  valve.  Double  A 

No.  YB12-10A1 

15  2  Hydraulic  cylinder,  2-1/2-ln  bore 

1-in  rod  diameter,  13-ln  stroke, 
Sheffer  Heavy  Duty  HH  Series 
Model  No.  2-1/2  HHRF13CRA 


HTIMAULIC  pawn  SUPPtY 


A  hydravllc  nwrof  aourcr,  vc>v«ttan  ■Aud«i 
Ho.  I-IAYA-I,  la  usad  to  drive  th*  ptilaar  Hm 
powar  aupply  aeh—itle  la  altown  la  Plcur*  A  a«d 
Table  I  and  a  photograph  in  Flaure  <1  *  hladder 

accMwlator  la  pracharged  t>>  »  alvon  preaaure 
and  an  oil  pnap  brlnga  th*  avataa  tu  .iperai  ing 
praaaure.  The  ayacaa  ena  dealgned  to  power  two 
pwlaera  aiaultanaoualr  or  Individually.  A  aolr- 
DOld  control  valve  releaaea  the  oil  itnred  In 
the  accuMtlator  and  aaparaie  flow  onir'l  valvea 
are  itaed  to  regulate  flow  to  each  hvdrrul  it 
cylinder. 


Yla  10  Typical  nuhh I n  ‘Configuration. 


fig.  II  -  Typical  calibration  teat  data,  0.IY-* 
depth  of  tut,  flow  Control  do.  h-Wl 

alualiMa  la  <  ut  .  A  different  >  utter  ahape  eaa 
triad  but  the  ■.  hat  ter  haa  vet  In  be  rang  red . 

The  varloua  paranelera  ware  altered  and  after 
repeated  leata  'ailbrallon  '  urvea,  auch  aa  thoee 
ahoww  In  figurea  II  and  II,  were  developed. 

■Hher  curvea  lAlch  were  developed  but  are  not 
ahowi  Include  varloua  relatione  t>f  flow  rate 
control,  force,  cutting  veloiltv,  depth  of  cut, 
gain  and  loaa  of  velocity  and  energy,  and  dwell 
velocity  between  tnibblna. 


fig.  9  -  Hydraulic  power  aupply. 

CALIBKATION  TESTS 

Calibration  teata  were  conducted  with  the 
pulaer  positioned  horiiontallv  between  two  rigid 
reaction  structures  (figure  T ) .  Testa  were  nade 
using  202A-T1  alualnua  nubbins  aa  well  aa  half' 
hard,  free  aachinlng  brees  elluy  )h0  (1  percent 
fb,  36  percent  Zn,  61  percent  Cu).  The  teata 
were  perforaad  to  neaeure  the  following  peragi- 
eters: 

•  Output  force 
■  Depth  of  cut 

flow  rate  end  flow  '  ntrol  aettinga 
’  Optlul  gyetcei  operating  preaaurco 
All  deta  were  recorded  on  an  fM  magnet  1.  tape 
recorder  and  played  back  on  oscillograph  tracea. 

A  typical  calibration  teat  nubbin  arrange- 
■ent  la  shown  in  Figure  10  and  resulting  fone 
racord  In  flgura  II.  The  high  frequency  ‘lamped 
haraonlcs  art  the  result  of  tool  ‘hatter  aa  the 


fig.  12  -  for.  e  versus  depth  .if  i  ut  ca  I  1  br.if  Ion 
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i  1  -  P^ow  <.ontrul  v«r»us  velu*.  lev  veraua 
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initial  biaxial  pulse  testa  were  conducted 
on  the  equipment  rack  using  a  siaiulated  mass  In 
lieu  of  a  radio  component.  For  this  purpose  of 
the  study  onlv  generic  pulse  trains  were  used  as 
w'jrk  Is  continuing  on  developing  specific  ob]ec~ 
tlve  fun<tlans.  Additional  paraaieters  will  be 
lomfolned  with  the  measured  field  test  data  to 
generate  more  meaningful  functions  to  which  the 
pulse  train  will  be  optimised.  The  teat  con*> 
figuraMon,  as  used  for  the  Initial  generic 
tests,  Is  sho«M  In  Figure  J4.  Input  forces  were 
measured  along  with  rack  acceleration  at  the 
radlij  attachment  points.  The  pulsar  was  de¬ 
signed  for,  and  has  s  capacity  In  excess  of 
k.N  <10,000  lb).  However,  using  the  smaller 
nubbins  with  0.2-mm  f0.006-ln.)  depths  of  cuts, 

)  kN  <2100  lb)  was  generated  (Figure  13). 

These  force  levels  resulted  in  peak  acceleration 
levels  of  900  g,  which  are  %fcll  within  the  range 
of  Interest.  The  dsts  wsre  recordsd  unflltercd 
on  an  FM  magnetic  tape  recorder.  For  anslysls, 
some  of  the  data  wsre  played  beck  through  a 
tuneable  Krohn-Hlte  analog  filter  onto  oscillo*' 
graph  traces.  The  date  shown  in  Figure  13  were 
played  back  through  s  3'kMs  low  pass  filter. 

In  general,  the  upper  limit  of  the  frequency 
range  of  Interest  for  the  radio  cquipswnt  will 
be  In  the  1000-  to  4000-Hz  rac^c  based  on  the 
shock  spectra  of  Figure  3. 

SUmARY 


Fig.  U  -  Test  setup  for  Initial  biaxial  tests. 
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A  low  coat  aultl-axis  force  pulse  generator 
has  been  developed.  The  device  Is  capable  of 
generating  specified  pulse  trains  In  excess  of 
kN.  Using  previous  teat  data,  or  arbitrary 
data,  as  criteria  functions,  pulse  trains  will 
be  developed  to  simulate  equlpaent  orations 
which  might  be  expected  In  a  battlefield  envi¬ 
ronment.  Such  laboratory  simulation  testa  can 
be  used  to  specify  performance  standards  as  well 
as  verify  hardness  levels  of  comnunicatlon  sys¬ 
tem  components.  The  pulse  generator  Is  portable 


Fig.  IS  -  Input  force  and  rack  acceleration 
data  from  biaxial  test  ( 3-kHx  low 
pass  filtered). 

and  could  be  used  to  test  other  types  of  equip¬ 
ment.  With  some  modifications  to  the  hardware, 
but  no  change  In  theory,  an  additional  axis  of 
excitation  could  also  he  added. 


Work  Is  continuing  on  pulse  train  optlnlza- 
tlons  to  match  the  radio  equipment  criteria 
functions.  A  variety  of  system  components  will 
be  tested  to  failure  or  to  previously  specified 
maximum  limits. 
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DISCUSSION 

Mr.  Showalter  (SVIC):  Were  the  high 
frequency  oscillations  possibly  longi¬ 
tudinal  oscillations  of  the  bars  or  the 
holding  structure?  Could  you  stiffen 
them.  If  that  Is  the  cause  of  It,  to 
eliminate  that  or  do  you  really  care? 
Does  It  hurt  anything? 

Hr.  Crowson:  Are  you  speaking  of  the 
oscillations  as  shown  on  the  force 
pulse? 

Mr .  Showal ter:  Yes. 

Mr.  Crowson:  No,  those  are  very  ob¬ 
viously  due  to  the  cutter.  You  can  look 
at  the  nub  that  It  has  been  cut  and 
actually  see  the  chatter  marks.  We 
haven't  calculated  the  longitudinal 
vibrations  but  we  feel  that  the  high 
frequency  oscillations  on  the  pulse 
trains  are  due  to  the  chatter  and  run¬ 
ning  It  through  a  1000  Hz  filter  com¬ 
pletely  does  away  with  all  of  the  high 
frequency  noise. 

Mr.  Showalter:  And  can  you  eliminate 

that  chatter  by  redesigning  the  cutter? 


Mr.  Crowson:  We  tried  different  types 

of  cutters  and  different  configurations 
of  cutters  and  the  designs  we  tried, 
which  we  thought  would  eliminate  the 
chatter,  actually  made  it  a  little  bit 
worse.  But  we  did  have  less  chatter 
with  the  softer  brass  material  and  using 
something  like  teflon,  nylon  or  even  a 
softer  material,  would  probably  do  away 
with  the  chatter. 

Mr.  Showalter:  How  long  can  you  use  the 

cutter,  do  you  have  to  sharpen  It  every 
so  often? 

Mr .  Crowson :  We  haven't  had  any  problem 

with  it  yet.  We  have  had  it  operational 
now  for  about  six  months,  I  guess,  and 
they  are  still  working  fine. 

Mr.  Silver  ( W es 1 1  ng hou se  )  :  Do  you  have 

data  to  show  you  are  duplicating  the 
real  responses  at  the  critical  elements 
within  the  radio,  and  along  the  dif¬ 
ferent  axes  and  to  show  the  degree  of 
coherence  between  those  occurences  in 
real  explosive  cases  versus  the  tests? 

Mr.  Crowson:  We  have  not  gone  that  far 
yet.  We  plan  to  actually  do  the  opti¬ 
mization  sequence  In  the  coming  year  to 
generate  pulses  that  we  are  looking  for. 

Mr.  Silver;  Yes,  we  would  feel  that  it 
would  be  prudent  to  be  careful  of  the 
coherence.  You  could  get  a  lot  of 
damage  due  to  coherence  that  might  be 
unrealistic.  Also  why  are  you  using  a 
square  wave?  I  gather  that  these  racks 
are  fastened  to  the  walls  of  the  hut. 

Is  that  correct? 

Mr.  Crowson:  Yes . 

Mr.  Silver:  Is  the  pulse  coming  In  from 

both  to  the  side  and  the  top  at  sort  of 
an  angle  partly  from  the  side  and  partly 
f r om  the  top? 

Mr.  Crowson:  Yes. 

Hr.  Sliver:  Are  yon  really  putting  the 

force  In  as  If  It  were  an  air  blast 
pulse?  Is  that  your  intent? 

Mr.  Crowson:  Yes. 


Mr.  Silver:  Is  It  square  in  nature? 
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motion  of  the  rack  with  the  measured 
motion  and  It  really  doesn't  matter  how 
you  get  this  rack  to  move  as  long  as  It 
responds  In  a  way  similar  to  what  was 
measured . 

Mr.  Silver;  That  wasn't  quite  clear  to 
me;  so  you  don't  care  whether  It  is 
square,  rectangular  or  what  have  you. 

Mr.  Crowson;  Yes.  We  are  Just  exciting 
the  rack  some  way. 

Mr.  Silver:  Yes.  But  you  do  have 
measured  motions  on  the  rack. 

Mr.  Crowson:  Yes . 

Mr.  Silver:  In  what  form  are  they? 

Mr.  Crowson:  Acceleration  time 
histories,  and  this  Is  what  we  are 
trying  to  duplicate. 

Mr.  Silver;  So  having  that  you  could 
evaluate  the  coherences,  the  correla¬ 
tions  or  the  cross  spectral  densities 
between  those, 

Mr.  Crowson;  Yes,  That  is  what  we  will 
do  In  the  coming  year.  Thus  far  we  have 
Just  developed  the  device  and  shown  that 
It  seems  feasible  and  that  It  Is  working 
properly. 

Mr.  Silver:  Great  differences  In  damage 
have  occured  In  pyrotechnic  shock  tests 
where  coherence  has  been  Ignored  In  some 
test  procedures  In  the  past. 

Mr.  Fr ydman ; (Ha r ry  Diamond  Labs):  Since 
you  are  talking  about  simulating  two 
degrees  of  freedom,  as  far  as  Input  Is 
concerned,  how  do  you  propose  to  control 
your  phasing  relationship  between  the 
Inputs? 

Mr.  Crowson:  This  will  be  taken  care  of 

In  our  optimization  algorithm.  I  am  not 
that  familiar  with  that  because  I  have 
not  worked  In  that  area.  I  have  devel¬ 
oped  the  actual  pulser.  We  will  control 
the  phasing  between  the  horizontal  and 
the  vertical  pulsers  by  actually  posi¬ 
tioning  one  a  little  bit  closer  to  the 
first  nub  than  the  other  one,  so  this  Is 
kind  of  an  experimental  process.  But  we 
do  have  the  capability  to  control  the 
phasing  between  the  actual  hardware 
pieces. 
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VIMATIOA  guALinCAriON  OF  tgUIPMENT 
MOUNTED  IN  TumOPROP  AIRCRAFT 


L.  G.  S«tth 

Hughes  Alter *ft  Company 
Fullerton,  Celtforntd 


(U)  A  test  progrem  required  the  derivation  and  implementat Ion  of 
cnvtronMental  criteria  for  qualification  of  equipment  mounted  In  turbo¬ 
prop  aircraft.  This  paper  discusses  the  vibration  portion  of  the  pro¬ 
gram.  Both  the  criteria  and  the  test  control  methods  are  unique  and 
are  applicable  to  other  programs  for  qualifying  equipment  for  the 
turboprop  aircraft  vibratory  environment. 


INTNOOUCTION 

(U)  Testing  services,  including  vibration 
testing,  mere  perforawd  by  Hughes  Aircraft 
Company,  firound  Systems  Group  upon  equipment  to 
be  mounted  In  a  turboprop  aircraft.  There  was 
no  specific  criteria  for  the  vibration  testing. 
The  criteria  was  to  be  based  on  eulstlng  speci¬ 
fications  for  turboprop  cargo  aircraft,  If 
available,  or  else  from  existing  data  for  the 
Specific  aircraft  Involved. 

(U)  A  literature  search  did  not  determine 
any  existing  turboprop  criteria,  so  criteria 
derivation  became  a  part  of  the  testing  scope. 
The  criteria  so  developed  consisted  of  sinusoi¬ 
dal  harmonic  components  superlxiposed  upon  broad¬ 
band  random.  This  paper  discusses  derivation 
of  the  criteria,  the  actual  criteria  used,  and 
the  test  methods  used  to  achieve  the  desired 
environment. 

CNITCRlA  DERIVATION 

(U)  General 

(U)  Consideration  of  the  aircraft  geom¬ 
etry,  the  equipment  location,  and  the  nature  of 
the  available  flight  test  data  resulted  in  the 
zoning  of  the  aircraft  Into  four  zones:  For¬ 
ward  cabin  floor  (six  measurements  available), 
aft  cabin  floor  (eight  xieasuroments) ,  forward 
shelf  mounted  to  primary  ring  structure  (six 
measurements),  and  mid  ship  bulkhead  mounted 
(two  measurements).  Due  to  configuration 
changes  only  two  zoning  levels  were  used  for 
test. 

(U)  Ground  and  flight  (normal  rated 
power)  data  were  available.  The  levels  were 
similar  and  criteria  was  based  on  the  flight 
level,  because  of  the  longer  duration  of  flight 


events.  Landing  shocF  was  not  considered,  as 
the  cargo  aircraft  Is  designed  for  soft 
landings. 

(U)  By  mutual  agreement  with  the  test  cus¬ 
tomer.  testing  was  conducted  In  a  single  lateral 
axis,  the  apparently  most  sensitive  axis  for 
each  specimen. 

SINUSOIDAL  DATA 

(U)  The  fTIght  test  data  report  presented 
the  data  in  power  spectral  density  format.  The 
sinusoidal  effective  band  width  of  the  analysis 
filter  was  stated.  This  allowed  accurate  calcu¬ 
lation  of  sinusoidal  levels.  These  levels  were 
tabulated  within  each  zone  for  each  significant 
frequency.  These  frequencies  were  described  in 
the  data  report  text  as  the  first  several  har¬ 
monics  of  the  [iropeller  rotation  frequency.  The 
resulting  amplitude  set  of  all  values  for  each 
harmonic  for  each  zone  were  statistically  evalu¬ 
ated  for  average  and  RMS  deviation. 

(U)  The  hardware  utilized  was  flight  hard¬ 
ware.  In  order  to  avoid  unnecessary  damage  to 
these  specimens,  a  nominal  test  level  of  ?  slgxia 
above  average  was  used  as  a  compromise  between 
achieving  a  high  probability  (97  percent)  of 
testing  representative  of  worst  location  within 
the  zone,  and  avoiding  unreasonably  hl^  levels. 
The  resulting  amplitudes  were  17  to  SO  percent 
above  data  maxima.  To  keep  the  test  duration 
reasonable  the  levels  were  doubled  such  that  one 
hour  of  testing  was  typical  of  one  hundred  flight 
hours.  The  resulting  sinusoidal  levels  are  tabu¬ 
lated  In  Table  ' A  '  . 

RANDOM  CKITIRIA 

(II)  Because  uf  the  broadband  nature  of  the 
random  portion  of  the  environment  and  practical 
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TABLf  A 

Test  Criteria  (U) 


ZONE 

SINUSOIDAL 

CRITERIA 

RANOOfi  CRITERIA 

F  requency 

Peak 

F  requency 

PSD 

Hz 

Gs 

Hz 

gIzhz 

Fwd.  cargo  floor 
and  mid-sh'p 

b8 

3.0 

?0 

.0063 

hu 1  the ad 

I3h 

l.H 

ISO 

.0063 

19H 

1.4 

SOO 

.015 

n? 

1.? 

1000 

.015 

RMS  ■  3.48  G 

'wd.  shel f 
'miunfed  fran*!- 

hP 

S.9 

?0 

.0024 

lever  f r  urn  ma  >  n 
longi  *  ud  i  nal 

ITf. 

?.\ 

60 

.0024 

si r i nqers ' 

lOH 

S.l 

1?0 

.04 

400 

.04 

1000 

.004 

RMS  ■  4.49  G 

Af  *  t  tirg(r  f  1  001 

.34 

ZO 

.0008 

mnurP  mi 

\Ti 

.S8 

ZiAi 

.0008 

iqu 

.48 

3  SO 

.003 

800 

.003 

1000 

.0016 

RMS  •  1.48  G 

All  'ns's  '0 

he  conducted  using 

combined  random 

and  sinusoidal 

appi teat  Ion. 

llmifafton  on  pol nt-by-iioi nt  data  analysis  for 
a  "one  shot"  program,  an  enveloping  approach 
was  taken  to  the  problem  of  deriving  represen¬ 
tative  po«*er  spectra.  Flight  test  sjtectra  /one 
groups  were  envelo(>ed,  hut  singly  occurring 
sharp  (teaks  were  ignored  as  these  are  usually  a 
result  of  local  structural  and  eguipment  com¬ 
pliance  and  enveloping  a  group  of  them  is 
unrealistically  severe. 

(U)  The  enveloping  process  itself 
accounted  for  statistical  variation,  and  a  h  dh 
factor  was  added  to  the  resulting  envelojie  to 
account  for  the  test  time  factor  consistently 
with  the  sinusoidal  portion.  The  resulting 
levels  are  also  presented  ii  fahle  'A'. 


TtST  CONDUCT  METHODOLOGY 

<U)  The  basic  test  approach  was  to  combine 
a  computer  generated  equalized  open  loop  random 
control  signal  with  an  analog  taped  pre- 
eguali/ed  sinusoidal  control  signal.  The 
Courier  analyzer  digital-to-analog  output  was 
used  to  produce  the  sinusoidal  signal.  First 
various  phase  relationships  were  tried  to  find  a 
signal  with  equal  positive  and  negative  peaks. 

To  obtain  the  desired  signal  at  the  exciter  the 
gain  and  phase  lag  were  found  experimentally  by 
driving  the  exciter  system  with  the  desired 
signal  and  making  a  fourler  analysis  of  the 
return  signal  from  a  typical  control  location. 
The  Input  signal  was  adjusted  accordingly  and 
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the  process  continued  until  a  control  signal 
giving  the  desired  return  characteristics  was 
obtained.  For  the  actual  tests,  two  Iterations 
were  required.  This  process  was  performed  with 
the  appropriate  slip  fixture,  but  no  specimen 
was  used.  It  was  not  necessary  to  reiterate 
when  the  specimens  were  present.  The  resulting 
signal  was  taped  for  eighty  minutes.  Since 
there  was  no  feedback  loop  Involved,  It  was  not 
necessary  to  have  excitation  while  taping. 

(U)  The  problem  of  obtaining  the  correct 
sinusoidal  amplitude  for  the  actual  test  was 
resolved  by  using  an  Independent  real  time 
analyzer.  The  analog  tape  produced  as  above 
was  played  Into  this  analyzer  and  the  lines 
excited  were  noted.  An  oscillator  was  then 
tuned  to  a  frequency  corresponding  to  each  line 
one  by  one  and  adjusted  to  an  output  voltage 
corresponding  to  the  various  sinusoidal  test 
levels.  The  peak  response  of  the  real  time 
analyzer  to  each  component  was  marked  as  a  test 
‘'target*  both  on  a  CRT  display  and  on  a  plot¬ 
ter.  These  narrow  band  peaks  were  many  db 
above  broad  band  test  levels,  so  the  eventual 


contribution  of  the  random  portion  Is 
Insignificant. 

(U)  To  start  the  test  the  tape  recorder 
was  connected  to  the  test  circuit  with  the  tape 
running  and  the  tape  gain  down,  as  In  Figure  1. 
The  purpose  of  starting  In  this  manner  was  to 
avoid  switching  transients.  Random  equalization 
was  performed  In  the  normal  manner,  using  the 
digital  control  system.  When  equalization  was 
complete,  the  random  system  was  open  looped,  and 
then  the  tape  gain  raised  until  response  peaks 
approached  those  marked  on  the  CRT.  The 
reasonably  equal  occurrence  of  all  harmonics 
reaching  the  target  level  was  Indicative  that 
readjustment  of  the  sine  Input  was  unnecessary. 
Final  verification  was  to  sweep  the  plotter  to 
obtain  a  more  accurate  amplitude  readout.  A 
typical  plot  Is  shown  In  Figure  2. 

(U)  The  above  process  was  repeated  for 
arbitrary  durations  at  -12,  -9,  -6,  and  -3  db, 
and  at  full  level  for  one  hour,  although  the 
full  buildup  was  not  always  used  at  customer 
on-site  representative  discretion. 


% 


Note;  Circled  quantities  are  target  values. 
Mg.  2  -  Typical  sinusoidal  test  data 


TEST  WORTHINESS 


(U)  Because  of  the  unique  nature  of  the 
test,  close  coordination  with  the  on-site  test 
representative  was  unusually  iaiportant.  As 
each  test  level  occurred  the  apparent  severity 
of  the  excitation  became  the  final  criteria  for 
the  worthiness  of  the  test.  Both  laboratory 
and  customer  personnel  were  in  agreement  that 
the  severity  seemed  appropriate,  both  at  -6  db 
as  a  reasonable  flight  simulation,  and  at  0  db 
as  a  test  level.  It  was  also  noted  that  the 
excitation  produced  a  sound  similar  to  a  turbo¬ 
prop  aircraft. 


Itself  convinced  the  customer  of  the  flight 
worthiness  of  the  equipment,  and  no  dynamic 
flight  test  measurements  were  made  to  verify  the 
test  program. 


CONCLUSIONS; 


(U)  The  purpose  of  the  overall  program 
was  the  delivery  of  a  special  aircraft  and  the 
testing  program  came  about  because  the  critical 
equipment  had  no  flight  history.  The  testing 


(U)  1  -  This  test  program  established 

useful  guidelines  for  testing  equipment  mounted 
in  turboprop  aircraft.  The  criteria  developed 
may  not  stand  up  to  rigorous  statistical  scru¬ 
tiny  such  as  based  upon  multi  vehicle  measurement 
programs.  It  will,  however,  give  a  meaningful 
test  based  upon  both  the  available  data,  and 
upon  observation  of  test  witnesses. 


(U)  2  -  Testing  for  combined  multiharmonic 
sinusoids  and  wide  band  random  is  feasible  using 
present  test  methodology. 


*  W.v' v’.s' v.v’.s'In*:-,*:- 
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“QUICK  LOOK"  ASSESSMENT  AND 
COMPARISON  OF  VIBRATION  SPECIFICATIONS 


Jeffrey  H.  Schmidt 
The  Marquardt  Company 
Van  Nuys,  California  91409 


A  technique  is. developed  by  correlating  sine,  shock  or  random  to  the  equa¬ 
tions  obtained  via  a  response  spectrum  analysis  solution  for  random  vibra¬ 
tion.  By  means  of  this  correlation,  which  is  developed  for  simple  then 
complex  structures,  it  is  shown  that  only  one  analysis  technique  need  be 
used  to  solve  all  or  any  one  of  the  designing  dynamic  environments  for  a 
given  structure. 

The  proposed  technique  is  simpler  and  more  cost  effective  than  standard 
solution  techniques.  Applicable  assumptions  and  limitations  are  discussed. 


INTRODUCTION 

Often  designs  must  be  evaluated  for  a  vari¬ 
ety  of  load  environments  in  order  to  establish 
which  environment  is  most  severe.  In  most 
evaluations,  no  one  environment  designs  all 
structural  components  and  therefore  leads  the 
engineer  into  separate  analyses  such  as  shock, 
sine  and/or  random. 

The  proposed  approach  allows  an  extremely 
simple  means  to  compare  and  to  evaluate,  one  to 
another,  the  vibration  environments  or  specifi¬ 
cations  of  shock,  sine  and  random  vibration 
specifications.  The  concept  applies  equally 
well  to  simple  as  well  as  complex  structures. 

The  approach  allows  the  engineer  to  evaluate 
all  three  environments  by  a  single  analysis 
technique. 

GENERAL  APPROACH 

A.  Single  Degree  of  Freedom  Structures 

The  approach  is  based  upon  the  concept 
of  “Response  Spectrum  Analysis"  (RSA)  that  was 
developed  and  is  used  extensively  for  earthquake 
analyses.  The  derived  equations  used  in  RSA  are 
simolifications  from  the  more  general  equations 
developed  for  structural  random  analyses.  A$ 
will  be  shown,  the  simplified  equations  for  BSA 
can  be  directly  correlated  to  sine  or  shock  vi¬ 
bration  analyses.  Therefore,  by  means  of  this 
correlation,  only  one  analysis  technique  need 
be  used  to  solve  all  or  any  one  of  the  designing 
dynamic  environments  for  a  given  structure. 

The  main  difficulty  in  attempting  to  assess  the 
relative  severity  of  different  vibration  envi¬ 
ronments,  such  as  shock,  sine,  or  random,  is 
that  all  three  environments  appear  to  be  non¬ 
comparable  entities  prior  to  detailed  dynamic 


analyses  for  each  of  the  environments.  Once 
detailed  dynamic  analyses  is  completed,  load, 
deflections  and  stresses  can  be  compared 
directly  for  the  analyzed  strucutre.  In  real¬ 
ity,  all  three  of  the  environments  can  be  con¬ 
verted  to  a  common  basis,  for  comparison,  be¬ 
fore  structural  analyses  need  be  done. 

In  particular: 

1.  Random  criteria  is  specified  in  terms 
of  g2/Hz.  (spectral  density)  versus 
frequency. 

2.  Sine  criteria  is  specified  in  terms 
of  applied  g's  versus  frequency,  and 

3.  Shock  criteria  is  specified  in  terms 
of  shock  shape  (i.e.,  sawtooth,  re- 
tangular,  etc.),  magnitude  (o's)  versus 
shock  duration  (milliseconds). 

All  of  the  above  may  be  simplified. and  plotted 
on  a  common  graph  of  response  g's  versus  fre¬ 
quencies.  For  example,  take  a  simple  one  mass 
degree  of  freedom  sysmte  (i.e.,  a  mass  on  a 
spring)  as  shown  in  Figure  1. 

Random  criteria  are  usually  specified  in 
terms  of  g^/Hz  versus  frequency  as  shown  in 
Figure  2A.  The  power  spectral  density  plot 
(PSD)  of  Figure  ?A  may  be  converted  into  a  plot 
of  response  gp^s  (root  mean  square)  versus  fre¬ 
quency  as  shown  in  Figure  2B.  This  conversion 
is  accomplished  by  the  expression: 
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9rms  °  f  Q  g  (Absolute  (1) 

n  n  acceleration) 


where: 


natural  frequency  (Hz) 

amplification  factor 

— ^  i  =  ratio  of  assumed  to  cri- 

24  tical  damping 


®in  °  value  at  f^ 

Selecting  3  times  g  as  a  limit  (yield)  g 
load,  g's  at  various^natural  frequencies  can  be 
computed  and  plotted  as  shown  in  Figure  2B. 


Figure  1.  One  Degree-of -Freedom  Structure 


conversion  to  response  "g"  versus  tj  r 
where  t,  «  shock  duration  and  r.  l 


By  se¬ 


lecting  various  fp's  a  plot  of  g's  response 
versus  frequency  can  be  plotted.  Figure  3B. 

Sine  criteria  is  usually  specified  in  terms 
of  "g"  input  versus  frequency  and,  in  this 
case,  a  "g"  response  curve  versus  frequency 
can  be  generated  easily  by  the  expression: 


’response 


®input  ^ 


(2) 


A  typical  sine  input  criteria  and  corresponding 
g  response  versus  frequency  plot  are  shown  in 
Figures  4A  and  4B  respectively. 

All  three  response  plots.  Figures  2A,  3A  and  4A 
can  now  be  combined  into  one  plot  as  shown  in 
Figure  5.  Upon  review  of  Figure  5,  all  three 
criteria  that,  at  first,  seemed  to  be  non¬ 
comparable  vibration  environments  are  now 
easily  compared  one  to  another. 


»  MX  H  m  i  T  . 
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Figure. 2. A,  2B.  Typical  P.S.O.  Plot  for  Random 
Environment  and  Random  Response  Plot 

Shock  criteria  are  usually  specified  in 
terms  of  shock  input  magnitude  "g",  shock  dura¬ 
tion  in  milliseconds  and  shock  shape  for  ex¬ 
ample,  Figure  3A.  From  these  shock  parameters, 
various  references,  e.g..  Ref.  1  permit 


Figures  3A,  3B.  Typical  Stock  Environment  and 
Shock  Response  Plot 
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Figures  4A,  4B.  Typical  Sine  Environment  and 
Sine  Response  Plot 
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Figure  5.  Combined  Re|ponse  Plots 

But  let  us  review  the  assumptions  made  to  arrive 
at  Figure  B,  they  are  as  follows: 

1.  The  structural  system  used  to  develop 
Figure  5  Is.  by  definition,  a  one-de- 
gree-of-freedom  system  as  shown  in 
Figure  1. 

2.  The  equations  used  to  convert  the  given 
general  vibration  criteria  (the  crit¬ 
eria  applies  equally  to  one-dagree-of 
freedom  system  as  well  as  to  many  de- 
gree-of-freedom  systems)  apply  only  to 
a  one-degree-of-freedom  system, 

3.  The  plots  shown  In  Figure  5  are  3  re- 
ponse. plots  corresponding  to  their  re- 
sectlve  Input  plots  for  a  one-degree- 
of-freedom  system.  That  Is,  Figure 

5  plots  are.  In  reality,  solutions  to 
the  posed  problem  of  Figure  1  for  vi¬ 
bration  Inputs  of  shock,  sine  and 
random. 

4.  Figure  5  does  Show  curves  rather  than 
a  single  point,  which  Is  what  one 
would  expect  for  a  single  frequency 
problem  of  Figure  1,  because  we  assum¬ 
ed  the  proposed  structure  may  have  any 
frequency,  but  only  one. 

What  remains  as  a  logical  step  Is  to  extend  the 
above  concept  to  Include  mu  It 1-degree-of -free¬ 
dom  structures  (I.e.  complex  structures)  and 
thus  allow  an  Initial  evaluation  of  the  vibra¬ 
tion  environments  such  as  shock,  sine  and  ran¬ 
dom,  and  to  eliminate  a  detailed  separate  dyna¬ 
mic  analyses  for  each  of  the  aforementioned 
environments. 

B.  Multi  Degree  of  Freedom  Structures 

In  general,  consider  an  n  (multi I  de- 
gree-of-freedom  lumped  parameter  structural 
system  with  mass  matrix  (m^],  stiffness  matrix 
(k{j),  damping  matrix  [C{j|  and  column  matrix 


of  external  forces  jF  (xj,  t)l  .  M^.k^j,  Cij, 

and  Fj  are  expressed  in  tne  w 
coordinate  system.  For 

If  (Xj,t)(  .  jpQ  p  (Xj)|f  (t)  (31 

The  differential  equations  of  motion  in  the  w 
coordinate  system  take  the  matrix  form 

[m)  {w(  ♦  [c]  |w|+  [k]  |w|  '  (41 

PojP  (') 

Apply  a  coordinate  transformation 

{w(  •(♦H’ll  (5 

In  which  each  column  of*  is  a  modal  column  of 
the  system  and Jn  |  represents  the  normal 
coordinates. 

From  Equation  (5) 

{i|  =  W  hf  (f> 

and 

!-■}  =  [*]  |V|  (7 

Substituting  Equations  (5),  (6),  (7)  into 
Equation  (4)  and  premultlplying  by  the  trans¬ 
pose  of  [*],  Equation  (4)  becomes 

[*f  ♦[*J[cJ  fdjiM  (8 

♦  1*3^  l''3l*]h|  *  iP  ^ 

From  the  orthogonality  relations  of  natural 
modes,  it  follows  that 

WW  =  [^]  ’ 

(♦/ [k]W  =  [^]  =  [^]  no 

Comparing  the  triple  matrix  product 

[*]'  W  [*]  'll 

with  Equations  (9)  and  (10)  this  product  will 
result  in  a  diagonal  matrix  only  when  the  damp 
Ing  matrix  (r]  is  proportional  to  either  the 
mass  matrix  |m)  or  the  stiffness  matrix  |k  ] 
that  is 

[cj  •  ir 

[cj  13 

or  0r  •  '  13a 

Using  Equation  {12}  in  Equation  11'  and  com¬ 
paring  with  Equation  (9) 


The  substitution  of  Equations  (9),  (10),  and 
(14)  with  Equation  (8)  results  in  a  set  of  n 
decoupled  differential  equations  of  motion. 


WMp  (Xj)}  Pq  ^ 


The  rth  Equation  of  Equation  (15)  has  the 
form 


Mq+2/3«q  *  M 


r  r  r 


Pp  (Xj)l  ^  (t) 


d,'"  P 


<>'j1  - 


=  participation  factor 


Dividing  through  by  M  in  Equation  (16)  and 
using  Equation  (17)  results  in: 

,  P 

*  2/3  =  icp-  Mt)  (18) 

r 


A  general  form  of  solution  to  Equation  (18)  is 
obtained  readily  by  the  use  of  Laplace  Trans¬ 
form  (for  particulars  see  References  1,2,3). 


For  the  case  of  shock  spectrum  the  solution  of 
Equation  (18)  becomes 


0,.  (t) 


in  which 


(t)  ^  J  h  (t-r  )  f  (T)  dr 


r  t  2 

=  /  0  H-r) 

12  ^2 

- 

[‘J  f(T)dr 

>  in  I  J 


where  'f'  IS  called  the  dynamic  load  factor. 


The  total  deflection  of  the  structure,  w  (x,t), 
is  obtained  by  inserting  Equation  (20)  inte 
Equation  (5  .  Thus 


_  (211 


M, 

^  1  1 


starting  again  from  Equation  (18)  and  posing 
the  problem  of  harmonic  or  sine  excitation. 


f  (t)  =  e 


Use  of  Laplace  Transform  provides  the  steady- 
state  solution  given  by 


"  %  Mr 
r  r 


1  -  ^  +  i  2  E  fi— 


f  (t)  (23) 


"  r  M 

r  r 


(n)  f  (t) 


where; 


r  *  1,  2,  ...n 


”r  '  ,  /ii”r2  ft 

>7)  "  ^  2{r  ^ 


The  total  deflection  of  the  structure,  w  (x-t) 
is  obtained  by  inserting  Equation  (24)  into^ 
Equation  (24)  into  Equation  (5).  Thus 


w  (x,t)  = 


i  =  l  “1^ 


(x)  (ft)  f  (t) 


w  (x,t)  (x)  T)^  (t) 

r^’l 


The  mean  square  of  the  response  is  written  as 


lim  _l_j‘  ^  2(x,t)  dt  (28) 

w^(x,t)  T  — ™  2T 


Substituting  in  Equation  (28)  from  Equation  (2f) 
and  then  from  Equation  (24)  we  have 


- -  =  11m  X  £  (x)  d»  (x) 

(x,t)  T.*®  r=l  S=1 


)  T)r  i^)  ’Is  dt  =  r  ^ 


r«l  s=l 


f>  ^  r  r  r  ’’’ 

0  I  5  lim  1_  f  (ft) 

J  M  M  2T  •'-T 


r  s  r  s 


Hj  (  ft)  f*^  (t)  dt 


. '  s.'  V*  O  '  '  ■v'  v'  s." 


76 


If  as  an  approximation  we  disregard  phase  re¬ 
lations  which  will  tend  to  result  In  a  higher 
mean  square  value  In  Equation  (29),'  then  the 
Integral  on  the  right-hand  side  of  this 
equation  can  be  written  as 


1 

s' 

2T 

r 

•• 

T 

1  Iffl 

1 

f 

2T  ■ 

^T 

~ (n)  ”c  (n)  (t)  dt 

21  ■'-T  ® 


T-* 

When  the  forcing  function  f  (5)  Is  a  represent¬ 
ative  record  of  an  ergodic  process,  we  can 
transform  the  limiting  process  of  Equation  (30) 
from  the  time  domain  to  the  frequency  domain 
because  the  function  f  (5)  Is  then  represented 
by  frequency  components  In  a  continuous  fre- 
ouency  spectrum  0<h<  *  .  Thus 


T 

- -  •  11m  J.  f  f2  (»)  dt  (31) 

^  T 


f  ((,  )  df) 

0 

this  transformation  from  the  time  to  the 
•  lomain  In  Equation  (30)  we  write 


H,  fn) 


f2(t)  dt 


(32) 


•  ••  •  ,* 'nq  *ram  Equation  (29)  we  write  for 
-^an  square  rasponse  of  an  n  degree  of 
•  •  •♦-war  ••cited  by  a  random  forcing 
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(33) 


-  '  ■  luf*  13 1  can  be  simplified 

*  ••  annther  aporox  imat  Ion 
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For  a  lightly  damped  mu It-degree-of -freedom 
system.  The  magnification  factors  |(Hj.  (nijhave 
regions  of  prounced  peaks  In  the  neighborhood 
of  the  corresponding  natural  frequencies  w^. 

The  products  |H  (n)|  |Hs(fi)  for  r  f  s  are 
seen  to  be  small  In  comparlslon  with  the  same 
products  for  r  =  s.  In  addition.  In. Equation 
(33),  terms  with  r  f  s  may  be  negative  as  well 
as  positive  depending  upon  the  sign  of  the  pro¬ 
duct  d>r  U)  (c)  T'r-T’r  while  terms  with 
r  =  s  are  always  positive.  The  contribution  of 
of  cross  product  terms  (r  /  s)  to  the  mean 
square  response.  Equation  (33)  will  therefore 
be  small.  Hence,  by  disregarding  the  cross 
product  terms  corresponding  to  r  =  s.  Equation 
(33)  becomes 


2  2 

Pq  rr 


(35) 


2 
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"  Equation  (35)  can  be  further  simplified  by 
approximating  the  integrals  of  Equation  (35) 
by  replacing  f  (11 )  by  Its  discrete  values  f 
(Wf)at  the  natural  frequencies  w^  (see  Figure 
6)  and  using 


f(*^r)  ir  “^r  .  f£V2‘J^  (36) 

“7^  'T  "{p  8{ 


By  Introducing  the  following  definitions 


^  '  9’ input  ®  ^ 
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9’ln  ’  9'^nput  °  9  /Hz  input  ®  % 

(37a) 

f  »  f_  =  27ro' 

(38) 
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Equation  (35)  becomes 

1*  5  p  r*  ^ 

_  £  (x)  ^0  ‘r 

^2  (x,t)  r-1 

(  r  9' In  ^  (40) 
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Equation  (40)  Is  the  equation  which  forms  the 
basis  of  the  method  "Response  Spectrum 
Analysis"  (RSA). 
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where  f‘(t)  •  — »  (f(t)  (now  In  units  of 
dt'^ 

acceleration) 


•)  =  -i-  (per  Equation  (34)  when 
2Cr 


0  -  «^) 


Case  3)  Random 


FReauencv  ih2i 

Figure  6,  Magnification  Factors  for  a  Lightly 
Damaged  Multi-Degree-of-Freedom  System 

Recall  the  assumptions  leading  to  Equation  (40) 
they  are: 

1.  Ignore  phase  relations 

2.  Magnification  products  at  different 
frequencies  are  ignored 

3.  All  modes  (frequencies)  are  lightly 
damped 

4.  Using  discrete  values  of  the  input 
spectrum  at  the  natural  frequencies. 

At  this  point,  we  can  summarize  and  list 
equations  (21),  (26)  and  (40)  as  follows: 

Case  1)  Shock 

-r  %'^r  .  (K)  0^  (t)  (211 

r-l  ■■ 

where:  r  =  i  -  1,2,,. .n 


w  (x,t)  *  £  ^0  ^r  (x)  0'^  (t) 

r=l  01*  M_ 


0\  (t) 


{0^(t) 


(now  in  units  of  acceleration) 


Case  2)  Sine 


w(x,t)  -  I  **0  ^r  fn'  f  (t)(26) 


r*l  oj  ^  M^ 


where:  r  •  1  1.2....n 
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where,  in  all  cases,  w  (x,t)  is  defined  as 
response  acceleration. 

In  the  case  of  random  (case  3),  response 
is  defined  as 


n  p2  f2 

9rMS  "V*'  .  £  .o  r  (41 

r-l  M^^ 

A  2  *  1^/2 

*'  I  f  f„  0) 

which  includes  all  frequencies  (w.,  f^)  and 
modes '^r  t”)  structural  system  under 

consideration.  Whereas,  per  mode  or 
frequency,  which  is  computeo^ as  a  first  step 
toward  the  overall  computation  is 


'*o^r  .  ,  ,  1/2  (4 

?  J  ♦r  '  -I-  g'  f  Q) 
w  ,  M.  7^  *  in  n 


By  comparing  Equation  (42)  to  Equation  (26A) 
and  in  turn  to  (21A)  we  see  that  the  only 
difference  In  the  response  of  a  multi-degree- 
of-freedom  structure  at  a  natural  frequency, 
w^,  are  the  forcing  function  terms,  that  Is 

Case  1 )  Shock 


07  (t) 


y 


Case  2)  Sine 


(44) 


random  analyses  depend  heavily  on  modal 
damping  assumptions  for  the  accuracy  of  their 
predictions. 


I 

Q  f  (t) 

'  and 


Case  3)  Random 
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(45) 


all  other  terms  of  the  above  cases,  that  Is 


_o _ 


(X) 


(46) 


define  a  multi-degree-of-freedom  system  (as 
opposed  to  a  one-degree-of-freedom  system) 
and  are  common  to  all  9response 
shock,  sine  or  random  environments. 


Equations  (43)  -  (45)  are  nothing  more  than 

the  terms  already  discussed  for  a 

^response  ^ 

simple  one-degree-of'freedoffl  system.  Thus. 
Flaure  5  Is  again  directly  applicable,  for  not 
only  a  one-degree-of-freedom  system  but  for 
multi  (complete  structures )-degree-of-freedom 
system  as  well.  However,  the  Interpretation 
of  Figure  5  must  be  modified.  For  a  one-de- 
gree-of-freedom  system.  Figure  5  presents  the 
"true"  9^jpon$e  4"*^  random  en¬ 

vironments.  For  a  multi-degree-of-freedom 
system.  Figure  5  Is  not  the  final  or  "true" 
analytical  9rjjponsg  '"“St  •>*  modified  by 

Equation  (46).  Since  Equation  (46),  Is  common 
to  all  three  sets  of  solutions  (shock,  sine, 
random).  Figure  5  Is  merely  "off"  by  a  constant 
multiplier  that  can  only  be  determined  by 
analyzing  the  structure  In  detail  for  all  the 
frequencies,  modes  <6^  (xj.etc.  that  define  a 
multi-degree-of-freedom  structure. 


Using  the  analysis  technique  for  Response 
Spectrum  Analysis  and  saving  the  gms  temns 
at  each  natural  frequency  will  then  allow  the 
determination  of  "true"  gnns  response  for  each 
environment  (shock,  sine,  or  random),  which 
differ  by  a  g input  magnitude  difference  de¬ 
fined  and  known  via  Equations  (43)  •  (4S). 


CONCLUSIONS 


The  ^v*  approach  does  provide  the  bene¬ 
fits  of  time  and  cost  savings,  but  Is  limited 
by  the  assumptions  required  to  dei’lve  the 
approach.  The  application  of  the  approach  can 
be  verified  early  in  the  design,  but  requires 
the  capability  to  solve  the  dynamic  analysis 
using  a  program  that  utilizes  both  approaches 
formulated  by  Equation  (29)  versus  Equation 
(40)  -  the  program  "Stardyne",  for  example. 

Although  shock  response  is  little  ef¬ 
fected  by  assumed  damping,  both  sine  and 


Until  that  time  that  damping  can  be 
determined  accurately,  prior  to  actual  vibra¬ 
tion  testing,  the  approach  will  remain 
useful. 
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VIBRATION  TEST  LEVEL  CRITERIA  FOR  AIRCRAFT  EQUIPMENT 


Preston  S.  Hall 
Flight  Dynamics  Laboratory 
Air  Force  Wright  Aeronautical  Laboratories 
Wright-Patterson  AFB,  Ohio 


The  Combined  Environment  Reliability  Test  (CERT)  Evaluation 
Program,  conducted  by  the  Air  Force  Wright  Aeronautical  Labora¬ 
tories  (AFWAL) ,  utilized  different  methodologies  to  formulate 
the  vibration  test  conditions.  The  problems  of  mission 
profiling  the  vibration  environmental  stresses  are  varied. 

Each  methodology  is  examined  for  ease  of  vibration  test  condi¬ 
tion  formulation,  utilization,  and  resultant  reliability  of  the 
specimens  tested.  A  recommendation  is  made  on  vibration  test 
criteria  for  CERT  baaed  upon  five  years  of  experience  and  teat 
results. 


INTRODUCTION 

The  purpose  of  the  CERT  Evaluation 
Program,  conducted  by  AFWAL,  is  to 
evaluate  the  effectiveness  of  CERT  for 
early  identification  of  deficiencies  and 
to  provide  insight  into  how  the  equip¬ 
ment  will  perform  in  operational  service 
(Ref.  1).  In  this  program,  up  to  ten 
different  equipment  Items  will  be 
exposed  to  up  to  three  different  levels 
of  environmental  simulation;  nasiely. 

Full  CERT,  CERT  Without  Altitude,  and 
MIL-STD-781C  Appendix  B  (Ref.  2).  This 
program  Is  to  determine  the  degree  of 
correlation  between  these  three  differ¬ 
ent  test  sequences  and  the  actual  field 
reliability  In  terms  of  failure  rates 
and  modes. 

Each  of  these  test  aequences  utilized 
different  aiethodoloqles  for  the  estab- 
liahswnt  of  the  test  conditions.  MIL- 
STD-7I1C  Appendix  B  was  the  most 
completely  defined  in  terma  of  methodol¬ 
ogy  of  determining  teat  conditions, 
while  Full  fERT  and  CERT  Without 
Altitude  made  uae  of  many  readily 
available  tools  such  as  analytical 
siodels,  isaasured  flight  test  data,  or 
engineering  judgments. 

This  report  focuses  'jti  the  ssithudol- 
ogies  used  to  formulate  the  vibration 
conditions  used  during  each  test 
sequence  and  assess  the  isgjai't  or>  t  tie 
resultant  reliability  statistns. 


Section  II  points  out  the  problems  of 
mission  profiling  vibration  environmen¬ 
tal  stresses  as  compared  to  other 
environmental  stresses.  This  Is 
followed  by  a  description  of  the  general 
approach  to  vibration  test  condition 
formulation  utilized  for  each  of  the 
three  test  sequences. 

RELIABILITY  TESTING  VIBRATION  CRITERIA 
BACKGROUND 

After  considerable  concern  was 
expreaaed  regarding  the  reliability  of 
avionics  equipamnt  used  In  high  perform¬ 
ance  aircraft,  an  Investigation  was 
conducted  (Ref.  3)  to  determine  how  siany 
avionic  field  failures  were  environmen¬ 
tally  induced  and  the  significant 
environmental  parameters  affecting 
avionics  reliability.  The  evidence  was 
conclusive  that  environments  are 
responsible  for  %2  percent  of  the 
avionics  field  failures,  with  90  percent 
of  environment  related  failures  attrib¬ 
uted  to  t esiperature ,  altitude,  humidity, 
and  vibration. 

Traditionally,  teats  have  not  exposed 
avion)  -s  cquipsient  to  realistic  environ- 
siental  stresses,  thus  contributing  to 
the  poor  correlation  kietween  field  and 
laboratory  failure  rates  and  modes.  The 
AFWAL  has  <-onducted  a  number  of  reli¬ 
ability  tests  using  the  flight  profile 
concept,  designed  around  basic  aircraft 
missions,  as  a  straightforward  approach 


to  iiii'iitiCy  failurt!  modes  and  rat:en  on 
avionics  eqiilpnionl  in  the  laboratory 
comp.iral)  le  wltli  field  exr'erienco. 
iHiriiUT  (he  on-qoing  CKRT  Evaluation 
l’ro<iram,  each  onqinoor  ronponnible  for  a 
tc;:t  in  ttu'  [jroqram  individually 
developed  the  flight  profilon.  In  many 
c.c'.t'r,,  flitjlit  profiles  wore  developed 
us inq  measured  data,  analytical  data,  or 
a  composite  of  both.  Regardless  of  the 
data  source  used,  each  engineer 
attempted  to  develop  profiles  that  were 
representative  of  the  flight  conditions 
tliat  a  piece  of  avionics  would  see  in 
service. 

As  mentioned  previously,  the  flight 
profiles  representative  of  aircraft 
missions  (combat,  low-altitude  bombing, 
training,  reconnaissance,  etc.)  forms 
the  foundation  for  the  environments  to 
which  the  avionics  will  be  exposed.  The 
result  is  a  very  tailorable  test  with 
parameters  traceable  to  characteristic 
circumstances.  The  major  environmental 
stresses  that  arc  used  in  the  CERT 
Evaluation  Program  are  temperature, 
humidity,  altitude,  and  vibration.  Each 
environmental  stress,  with  the  exception 
of  vibration,  would  have  a  time  varying 
profile  that  was  directly  related  to  the 
flight  profile  in  time.  Due  to  the 
capabilities  of  vibration  controllers, 
vibration  profiles  had  to  be  structured 
from  multiple  vibration  spectra  repre¬ 
senting  various  phases  of  the  mission 
flight  profile;  for  example,  ta)ceoff, 
cruise,  combat,  and  landing  (J'ig.  1) 

The  resulting  vibration  spectra  require 
two  parameters,  amplitude  and  frequency, 
to  define  a  unique  vibration  stress 
(Pig.  2) .  During  the  CERT  Evaluation 
Program,  each  test  engineer  selected  one 
of  the  three  techniques  to  generate  the 
vibration  spectra. 

Since  the  CERT  Evaluation  Program  was 
structured  to  compare  the  present 
MIL-STD-781  methods  with  the  AFWAL  CERT 
concept,  the  conventional  means  for 
generating  vibration  spectra  as  outlined 
in  MIL-STD-781C  Appendix  B  was  one 
technique  used  throughout  the  program. 
The  criteria  used  in  the  specification 
are  very  straightforward  with  just  two 
spectra  shapes  (Fig.  3)  and  two  equa¬ 
tions  expressing  the  levels  for  the 
spectra.  The  equations  are  related  to 
the  aerodynamic  induced  vibrations  and 
the  only  information  required  is  Mach, 
altitude,  and  equipment  location  (Table 
I) .  The  Mach  and  altitude  values, 
obtained  from  the  mission  flight 
profiles,  would  be  related  to  a  specific 
portion  of  the  profile  instead  of  every 
instant  of  time.  A  maximum  of  four 
vibration  levels  will  be  determined  by: 
(1)  takeoff,  (2)  maxlmtim  aerodynamic 
pressure  (q  max),  (3)  minimum  aerody¬ 


namic  presHuro  (g  inln)  ,  and  (4)  average 
aerodynamic  pressure  (g  avg)  (Ref.  4). 

Since  tlie  APWAI,  CERT  concept  places 
exDlicit  emphasis  on  realism,  flight 
data  were  often  used  to  generate  vibra¬ 
tion  spectra.  Various  sources  of  data 
are  available  for  obtaining  flight  time 
histories  of  vibration,  which  can  be 
matched  very  closely  to  characteristic 
mission  flight  profiles.  The  disadvan¬ 
tage  of  flight  data  is  that  data  may  not 
always  be  available  for  a  specific 
equipment  location.  Also,  this  tech¬ 
nique  may  not  be  useful  to  generate 
vibration  spectra  for  equipment  to  be 
used  in  new  aircraft  for  which  no  flight 
data  exists. 

Another  technique  of  generating 
vibration  spectra  used  in  the  AFWAL  CERT 
program  is  analytical  prediction.  The 
vibration  prediction  technique  most 
commonly  used  was  a  computerized  genera¬ 
tion  of  vibration  spectra  that  was 
developed  by  AFWAL/FIEE  (Ref.  5).  The 
vibration  spectra  resulting  from  this 
technique  are  a  very  close  approximation 
of  flight  data  and  relates  to  specific 
aircraft,  maneuvers,  and  equipment 
locations.  The  prediction  technique 
requires  the  availability  of  a  computer, 
the  prediction  software,  and  aircraft 
parameters:  aerodynamic  distance  of  the 
avionic  specimen  from  the  aircraft  nose, 
distance  of  specimen  from  s)cin,  equip¬ 
ment  weight,  etc. ,  along  with  specific 
Mach-altitude  combinations  nd  straight- 
and-level  or  buffet  turn  mc..ieuverB.  The 
computer  software  has  the  capability  to 
predict  levels  for  only  five  fighter 
aircraft.  In  order  for  this  technique 
to  be  used  on  aircraft  other  than  the 
five  preprogrammed,  it  is  necessary  to 
supplement  the  program  with  addl,blonal->  « 
information  regarding  fuselage  bending 
npdes  and  transfer  functions  describing 
the  primary  and  secondary  structures  of 
the  aircraft  in  question. 

The  commonality  of  all  these  methods 
of  vibration  spectra  generation  is  that 
all  are  dependent  upon  Mach  and  altitude 
combinations.  The  spectra  vary  in  shape 
and  amplitude  depending  upon  which 
technique  is  used.  The  methods  used  in 
the  AFWAL  CERT  concept  generally 
resulted  in  more  tailored  spectra  shapes 
which  seemed  to  satisfy  the  desire  to 
achieve  a  degree  of  realism.  The 
ability  to  time  vary  the  spectra  in 
direct  relation  to  the  time  varying  Mach 
and  altitude  values  of  a  mission  flight 
profile  is  at  present  technically 
impossible  due  to  the  limitation  of  the 
state-of-the-art  for  vibration  control¬ 
lers.  with  all  these  considerations 
kept  in  mind,  the  issue  of  concern  is: 
What  is  required  of  test  criteria  to 
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Avrcxlynamic  Induced  Vibration 


Wo  -  i'(q) ' 

Wi  •  Hq-WB 


q  ■  Oynawlc  Pressure  (when  q  >  1200  psf  use  1200) 


Eaulpstent  Location 


.67  X  10 


Equipment  attached  to  structure  adjacent  to  external  surfaces  that  are 
smooth,  free  from  discontinuities. 


.  14  X  10 


Cockpit  equlpaient  and  equipment  In  compartments  and  on  shelves  adja¬ 
cent  to  external  surfaces  that  are  ssiooth,  free  from  discontinuities. 


).S  X  10 


Equi  psMnt  attached  to  structure  adjacent  to  or  Isssedlately  aft  of 
surfaces  havlnq  discontinuities  (i.e.,  cavities,  chins,  blade  antennas, 
etc . ) . 


1. 1'i  X  10 


Equlpaient  in  compartaients  adjacent  to  or  Immediately  aft  of  surfaces 
havlnq  discontinuities  (I.e.,  cavities,  chins,  speed  brakes,  etc.). 


SPECIAL  CASE  CONDITIONS 


Fighter  Bomber 


Condi t ion/ 


snt  Location 


Takeoff /attached  to  or  in  compartments  adjacent  to  structure  directly  exposed 
to  engine  exhaust  Aft  of  engine  exhaust  plane  (1  minute) 

Cruise/(saaie  as  above) 

Takeoff/ln  engine  compartaient  or  adjacent  to  engine  Forward  of  engine  exhaust 
plana  (1  minute) 

Cruise/ (saaia  as  above) 

Takeoff,  landing,  maneuvers/wing  and  fin  tips  decelleratlon  (speed  brake) 

(1  minute) 

Nigh  q  ('  1000  psf)/wlnq  and  fin  tips 
Crulse/wlng  and  fin  tips 
Tekeoff/all  other  locations  (1  minute) 


ft:' 


>  V  V, 


identify  realistic  failure  rates  and 
failure  modes  in  the  laboratory? 

VIBRATION  SPECTRA  GENERATION 

Before  an  engineer  can  determine  the 
vibration  spectra  to  be  used  for 
combined  environments  tests,  he  must 
first  examine  the  various  mission/ 
environmental  profiles  that  are 
possible  for  the  aircraft/avionic 
combination.  Figure  4  shows  a  typical 
logic  flow  diagram  a  teat  engineer  may 
use  in  establishing  the  teat  profiles 
for  a  piece  of  avionics  in  a  specific 
aircraft.  An  individual  aircraft  type 
is  designed  to  operate  within  a  specific 
flight  envelope  and  to  fly  specifically 
determined  mission  profiles.  These 
design  flight  envelopes  and  mission 
profiles  should  be  utilized  when  formu¬ 
lating  the  environmental  profiles  for  a 
test.  A  number  of  mission  profiles  may 
be  possible  for  one  aircraft  type,  but 
statistically  only  two  may  be  represent¬ 
ative  of  the  aircraft's  major  life. 

After  the  aircraft  mission  profiles  have 
been  determined  for  testing,  the 
environmental  profiles  shall  be 
generated  and  shall  vary  according  to 
the  aircraft  mission  profile.  As 
pointed  out  earlier,  the  thermal, 
humidity,  and  altitude  teat  environment 
profiles  can  have  a  one-to-one  time 
varying  relationship  with  the  aircraft 
mission  profile  just  as  in  flight. 
However,  aircraft  mission  profiles  must 
be  analyzed  by  individual  flight  phases 
such  as  takeoff,  climb,  mission  object¬ 
ive,  descent,  and  landing  to  generate  a 
number  of  vibration  spectra  which,  when 
exposed  sequentially  to  the  test  speci¬ 
men,  would  make  up  the  environmental 
vibration  profile.  After  the  test 
engineer  has  determine  what  flight 
phases  significantly  impact  the  teat,  he 
must  determine  the  maximum,  minimum,  or 
average  conditions  and  Mach/altitude 
combinations  necessary  to  generate  the 
vibration  spectra.  The  test  engineer 
then  makes  another  judgment  as  to 
whether  he  wants  multiple  vibration 
spectra  or  a  composite  of  several  for 
the  aircraft  mission  profile. 

After  determining  the  vibration 
spectra  required  to  give  a  representa¬ 
tion  of  vibration  stresses,  the  engineer 
must  give  consideration  to  test  equip¬ 
ment  limitations.  There  exists  a  number 
of  ways  to  control  vibration  inputs,  all 
of  which  have  their  limitations.  The 
devices  to  control  vibration  range  from 
simple  audio  recording  equipment  to 
extensive  digital  computer  controllers 
(Ref.  6). 

The  minimum  level  of  a  vibration 
spectrum  is  of  concern  for  any  vibration 


controller.  With  both  analog  and 
digital  controllers,  there  exists  a 
noise  floor  or  a  level  of  vibration  that 
is  so  low  that  the  controller's  signal 
to  noise  capability  xs  exceeded.  The 
manufacturer  establishes  a  cut-off  level 
for  a  controller  relative  to  its 
characteristic  noise  floor  in  order  to 
assure  good  controllability.  For  some 
cases  in  the  CERT  Evaluation  Program, 
the  levels  of  vibration  derived  from 
flight  data  and  analytical  methods  have 
been  below  the  cut-off  level  of  the 
controllers.  A  judgment  must  be  made  to 
either  eliminate  vibration  exposure 
during  these  periods  of  the  vibration 
profiles  or  choose  some  minimum  spectrum 
level  that  the  controller  could  handle 
for  the  total  mission. 

Economics  is  another  concern  if 
vibration  requirements  impose  the  use  of 
more  sophisticated  vibration  control 
equipment.  The  developer  of  a  piece  of 
avionics  may  find  it  economically  impos¬ 
sible  to  purchase  a  sophisticated 
digital  system  in  order  to  achieve  the 
vibration  requirements.  The  analog 
controller  is  fine  for  vibration 
spectrum  control;  however,  the  major 
difference  between  it  and  digital  sys¬ 
tems  is  that  only  one  spectrum  shape'  can 
be  effectively  controlled  per  mission 
simulation.  Considerable  time  is 
required  to  establish  a  spectrum  and 
there  is  no  convenient  method  of  storing 
multiple  spectra  that  may  be  intrtxluced 
at  various  times  to  represent  different 
phases  of  vibration  profile.  Early 
tests  during  the  CERT  Evaluation  Program 
used  analog  systems,  as  digital  control¬ 
lers  were  not  available.  A  single 
vibration  spectrum  was  used  throughout 
the  test  and  the  mean  t ime  between 
failures  (MTBF)  was  in  good  correlation 
with  field  MTBF  data  (Ref.  7). 

Under  MI L-STU-7 H 1  procedures  for 
establishing  vibration  spectra,  a  number 
of  the  engineering  decisions  are 
eliminated  and  equipment  limitations  are 
nonexistent  in  the  maiority  of  cases. 

By  definition,  the  engineer  is  still 
required  to  give  considerat ion  to  t he 
various  mi ss ion /env i roniwnt a  1  profiles 
that  are  possible  for  the  aircraft  ' 
avionic  comli illation  to  be  tested. 
Howttver,  when  design  flight  envelopes 
and  specifically  designateil  flight 
mission  profiles  are  not  available,  the 
genera  1  i  r.tnl  nission  profile's  listed  in 
Mn.-STI'-7H  IC  Appendix  M  art  to  be  used 
for  development  of  environmental  pro- 
f  1  les . 

With  reijard  to  vibration  spectra 
generation,  M 1 1  -  vTp- 7  s  1  ( '  Appendix  B  tias 
only  two  spectrum  shapes  and  the  level 
IS  defiendent  ii;>on  Macfi  a  1  t  ;  t  11  le 
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Figure  4  —  T-st  Profile  Generation  Logic  Diagram 


>  unb  i  nat  i  on:;  obtaiin-il  from  aofual 
rrofi  lo  data  or  <|  ivcn  valiu'n  i  n  Aj)pon<lix 
1  (Table:'.  TI,  TIT,  and  IV)  (Kef.  <1).  A 
ooiu'-tant  value  also  must  bo  dotorniincd 
i  roin  a  choice  of  four  values  rclatinfi  to 
I  quipmont  location.  If  the  level  for  a 
[articular  phase  of  the  vibration 
!  rofilo  i;:i  lens  tlian  0.001  then 

vibration  exposure  is  not  required. 

The  criteria  in  MIL-STD-781C  give  the 
test  engineer  the  advantage  of  deter¬ 
mining  numbers  of  missions,  flight 
phases,  and  vibration  spectra  for  new 
avionics  on  new  aircraft  for  which  there 
are  no  mission/environmental  data.  The 
criteria  also  allow  the  use  of  analog 
equipment  to  control  the  vibration 
:;pectra,  since  only  one  shape  exists  and 
levels  are  easily  changed.  Problems 
with  control  of  extremely  low  levels  are 
‘■liminated,  since  the  minimum  cut-off 
level  in  the  test  criteria  is  well  above 
the  capability  of  most  controllers. 

With  the  introduction  of  a  cut-off 
level  for  vibration  under  MIL-STD-781C 
criteria,  the  possibility  exists  that 
the  test  specimen  may  not  be  exposed  to 
vibration  during  considerable  portions 
of  the  tests.  With  the  APWAL  CERT 
concept  of  testing,  vibration  is 
continuous  during  the  flight  portion  of 
a  mission  as  long  as  it  is  within 
controller  capabilities.  As  previously 
mentioned,  the  number,  shape,  and  levels 
of  vibration  spectra  used  in  this  por¬ 
tion  of  the  evaluation  program  varied 
for  a  number  of  reasons,  but  the 
exposure  time  is  continuous,  or  nearly 
:;o. 

The  project  engineer  for  the  AN/APX- 
76  IFF  Transponder  test  in  the  evalu¬ 
ation  program  examined  the  differences 
between  MIL-STD-781C  and  AFWAL  CERT 
vibration  in  both  time  and  levels  (Ref. 

3) .  Figure  5  shows  the  difference  in 
the  two  test  concepts'  spectra.  During 
AFWAL  CERT,  the  straight-and-level 
vibration  spectrum  was  applied  63 
percent  of  the  time  to  the  equipment 
under  test.  "No  vibration  was  applied 
19  percent  of  the  time  due  to  ground 
par)<,  and  the  maneuvering  spectrum  was 
applied  18  percent  of  the  time.  In  a 
MIL-STD-781C  Appendix  B  test,  due  to 
level  cut-off  limitations  and  ground 
park,  no  vibration  would  be  applied  70 
percent  of  the  time,  Wo(max)  two  percent 
of  the  time,  Wo{min)  eight  percent  of 
the  time,  and  Wo{avg)  20  percent  of  the 
time.  Therefore,  severe  vibration  is 
applied  to  the  equipment  for  12  percent 
more  time  in  MIL-STD-781C  Appendix  B 
testing  than  in  AFWAL  CERT."  (Ref.  8) 

After  the  original  three  test 
sequences  in  the  evaluation  program  had 


been  completed  on  the  AN/APX-101  IFF 
Transponder  to  A-10  mission  profile 
conditions,  an  additional  series  of  tent 
cycleswas  to  be  conducted  to  Full  CERT 
criteria  without  the  highly  stylized 
computer  predicted  vibration  spectra. 

The  tost  was  to  use  MIL-STD-781C  Appen¬ 
dix  B  spectra,  but  the  cut-off  level 
exclusion  was  eliminated,  thus  combining 
the  best  practical  advantages  of  AFWAL 
and  MIL-STD-781C  methodoloaies.  This 
would  provide  for  vibration  to  bo 
continuous  throughout  the  test,  but  the 
levels  would  never  go  below  0.001  g^/Ilz. 
This  level  was  found  to  be  greater  than 
the  predicted  tailored  levels  and 
measured  data.  The  intent  of  using  the 
simplistic  vibration  criteria,  along 
with  the  other  realistic  environmental 
profiles,  was  an  attempt  to  evaluate  the 
need  for  stylized  vibration  profiles  and 
the  effect  of  vibration  exposure  time. 

ANALYSIS 

The  CERT  Evaluation  Program,  to  date, 
has  tested  six  pieces  of  avionics.  Each 
test  has  utilized  at  least  two,  and 
sometimes  all  three,  methods  of  generat¬ 
ing  vibration  spectra  previously 
mentioned.  In  every  case,  the  avionics 
tested  has  had  flight  data  available  to 
generate  flight  environmental  profiles, 
were  previously  tested  to  MIL-STD-781B 
or  -781C,  and  field  reliability  data 
(AFM  66-1)  were  available. 

From  available  literature  examined 
(Ref.  9) ,  it  was  found  that  the  presence 
of  very  low  amplitude  vibration  for  a 
long  period ' of  time  does  have  a  signifi¬ 
cant  impact  on  equipment  life  (Fig.  6) . 
Even  though  these  data  are  for  a  single 
environmental  condition,  which  is  much 
.r.  less  complex  than  combined  environments, 
they  still  suggest  the  importance  of 

vibration-caused  failures  over  a  long . 

period  of  time,  even  at  low  amplituB'es."^ 

At  this  time,  testing  of  the  APX-101 
to’  A-10  conditions  is  continuing  with 
over  1000  hours  of  ON  time.  Although 
tests  have  already  been  conducted  on 
this  equipment  to  Full  CERT  and  MIL-STD- 
781C  Appendix  B,  it  is  now  being  tested 
to  Full  CERT  again  but  with  MIL-STD-781C 
Appendix  B  vibration  spectra  in  lieu  of 
the  highly  tailored  spectra.  In  cases 
where  the  vibration  level  was  calculated 
to  be  below  the  standard's  cut-off  level, 
vibration  was  to  be  continuous  over  that 
range  at  the  cut-off  level.  Although 
the  level  may  be  higher  than  actual 
field  conditions,  and  the  findings  in 
the  referenced  literature  (Ref.  9)  is 
true  even  in  combined  environments 
cases,  then  the  failures  may  propogate 
at  a  faster  rate  and  then  level  off.  It 
was  indeed  found  in  the  modified  AFWAL 
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TABLE  II  —  TYPICAL  MISSION  PROFILE  -  AIR  SUPERIORITY  FIGHTER 


Test  Phase* 


Flight  Mode 

Ground 

Runup  (no  AB) 

(with  AB) 

Takeoff 

Climb  (to  40,000  ft) 

Cruise 

(500  ft) 

(20,000  ft) 

(40,000  ft) 

Acceleration 

Combat 

(500  ft) 

(5,000  ft) 
(10,000-40,000  ft) 
(50,000  ft) 

Descent 

Loiter 

Landing 

ee  Pig.  B-3  o 


Altitude 
(1000  ft) 

Mach 

Number 

q  (psf) 

0  to  0.5 

0 

- 

0.5  to  1 

0  -  0.4 

- 

to  40 

0.6 

245 

.5 

0.8 

900 

20 

0.9 

550 

40 

0.9 

225 

40  to  50 

1.7 

620 

.5 

0.85 

900 

5 

0.9 

1000 

10  to  40 

2.0 

1800 

50 

2.5 

1180 

40  to  3 

0.8 

445 

3 

3  to  0.5 

0.4 

200 

ppendix  B 


TABLE  III  —  TYPICAL  MISSION  PROFILE  -  INTERDICTION  FIGHTER 


Flight  Mode 


Ground  Runup  (no  AB) 

(with  AB) 

Takeoff 

Climb  (to  35,000  ft) 
Cruise  (500  ft) 


Teat  Phase* 


Altitude 
(1000  ft) 


0.5  to  1 
to  35 


Mach 

Number 


to  0.4 

.fi 


q  (psf) 


Acce lerat ion 
Combat  (500 


(500  ft) 

(10,000-35,000  ft) 
(50,000  ft) 


Descent 
Loiter 
Land i ng 
ee~TTgT 


TABLE  rv  -- 
Flight  Mode 


TYPICAL  MISSION  PROFILE 
Teat  Phase* 


35  to  50 

.5 

10  to  35 
50 

40  to  3 
3 

— ■ 

TRANSPORT 'CARGO  AIRCRAFT 


%  Time 


Ground  Runup 

Takeoff /Cl imb 

Cruise  High  Altitude  I6F 

Med l um  A 1 1 1 1  ude  2  2  K 
Low  A 1 1 1 tude  I K 
Descent /Land 

■•ITie'  fig.  Il-l  or 
••knots  Eguivalent  Airspeeil. 


r>,i 

Appendix  B. 


Airspeed  Knots*’ 


to  2f.O 
240 
3S0 
i',n 
140 


VlfjriATI0t4  INfUT  10  WIMAttY  til  RUCI  URE 


/  Mil  lill)  70IC 

'  Wo(MAx) 


/  MH  srD  veic 

/  (AVG) 


Mil  STD'/illC 
W,,  IMIN) 


AFWAL  CERT 
^MANEUVEHING 
/  SI»CCT«UM 


AFWAl.  CERT 
rSTRAlGHT  K 
UEVEI  tiPECTRUW 


A!,  I'lIKT  (  ('s(  ( li.it  t  ill'  tnily  two 

!.i  \  iiiii'.",  t  omul  to  (lato  wcro  li  i  ricovorotl 
ii!  tiu'  tirsl  to;-.t  oyolo. 

Alihoufth  t  lu'Si’  data  aro  not  onnutili  to 
■  l  i  ’  i'  ovoi  wliolrui  at|  support  to  the  vihrn- 
l  i .  ill  iraaie,  they  also  do  not  refute  the 
e] aim  tor  simpler  test  criteria.  What 
i;;  impliial,  thouqli,  is  that  the  payoff 
i  r  m  u.sinq  the  Mlh-STO-7B1C  vibration 
sf!  etrum  for  CERT  may  be  less  expensive 
L\i  testlnq,  increased  ease  of  implomcn- 
taiion,  and  better  test  results  over 
pt.  Sent  MIL-STD-781C  criteria.  The  test 
ri  ults  still  must  have  additional  data 
to  increase  upon  confidence  of  the 
pi’liminary  results. 

Considerable  savings  in  testing  would 
be  the  result  if  laboratories  and  • 
manufacturers  did  not  have  to  obtain 
additional  peripheral  test  equipment  and 
software  to  generate  highly  sophisti¬ 
cated  tailored  vibration  spectra. 

Filially,  since  the  random  vibration 
spectra  in  MIL-STD-781C  are  commonly 
uS'fid  and  accepted,  then  continued  use  of 
some  form  of  these  spectra  may  result  in 
Ic'Ms  confusion  for  future  test  concepts. 

CONCLUSIONS  AND  RECOMMENDATIONS 

From  the  tests  run  to  date  for  the 
CERT  Evaluation  Program,  it  is  apparent 
that  continuous  vibration  throughout  the 
test  mission  may  contribute  to  a- strong 
degree  the  good  correlation  between 
field  and  laboratory  MTBF  of  internally- 
carried  aircraft  equipment.  With  the 
variance  in  engineering  judgments  made 
in  the  generation  of  vibration  spectra 
(numbers,  shapes,  and  levels) ,  it 
appears  that  highly  tailored  vibration 
spectra  are  not  technically  or 
economically  necessary  to  achieve 
realistic  results.  On  a  limited  basis, 
it  has  been  shown  that  with  continuous 
vibration  to  MIL-STD-781C  spectra, 
equally  good  data  correlation  exists  as 
did  testing  to  a  stylized  profile  in  the 
AFWAL  CERT  concept. 

If  AFWAL  CERT  vibration  testing  were 
performed  using  the  spectral  shapes  of 
MIL-STD-781C  Appendix  B,  it  is  felt  that 
CF,RT  would  be  more  widely  accepted  for 
economic  and  simplicity  reasons.  The 
stipulation  in  MIL-STD-781C  Appendix  B 
criteria  of  no  vibration  exposure  for 
levels  calculated  below  0.001  g*/Hz 
should  be  eliminated.  Instead,  vibra¬ 
tion  exposure  should  continue  at  0.001 
g'/Hz  until  a  phase  in  the  mission 
profile  requires  a  higher  level.  The 
need  for  highly  sophisticated  vibration 
controllers,  digital  computers  for 
spectra  generation,  and  extensive 
software/progranming  would  not  be, 
required  to  perform  the  vibration 


portion  of  a  reliability  tost.  With  .1 
simplistic  approach  and  yet  toclinical] y 
correct  to  generating  vibration  spectra 
for  a  reliability  test,  the  resulting 
data  are  trackablc  and  confidence 
increased  for  procurement  buys  of 
avionics  equipment. 
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CONSERVATISM  IN  lEAST  FAVORABLE  RESPONSE  ANALYSIS  AND  TESTING 
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AlbiKiuerque,  New  Mexico  B7131 


A  structural  shock  test  Is  conservative  «Aen  It  excites  a 
sore  severe  response  than  the  Input  «A>lch  It  Is  Mant  to 
represent.  Me  can  Manure  sho<dc  signals  frcn  randcat  sources 
In  the  field  and  use  these  to  generate  a  shock  test.  If  a 
structure  survives  this  test  then  there  Is  som  probability 
that  It  would  survive  shocks  generated  by  the  randon  field 
souroes  In  the  future.  This  probability  depends  on  the  ran- 
doN  shock  sources  and  the  degree  of  conservatism  Inherent  In 
the  shock  test  specification  tedmique.  In  this  paper  we 
datonstrate  a  procedure  for  computing  the  probability  of 
shock  teat  conservatism  for  tests  generated  using  the  Mthod 
of  least  favorable  response.  Several  nuMrlcal  exasples  are 
presented. 


1.0  Introduction 


To  obtain  adequate  designs  for  engineering 
structures  we  analyse  structural  models  and  teat 
structural  prototypes  In  the  laboratory  In 
order  for  a  design  to  be  optiMl>  in  som  sense. 
It  Is  desirable  to  test  a  structure  using  an  In¬ 
put  which  is  conservative,  but  not  a  severe 
overtest.  In  this  study  we  say  that  a  teat  la 
conservative  with  respect  to  a  field  Input  when 
it  excites  a  structural  response  which  Is  sore 
severe  than  the  response  excited  by  the  field 
Input.  In  the  course  of  this  investigation  four 
reports  (1-4)*  have  been  written  dealing  with 
the  conservatism  In  shock  testing  Where  tests 
are  specified  using  the  Mthod  of  shock  response 
spectra.  NS  found  that  the  Mthod  of  shock 
response  spectra  can  be  eMpacted  to  provide  con¬ 
servative  shock  tests  when  used  prefer ly.  But 
the  Mthod  Is  certainly  not  guaranteed  to  pro¬ 
vide  conservative  shock  tests  in  any  sense. 
Situations  can  arise  where  a  structure  Is  sig¬ 
nificantly  undertestad  even  though  its  test  tias 
been  properly  specified  using  the  Mthod  of 
shock  response  spectra.  More  oosmonly,  tests 
specified  using  the  Mthod  of  shock  response 
spectra  ara  found  to  overtest  structural  compo¬ 
nents  (5)  . 

Another  Mthod  available  for  the  specifi¬ 
cation  of  shock  tests  is  the  Mthod  of  least 


*Numbers  In  brackets  refer  to  a  list  of  refer¬ 
ences  appended  to  this  report. 


favorable  response  (6) .  This  Mthod  can  be  used 
analytically  or  in  the  laboratory  and  is  guar¬ 
anteed  to  provide  tests  which  are  conservative, 
at  least  in  one  sense.  The  Mthod  Is  based  on 
analyses  by  Drenick  and  Shinozuka  given,  for 
exasple,  in  References  7  and  B.  Mhen  the 
Impulse  response  function,  or  equivalently  the 
frequency  response  function,  is  available  be¬ 
tween  a  point  of  Interest  on  a  structure  and 
the  input  point  of  the  structure,  and  when  we 
know  the  real  function  which  envelops  the  mod¬ 
ulus  of  t))e  Fourier  transform  of  all  possible 
inputs  which  Slight  excite  the  structure,  then 
the  Mthod  of  least  favorable  response  can  be 
used  to  find  an  upper  bound  on  the  response 
which  the  point  of  interest  on  the  structure 
can  realize.  Ne  use  this  in  the  analysis  of 
structural  peak  response.  In  the  laboratory 
the  least  favorable  response  is  generated  exper- 
iMntally,  for  example,  by  testing  the  struc¬ 
tural  unit  on  a  shake  table.  If  the  structure 
survives  the  laboratory  test,  then  we  assuM  i 

that  it  could  survive  any  input  in  the  class  of 
inputs  whose  Fourier  transform  moduli  are 
enveloped  by  the  function  used  in  the  analysis. 

In  all  the  analyses  performed  in  this  paper,  it 

is  assused  that  an  accurate  estlMte  of  the 

system  frequency  response  function  is  available.  | 

The  problem  with  the  method  of  least  favor-  I 

able  response  arises  when  we  wish  to  use  the  | 

technique  to  prove  the  capability  of  a  structure 
to  survive  loads  from  a  random  source  which  will  | 

be  applied  at  some  time  in  the  future.  In  this  i 


I 


(2-2) 


situation  the  loads  applied  in  the  future  are 
ind^endent  of  those  sieasured  in  the  past  and 
used  to  specify  the  test.  The  loads  generated 
in  the  future  may  be  much  more  severe  than  those 
measured  in  the  past.  In  view  of  this  we  depend 
on  the  inherent  conservatism  of  the  method  of 
leMt  favorable  response  to  assure  that  a  test 
is  conservative  with  respect  to  future  inputs. 

It  is  assuMd  that  the  rmdom  shock  signal 
sources  which  will  excite  a  structure  in  the 
field  have  characteristics  which  can  be  esti- 
Mted  based  on  past  measurements  from  the  ran¬ 
dom  sources.  In  this  study  the  expression  "ran¬ 
dom  shock  signal  source”,  refers  to  any  random 
process  forcing  function  generating  phenosienon 
whose  probabilistic  characteristics  do  not 
change.  For  exanple,  the  random  forcing  func¬ 
tion  inputs  which  are  generated  at  the  )3ase  of 
a  mechanical  component  during  first  stage  sepa¬ 
ration  when  a  particular  type  of  sdsslle  is 
flown  n  times,  com  from  one  random  shock  signal 
source. 


H((i))  ■  ^  h(t)  e  dt  ,  |u|  <  •  . 

This  CM  be  written  in  terms  of  its  modulus  and 
phase  as 


H(w)  -  |h(w)|  ,  |ii)|  <  •  ,  (2-2a) 


idiere  ^(u)  is  the  complex  phase  of  the  frequency 
response  function.  When  both  sides  of  Equation 
2-1  are  Fourier  transformed  we  obtain 


V(«)  • 
where 

B(w) 

X(|I)) 

9 

|w 

y(w)  - 

I' 

y(t) 

e  dt  , 

|u 

X(«)  - 

r 

X(t) 

a  dt  , 

(2-3) 

(2-3a) 

(2- 3b) 


The  objective  of  this  study  was  to  euialyze 
the  inherent  conservatism  of  the  method  of  least 
favorable  response,  and  in  this  report  we  demon¬ 
strate  a  technique  that  can  be  used  to  do  this. 
First,  we  review  the  method  of  least  favorable 
response  and  show  how  it  is  used  analytically 
and  eiq>erlmentally.  Next  we  develop  the  tech¬ 
nique  used  to  Bieasure  the  conservatism  in  a 
least  favorable  response  test.  Finally,  we 
apply  the  method  in  some  numerical  exaaples 
where  we  measure  the  degree  of  conservatism  in 
the  tests  of  some  specific  structures. 

2.0  The  Method  of  Least  Favorable  Response 

The  method  of  least  favorable  response 
(LFR)  is  a  technique  that  can  be  used  analyti¬ 
cally  to  find  an  upper  bound  on  the  response  at 
a  degree  of  freedom  of  a  linear  structure  for  a 
class  of  shock  Inputs.  Nhen  the  following  ttio 
items  of  information  are  available  we  can  obtain 
this  upper  bound.  First,  we  require  the  Impulse 
function  at  the  point  of  interest  on  the  struc¬ 
ture  when  excited  at  its  base.  For  present  pur¬ 
poses  we  require  only  that  an  acceleration  input 
impulse  response  function  be  specified.  In  this 
analysis  we  will  consider  only  single  source 
base  excitations,  and  we  will  consider  the  out¬ 
put  at  a  single  structural  point.  Second,  we 
require  a  function  which  envelops  the  moduli  of 
the  Fourier  transforms  of  all  Inputs  which 
might  possibly  excite  the  structure.  Ne  use 
this  information  in  the  following  way  to  obtain 
the  LFR.  Let  h(t)  be  the  impulse  response  func¬ 
tion  described  above,  the  response,  Y(t),  to 
an  acceleration  input  i((t)  can  be  written  using 
the  convolution  Integral. 

Y(t)  -  r  h(t  -  T)  X(T)  dT  ,  t  >  0  .  (2-1) 

The  frequency  response  function,  H(u),  of  the 
system  is  defined  as  the  Fourier  transform  of 
the  impulse  response  function. 


are  the  Fourier  transforms  of  the  linear  system 
response  and  the  acceleration  input,  respec¬ 
tively.  Through  inverse  Fourier  transformation 
of  Equation  2-3  the  system  response  can  be 
expressed  as  follows. 

’f(t)  •  f  8(“)  dw,t  >  0  ,(2-4) 

mm 

«diere  we  have  assusmd  the  system  initial  condi¬ 
tions  to  be  zero.  The  absolute  value  of  the 
system  response  as  a  function  of  time  is 

l»(t)|  •  ^  |y,  '*"1'  (2-4a) 

”*  t  >  0  . 

The  absolute  value  of  the  system  response  is 
bounded  by 

mM  |y(t)  I  <  |h(w)  I  |x(w)  |du  ■  I  . 

(2-5) 

On  the  left-hand  side  we  write  the  expression 
for  peak  response  since  the  quantity  on  the 
right-hand  side  is  a  constant,  independent  of 
time.  The  quantity,  I,  is  known  as  the  least 
favorable  response  for  the  input,  X(t).  The 
quantity,  I,  is  a  structural  response  which  is 
as  great  or  greater  than  the  peak  response  ex¬ 
cited  by  )( (t) . 

If  a  n\anber  of  inputs  from  different 
sources  will  be  used  to  excite  the  structure, 
and  if  several  realizations  of  the  acceleration 
input  from  each  source  are  available,  then  we 
can  conpute  a  LFR  for  these  signals.  To  be  pre¬ 
cise,  we  denote  an  acceleration  input,  X..  (t), 

J  -  1,...,M|^,  k  -  1,...,N  ,  t  i  0.  Thls^Is  the 
jth  input  from  the  kth  source.  We  compute  a 
function,  X  (u) ,  which  is  the  exact  envelope  of 
the  complex^moduli  of  the  Fourier  transforms  of 
all  these  functions  as  follows. 


I 


X  (»)  •  auc  lx..  (m)I  ,  |»1  <  •  ,  (2-6) 

•  jfk 

whcr* 

"  I  ' 

j  •  1  #  •  •  * 

k  •  1  r  •  >  •  #M  • 

|cd|  <  -  (2-6«) 


Now  a  bound  on  the  structural  response  corre¬ 
sponding  to  all  these  Inputs  can  be  obtained  as 


aax 

t 


X^(u) 


|H(bi)  I  du 


I  . 
(2-7) 


The  quantity.  I,  is  a  response  which  is  equal  to 
or  greater  than  the  system  response  whlch„can  be 
excited  by  any  ot  the  individual  inputs,  X.  (t), 
j  •  1,...,^.  k  •  1,...,N.  The  number,  I.^ts 
the  least  favorable  response  for  this  collection 
of  inputs. 


When  shock  records  from  a  number  of  sources 
are  available  and  when  a  structure  will  be  sub¬ 
jected  to  inputs  from  these  sources,  then  a  con¬ 
servative  value  of  the  response  can  be  obtained 
analytically  as  shown  above.  A  shock  test  which 
is  conservative  with  respect  to  the  inputs, 
■x.,^(t),  j  -  1,...,M  ,  k«  1,...,N  ,  can  be 
Obtained  in  the  following  way.  Let  )L(t)  be  the 
test  input,  and  let  X^(u)  be  its  Fourier  trans¬ 
form. 


X  (»)  ■ 
T 


(2-8) 


The  test  response  excited  by  the  test  input  is 


where  ^(u)  is  the  coiqplex  phase  of  the  frequency 
response  function  of  the  system  under  consider¬ 
ation.  When  X_((ii)  assumes  the  above  form  the 
structural  res^nse  at  time,  t  ~  t.,  will  equal 
I.  n>e  complete  time  domain  test  Input  can  be 
obtained  by  inverse  Fourier  transformation  of 
Equation  2-11. 


X-ft) 

T 


i(i»)(t-t  )-*  (ui)) 
X^(u>  e  ° 


du  , 


t  >  0  .  (2-12) 

The  procedure  outlined  above  can  be  used  to 
obtain  an  input  for  use  in  the  laboratory. 

W)ten  applied  to  the  structure  the  input  will 
excite  the  least  favorable  response.  The  test 
input  obtained  above  is  known  as  the  least 
favorable  liq>ut. 

3.0  Least  Favorable  Response  Test  Conservatism 

The  method  of  least  favor2d>le  response 
(LFR)  can  be  used  to  obtain  a  bound  on  the 
response  of  a  structure  when  a  collection  of 
measured  inputs  is  available.  And  it  can  be 
used  to  obtain  a  test  input  which,  if  the  struc¬ 
ture  survives,  proves  the  capacity  of  the  struc¬ 
ture  to  survive  those  inputs.  But  the  method  of 
IfR  does  not  prove  the  capacity  of  a  structure 
to  survive  inputs  which  will  be  generated  from  a 
random  source  in  the  future.  This  is  clearly 
impossible  since  the  structural  excitations 
i^ich  come  from  a  random  source  in  the  future 
may  be  much  more  severe  than  any  which  came  from 
that  source  and  were  measured  in  the  past.  In 
view  of  this,  there  exists  only  softe  nonunit 
probability  that  a  LFR  test,  which  is  based  on 
past,  measured  structural  excitations,  will  be 
conservative  with  respect  to  inputs  generated 
in  the  future.  In  this  section  we  define  a 
means  for  finding  the  probability  of  LFR  test 
conservatism  under  different  sets  of  circum¬ 
stances  . 


»j(t)  -  ^  H(«)  e^“^  du  , 


t  >  0  .  (2-9) 

We  can  force  t)ie  test  response  to  assume  the 
value,  I,  from  Equation  2-7,  at  a  time,  t  •  t., 
if  we  set 

1  /■  * 

^  y  -  I  . 

tjj  >  0  ,  (2-10) 

The  right-hand  equation  can  be  satisfied  by 
taking  X^(u)  as 

-i(^{u)'fut.) 

X^(u)  -  X^(w)  •  , 


we  analyse  the  conservatism  of  a  LFR  test 
in  two  situations.  The  first  situation  is  rel¬ 
atively  simple  and  specialised.  The  second  sit¬ 
uation  is  very  general,  and  Includes,  among 
others,  t))e  first  situation  as  a  special  case. 
The  elementary  situation  is  that  in  which  a 
single  input  measured  from  a  single  random 
source  is  used  to  specify  a  IFR  test  for  a 
structure  which  will  be  subjected  to  one  expo¬ 
sure  to  that  source  in  the  field.  The  second 
sere  general  case  is  that  in  tihich  one  or  more 
random  signals  measured  from  several  sources 
are  used  to  obtain  a  single  IFR  test,  and  the 
test  will  be  used  to  prove  a  structure  which 
will  be  subjected  to  one  or  more  exposures  from 
each  random  source  in  the  field. 

In  this  investigation  we  consider  two  ran¬ 
dom  shock  signal  sources.  Both  random  sources 
ue  characterized  in  the  following  way.  Let 
X(t),  |t|  <  ■>,  denote  the  continuous  parame- 
tered,  continuous  valued  random  process  to  be 
used  in  the  study.  X(t)  is  defined  by 


w  <  • 


(2-11) 


<  •• 


(3-1) 


X(t)  -  •(t)  Xp(t)  ,  lt| 


X.(t),  |t|  <  •,  is  a  stationary  normal 
random  process  with  zero  SMan  and  spectral  den¬ 
sity 


S(u)  -  S^,  jail  <  •• 


(3- la) 


The  function  e(t)  takes  the  two  forma 


SjCt)  -  H(t)  -  H(t  -  T)  , 
Itl  <  «  .  T  >  0 


(3-2a) 


and 


ej(t)  -  Ao"“^  H(t)  , 


t|  <  ■  ,  o  >  0 


(3-2b) 


|m(u)  |. 
|h(m)  I 


That  it,  we  let 

I  iHCm^)  I  -  , 


^  0  elsewhere 


%fhere 

^12/.^)  , 


Am, 

-  “t  *  2 


(3-4) 


JL  ■  1 ,  •  •  •  ,M 
(3-4a) 


Where  H(t)  is  the  Heaviside  unit  step  function, 
and  A,  a,  and  T  are  constants.  This  is  a  sepa¬ 
rable,  nonstatlonary,  normal  random  process. 

In  the  following  %fe  develop  a  methodology 
for  approximately  detersdnlng  the  probability 
that  a  shock  teat  is  conservative  when  it  is 
specified  using  the  m  method.  Mien  I  is  a 
LFR  baaed  on  a  collection  of  inputs  from  differ¬ 
ent  random  sources,  this  is  siagily  the  proba¬ 
bility  that  I,  as  ooBfiuted  in  Equation  2-7,  is 
greater  than  each  of  the  peak  structural 
responses  excited  by  a  random  input  frost  each  of 
the  underlying  sources.  To  find  this  proba¬ 
bility  we  must  find  the  probability  distribution 
of  the  LFR  for  each  of  the  situations  described 
previously.  Further,  we  must  find  the  peak 
response  probability  distribution  for  a  degree 
of  freedom  on  a  multl-degree-of-greedom  (HDF) 
structure  for  each  of  the  inputs  described  in 
Equations  3-1  and  3-2.  The  random  variables 
representing  the  m  and  the  peak  structural 
responses  are  independent  since  they  correspond 
to  shock  events  occurring  at  different  tlsws. 

In  view  of  this,  the  marginal  probability  den¬ 
sity  functions  (pdf)  for  these  random  variables 
provide  sufficient  inforsmtlon  to  cosgiute  the 
pro)9ability  of  test  conservatism.  Therefore, 
in  the  following  we  will  develop  approximate 
probability  distributions  for  the  UK,  I,  and 
the  peak  response  of  a  MDF  system  to  a  random 
input. 


and  ui  and  t  •  1,...,M  eure,  respectively, 
the  modal  frequencies  and  daag>lng  factors  for  i 

the  nodes  excited  by  the  input.  M  is  the  number  ' 

of  structural  modes  excited  by  the  input.  N,  is 
the  height  of  the  frequency  response  function 
curve  at  the  sxidal  frequency,  wt .  The  epproxi- 
metlon  actually  providee  an  upper  bound  on  the 
value  of  I  w)ten  ueed  in  Equation  3-3.  The  der¬ 
ivation  of  this  approxiawtion  ie  given  in  J^^n- 
dix  A  of  Reference  13.  This  approxlsmtion  takes 
advantage  of  the  fact  that  the  modulue  of  the 
frequency  response  function  of  a  lightly  damped 
system  is  relatively  large  near  the  system  sndal 
frequencies  and  relatively  mall  elsewhere. 

Using  this  approxiawtlon,  the  LFR  can  be  written 
•* 


,  M  /-“l 

'•r  I 

1-1  ‘A.-. 


t  A«,/2 


|x(w) I  dm  . 


(3-5) 

This  s)Knrs  that  the  UR  can  be  approximated  as 
the  sum  of  M  random  variables,  each  liaving  the 
form 


D.  -  H.  /  |X(w) I  dw  . 

*  *-'m,-A«,/2 


Ne  will  first  show  t)iat  the  UR  has  an 
approximately  normal  probability  distribution. 
Initially,  we  consider  t)M  single  input  case. 

The  forsnila  for  the  UR  given  in  Equation  2-S 
is  repeated  here. 

1  -  ^  /  |h(«)  I  |x(u)  I  dm  ,  (3-3) 

where  |h  (u)  |  is  the  cosiplex  leodulus  of  the  fre¬ 
quency  response  function  of  the  structural  sys¬ 
tem,  and  |x(u)|  is  the  complex  modulus  of  the 
Fourier  transform  of  the  input.  He  can  simplify 
this  formula  by  using  an  approximation  for 


t  -  1, . . .  fM  ,  (3-6) 

where  H.  is  a  constant.  It  is  clear  that  if  the 
collection  of  random  variables,  0,,  t  •  1,...,M, 
is  large  enough,  and  if  no  single  random  vari¬ 
able  dominates  over  all  the  ot)iers,  then  t)w 
Central  Lisdt  Theorem  requires  that  the  distri¬ 
bution  of  I  must  ai^roach  tlie  normal  distribu¬ 
tion.  In  practice,  even  if  the  sum  in  Equation 
3-6  is  composed  of  very  few  components,  the 
probability  distribution  of  I  will  be  nearly 
normal.  In  this  analysis  we  assume  that  the 
pro]>ability  distribution  of  I  can  be  taken  as 
normal  in  all  cases,  even  Mten  M  »  1.  The  rea¬ 
son  for  this  is  that  the  random  variable 


d!  -  /  |x(u)  I  dw  . 


1  ■  (3*7) 

has  a  Marly  nonial  distribution,  itself.  This 
arises  from  the  fact  that  the  integral  can  be 
written  as  a  stn  of  random  variables,  |x(u)|, 
and,  again,  from  the  Central  Lladt  Iheorem,  the 
distribution  of  a  sum  should  approach  a  nonul 
distribution. 

In  view  of  ths  above  assumptions  we  need 
only  to  estimate  the  first  two  swments  of  d{, 
twl,...,M  ,  to  eospletely  specify  the  distribu¬ 
tion  of  ths  LFR,  I.  In  all  cases,  the  first  two 
moments  of  oj^  can  be  approximately  computed.  In 
this  section  «te  will  write  the  expressions  for 
the  moments  of  dJ[,  and  in  Section  4.0  we  will 
derive  computational  fonnilaa  tdiieh  can  be  used 
in  a  noMrlcal  evaluation  of  the  moments.  The 
mean  of  oj  is  defined 


/•-I  — t 

!io;]  -  / 

J M  -Aw  / 


E(|x(u)  |]  du  , 


t  •  1,...,M  ,  (3-8) 


where  BI |x(u) |}  is  the  mean  of  the  modulus  of 
t^e  Fourier  transform  of  the  random  process, 
X(t),  and  usually  varies  with  frequency.  The 
Fourier  transform  is  defined 


/  X(t)  e"^"^  dt 


Once  the  expression  for  E[|x(m)|]  has  been  spec¬ 
ified,  the  mean  of  Dj  can  be  easily  oosputad, 
either  in  closed  form  or  nuMrlcally.  The  anal¬ 
ysis  Where  w«  obtain  E(D(ltor  the  random  proc¬ 
esses  defined  in  Equations  3-1  and  3-3,  is 
deferred  till  Section  4.0.  The  variance  of 
can  be  expressed 

/  eov(|x<w,)|, 

Wj-Amj/2  ^Wj-A«j/2  * 

|x(«j)|j  dm^dm,  , 

idiare  cov[|x(w,)|,  |x(w  )|]is  the  autocovar lance 
function  of  the  Fourier ^transform  of  the  random 
process,  X(t),  evaluated  at  frequencies  u  and 
u..  This  can  be  evaluated  once  the  autocevari- 
aflce  function  is  given,  and  a  technique  for 
approximating  the  autocovar iance  function  for 
the  random  processes  defined  in  Equations  3-1 
and  3-3  will  be  developed  in  Section  4.0. 


Mith  the  Information  provided  above  %#e  can 
find  the  mean  and  variance  of  the  random  vari¬ 
ables  Dj,  t  ~  1,...,M.  They  are 


EtDjJ  -  EtoJj,  t  «  1, 


ViDj)  ■  V(dJ), 


1,...,M 


(3-lOa) 


(3-lOb) 


Finally,  we  assume  that  the  random  variables  D, 
and  D.  are  uncorrelated  for  t  j.  This  is  a  * 
reasonable  assumption  tdxen  the  structural  isodes 
are  widely  separated,  l.e.,  tdten  there  is  little 
or  no  overlap  of  modal  bandwidths.  With  this 
assunption  we  can  write  the  expressions  for  the 
mean  and  the  variance  of  the  LFR,  I.  These  are 


1  " 

■  T  I  '  (3-lla) 


-—4-  I  VID  ] 

(v)^  1-1  ‘ 


(3-llb) 


Given  the  moments  of  the  IFR,  I,  t«e  can  now 
write  the  cumilatlve  distribution  function  (edf) 
for  I.  It  is 


■f-T*)' 


where  4(*)  is  the  cdf  of  a  standardised  nonsal 
random  variable.  The  cdf  described  in  Equation 
3-13  characterises,  approximately,  the  random 
behavior  of  the  LFR,  I,  when  I  is  based  on  one 
random  input. 

To  determine  the  probability  that  a  LFR 
shock  test  based  on  one  random  input  is  conser¬ 
vative  we  Biust  determine  the  probability  dis¬ 
tribution  of  the  peak  structural  response 
excited  by  a  shock  signal  from  the  random 
source  used  to  derive  the  test.  The  technique 
used  to  do  this,  approximately,  is  given  in 
Appendix  B  of  Reference  13.  The  technique  is  a 
standard  numerical,  Poisson  process  approach, 
described,  for  example,  in  References  9  and  10. 
He  will  denote  the  peak  response  random  vari¬ 
able,  A,  and  its  pdf,  Pj^(*)  •  Ths  probability 
that  the  LFR  shock  tescis  conservative,  p  ,  is 
the  probability  that  I  is  equal  to  or  grealer 
than  A.  This  can  be  computed  from 


L'[L 


Pj^(a)  da 


tdiere  p^(a)  is  the  normal  pdf  of  the  LFR  random 
variable.  I.  The  product  of  the  pdf's  of  the 
random  variables  I  and  A,  is  used  in  this 
expression  since  the  LFR  and  the  peak  response 
excited  by  different  random  inputs  are  inde¬ 
pendent.  As  shown  in  Reference  13,  the  proba¬ 
bility  law  governing  the  peak  response  is  not 
normal.  In  view  of  this  it  is  probably  only 


possible  to  obtain  a  good  approximation  to  p 
by  using  a  numerical  integration.  However,  we 
can  also  make  the  assun^tlon  that  the  r2utdom 
varletble.  A,  Is  approximately  normally  distrib¬ 
uted  to  compute  p  using  a  simple  formula. 

Nhen  this  is  done  we  obtain 


P 


<3-14) 


where  |x.|^  (u)  |  is  the  caag>lex  modulus  of  the 
Fourier  transform  of  the  signal,  X..  (t),  and  u  , 
t~l,...,M  ,  are  the  modal  frequencies  of  the 
system  under  consideration.  The  reason  we  are 
interested  in  finding  the  probability  distribu¬ 
tion  of  each  random  variable,  is  that  the 

IfR  is  based  on  these  quantities.  In  fact, 
from  Equation  2-6,  it  is  apparent  that  the 

of  ^e  LFR 

integral  in  the  frequency  range,  (id,  -  &(d,/2, 

<Dj  +  iiD^/2) .  '■ 


largest  of  the  values,  Djyt'  ^ 
k  1,  —  ,N  ,  governs  the  component 


I 


( 

I 

I 

I 
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tdiere  ii  and  a  are  the  mean  and  variance  of  the 
peak  response  of  a  structural  system  to  one  of 
the  random  inputs  defined  in  Equations  3-1  and 
3-2.  The  means  for  obtaining  these  parameters 
is  given  in  Appendix  B  of  Reference  13.  In  Sec¬ 
tion  5.0  some  numerical  examples  are  worked  to 
show  the  probability  of  conservatism  in  some 
sample  cases  when  one  input  is  used  to  derive  a 
shock  input.  We  expect  that  if  p  is  relatively 
high,  say,  greater  than  0.99,  then  the  degree  of 
conservatism  Inherent  in  the  method  of  least 
favoraUsle  response  is  high. 


t 


Let  us  define  the  random  variables  z  , 
1,...,M  ,  as  follows.  ^ 


>  max  D 

j.Jt 


jkt  ' 


1  **  l,a..,M 


(3-16) 


Then  based  on  Equation  2-7,  and  using  the 
approximation  in  Equation  3-4,  the  LFR  is 


I 


_1 

t 


t-1 


•*1 


(3-17) 


It  is  possible  to  obtain  the  probability  of 
conservatism  of  a  shock  test  in  a  more  general 
situation.  For  example,  we  can  find  the  proba¬ 
bility  of  conservatism  of  a  shock  test  when  sev¬ 
eral  excitations  measvired  from  one  random  source 
are  used  to  derive  a  shock  test  for  a  structure 
which  will  be  subjected  to  one  input  from  that 
random  source  in  the  field.  Also,  in  the  field 
a  structure  may  be  subjected  to  multiple  expo¬ 
sures  from  a  single  random  source,  and  several 
excitations  measured  from  that  source  may  be 
used  to  obtain  the  test  input.  We  can  obtain 
the  probability  of  conservatism  in  this  case. 
Most  generally,  in  the  field  a  structure  may  be 
subjected  to  one  or  more  exposures  from  one  or 
more  random  sources,  and  the  shock  test  may  be 
based  on  one  or  more  measured  environments  from 
each  of  the  random  sources .  We  can  estimate  the 
probability  of  conservatism  of  the  test  in  this 
case,  we  use  the  general  development  presented 
in  the  previous  part  of  this  section  to  compute 
these  probabilities  of  conservatism.  We  will 
consider  the  most  general  case  first,  and  then 
we  will  discuss  specializations  of  this  approach 
to  other  cases. 


We  wish  to  find  the  pdf  of  the  UR,  I,  when 
the  UR  is  based  on  several  random  inputs  from  a 
number  of  sources.  We  denote  the  jUi  input  from 
the  kth  random  source  as  Xj|((t),  j  -  1,...,N|^  , 
k  •  1 , . . . ,N  ,  I t I  <  •.  As  in  the  previous  anal¬ 
ysis  we  are  Interested  in  finding  the  probabil¬ 
ity  distribution  of  the  random  variable 


u,*tu,/2 


Jkt 


J  u  -Lai  /2 


Ix^k(-) 


diD 


1  ,  .  .  . 
1,...,N  , 
1 . M 


(3-15) 


This  is  the  LFR  derived  from  the  inputs  x..  (t), 
j  -  1,...,M  ,  k  -  1,...N  ,  |t|  <  •>.  Tto  find 

the  probedsility  distribution  of  I  we  must  find 
the  probability  distribution  of  the  largest  of 
the  values  D.^,  j  «  1,...,N.  ,  k  -  1,...,N. 

This  is  Z,.  ^TOis  distribution  is  an  extreme 
value  distribution.  We  have  already  established 
in  Equations  3-6  through  3-9  that  each  random 
variable,  D,.  ,  is  normally  distributed.  More¬ 
over,  we  wlll^show  in  Section  4.0  horn  the 
moments  of  D.,.,  can  be  obtained,  in  practice. 
Based  on  this,  we  can  find  the  desired  extreme 
value  probability  distribution.  In  Appendix  C 
of  Reference  13  we  derive  the  formulus  for  the 
cdf  of  the  largest  value  in  an  arbitrary  collec¬ 
tion  of  random  variables.  By  arbitrary,  we  mean 
that  the  collection  can  contain  random  variables 
representing  as  many  different  random  shock 
sources  as  desired,  with  as  many  inputs  from 
each  source  as  desired.  The  results  given  in 
Reference  13  can  be  used  to  find  the  pdf  of  Z. . 
We  denote  this  p  , (z).  This  can  be  used  to  find 
the  mean  and  variance  of  Z^  using  the  standard 
formulas . 


ElZ,]  ■  /  t  p_  (r)  dx  ,  t  ■  1 . M  , 

‘  *'o 

(3-18a) 

r "  2 

VlZj^)  ■  y  (X  -  EIZj^J)  |>2^(*>  d*  • 

t  ■  1 . K  .  (3-18b) 

We  note  that  the  probability  distribution  of  Z 
is  usually  nonnormal. 

Using  Equations  3-17  and  3-18  it  is  now 
lossible  to  compute  the  moments  of  the  UR,  when 
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■oaanf*  of  I  are 

E[ll  -  U.  -  I  H  E[2  ]  .  (3-19a) 

‘  1-1  ‘  * 

Vfii  .  oj  -  -i-  J  hJ  vie.)  . 

*  (»)*  1-1  ‘ 

As  before,  we  have  assumed  that  the  random  var¬ 
iables  and  are  Independent  for  j  1. 

Since  the  random  variables,  Z, ,  1  -  1,...M, 
are  not  normally  distributed,  the  tFR,  I,  is  not 
exactly  normally  distributed.  However,  the  IfR 
is  the  sum  of  M  random  variables.  If  the  number 
of  modes,  M,  is  large  enough,  then  the  random 
variable,  I,  will  have  a  distribution  which  is 
approximately  normal,  if  no  single  mode  domi¬ 
nates  the  sum  in  Equation  3-17.  In  this  analy¬ 
sis  we  assume  that  the  LFR,  I,  is  governed  by  a 
normal  distribution  and  its  moments  are  given 
in  Equations  3-19a  and  3-19b.  He  write  the  cdf 
of  I  as 

/a  -  Uj\ 

Pj(o)  -  — - — j  ,  --<*<-  .(3-ao) 


is  based  on  the  inputs  X..  (t) ,  j  •  1, 

,  k  -  1,...,N  ,  It  I  <  -.  'the  first  ttao 


This  cdf  characterizes  the  random  variability  of 
the  LTR  which  is  based  on  the  collection  of  In- 
ats,  j  -  l,...,Nj^  ,  k  -  1,...,N  , 


nr 


To  determine  the  probability  that  the  UTR 
shock  test  based  on  the  inputs  listed  above  is 
conservative,  we  must  know  the  probability  dis¬ 
tribution  of  the  largest  structural  response 
excited  by  the  collection  of  inputs.  In  Appen¬ 
dix  B  of  Reference  13  we  derive  the  probability 
distribution  of  the  peak  response  excited  by  a 
single  random  input.  He  used  this  to  find  the 
moBwnts  of  the  peak  response,  earlier,  and  we 
used  these,  along  with  a  norswl  assumption,  to 
find  the  probability  of  test  conservatism.  In 
the  present  case  we  must  describe  the  peak 
response  excited  by  a  collection  of  inputs 
applied  separately,  at  different  times.  To  do 
this  we  assume  that  the  individual  peak  response 
(response  excited  by  a  single  input)  probability 
distributions  are  normal.  Then  we  find  the 
extreme  value  distribution  for  the  greatest 
response  excited  by  the  entire  collection  of 
inputs.  These  analyses  are  performed  using 
the  approaches  of  Appendix  B  and  Appendix  C  in 
Reference  13.  Finally,  we  find  the  mean  and 
variance  of  the  highest  peak  response  excited 
by  the  collection  of  field  inputs,  and  we 
assume,  as  before,  that  this  random  variable  is 
normal.  He  use  this  information,  along  with 
Equations  3-19  and  3-20  to  find  the  probability 
of  test  conservatism.  Let  B(A]  -  y  and  V(A]  - 
0^  be  the  mean  and  variance  of  the  highest  peak 
response  excited  by  the  field  inputs.  Then  the 
conservatism  probability,  p^,  of  the  LFR  test 


derived  from  the  inputs,  x  (t) ,  j  -  1,...,M  . 
k  -  1, . . . ,N  ,  |t|  <  ",  is  ^ 


2 

where  y^  and  o  come  from  Equations  3-19a  and 
3-19b.  In  Section  S.O  some  numerical  examples 
are  worked  to  show  the  probability  of  conserva¬ 
tism  in  some  saBf>le  cases. 

Some  special  cases  arise  in  the  applica¬ 
tion  of  the  above  formulas.  Note  that„the  col¬ 
lection  of  random  inputs  is  given  by,  X..  (t) , 
j  “  1,...,M  ,  k  •  1,...,N  ,  |t|  <  ~.  To  con¬ 

sider  one  input  each,  from  several  random 
sources,  we  set  Nj^  *  1,  k  •=  I,...,N.  Hhen  sev¬ 
eral  random  inputs  from  one  source  are  to  be 
considered,  we  set  N  ■■  1.  Finally,  the  case 
considered  in  Equations  3-3  through  3-12,  i.e., 
the  one  input-one  source  case,  occurs  tdien 

N.  «  1,  N  -  1. 
k 

4.0  Computation  of  Least  Favorable  Response 
Parameters 


In  the  previous  section  we  developed  for¬ 
mulas  to  compute  the  probability  that  a  LFR 
test  is  conservative.  The  usefulness  of  the 
formulas  we  developed  depends  on  our  ability  to 
obtain  a  cong>lete  description  of  the  probabi¬ 
listic  character  of  a  random  process  which  is 
defined  as  the  Fourier  transform  of ’a  real  ran¬ 
dom  process.  In  this  section  we  consider  the 
problem  of  characterizing  the  probabilistic 
behavior  of  the  Fourier  transform  of  a  real  ran¬ 
dom  process.  This  is  Important  since  it  sup¬ 
plies  the  information  required  to  use  Equations 
3-8  and  3-9  in  Section  3.0.  He  consider  the 
random  processes  defined  in  Equations  3-1  and 
3-2,  and  for  convenience,  we  repeat  their  defi¬ 
nitions  here.  These  random  processes  are 
denoted,  X(t),  |t|  <  ",  and  are  defined  by 

X(t)  -  e(t)  Xp(t)  ,  lt|  <  ■  ,  (4-1) 

where  the  function  e(t)  takes  the  two  forms 

ej^(t)  -  H(t)  -  H(t  -  T)  , 

|t|  <  ■  ,  T  >  0  (4-2a) 


and 

S2(t)  -  Ae"“^  H(t)  , 

|tl  <  -  ,  a  >  0  ,  (4-2b) 

X^(t)  is  a  stationary,  zero  mean,  normal  random 
process  with  spectral  density, 

S(u)  -  S  ,  |a)|  <  "  (4-3) 

o 

H(t)  is  the  Heaviside  unit  step  function,  and 
A,  a  and  T  are  finite  constants.  The  Fourier 
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transforB  of  X(t)  is  defined 


X(ie)  -  f 


X(t)  e  dt  ,  1«|  <  •  .  (4-4) 


This  function  is  a  cos^lex  valued  random  proc¬ 
ess,  X(<i)) ,  |u|  <  **,  with  continuous  parameter, 
u.  This  Fourier  transform  random  process  will 
always  exist,  in  a  mean  square  sense,  as  long 
as  the  restrictions  on  a  and  T  are  satisfied. 

The  Fourier  transformation  converts  the  real 
valued  random  process,  X(t),  into  a  conqslex 
valued  random  process,  X(u) • 

We  can  express  the  random  process,  X(u)  in 
a  form  which  sheds  more  light  on  its  fundamental 
character;  that  is 

XCw)  ■  •  |w|  <  •  ,  (4-5) 

where 


processes,  X^((i>)  and  Xj(u).  First  obtain 
the  mean  of  the  random  process  |x(u) |.  For 
simplicity  of  notation,  we  will  denote  the  ran¬ 
dom  process,  X^(w) ,  evaluated  at  frequency,  u, 
by  X,,  and  vt  will  denote  the  reuidom  process, 
Xj(iiiT,  evaluated  at  frequency,  u,  by  X..  Xj^  and 
Xj  are  normal  random  variables  with  zero  swan, 
identical  variances,  o^,  2md  correlation  coeffi¬ 
cient,  P...  (The  values  used  for  the  moments 
will  be  §no%m  to  ):>e  reasonable,  later  in  the 
analysis.)  We  wish  to  find  the  following 
expected  value. 


E[|X(ui)  |l 


By  definition  this  is 
El|X(tti)  |) 


(4-7) 


P(Xj^,X2)  , 


X^(m)  -  X(t)  cos  wt  dt  ,  |u|  <  “  (4-5a) 

and 

X  (u)  -  -  /  X(t)  Sin  wt  dt  , 

*  (4-5b) 

w(  <  •  . 

Apparentljr,  the  Fourier  transform  of  the  random 
process,  X(t),  consists  of  real  and  imaginary 
parts,  X  (w)  and  Xj(u).  Each  of  these  parts  is 
a  nonstationary,  normal  random  process  with 
parameters  which  depend  on,  and  can  be  derived 
from,  the  parameters  of  the  random  process, 

X(t) .  The  complete  probabilistic  character  of 
the  pair  of  random  processes  X  (w)  and  X^(w), 

|u|  <  ••,can  be  fully  descrllsed  with  the  mean  and 
autocorrelation  function  of  each  random  process, 
and  the  cross  correlation  function  between  the 
pair  of  random  processes.  The  reason  for  this 
is  that  X  (w)  and  X  (w) ,  |w|  <  •,  are  normal 
random  processes  since  they  are  defined  using 
linear  operations  on  the  normal  random  process, 
X(t),  |t|  <  «.  Later  in  this  section  we  will 
derive  these  moment  functions  for  the  component 
random  processes,  X||(w)  and  X^(w). 

The  modulus  of  the  Foirier  transform  of  the 
underlying  random  process,  'x(t),  is  given  by 


(4-8) 

where  p(x. ,x,)  is  the  joint  pdf  of  a  pair  of 
nontally  dls&Dxited  random  variables.  p(x.  ,X2 
is  given  by 


P(Xj,X2) 


2itCT^Vl  “  P 


12 


exp 


- h - 2  ‘*1  ■  ^®12  *1*2  *^  ' 

2(1  -  Pjj)®  ^  12  I  2  2 


-  •  <  *  *  ‘ 

We  evaluate  the  integral  in  Equation  4-8  using 
the  following  approach.  Write  the  exponential 
function  in  the  joint  pdf  as  a  function  of 


fCpj^j)  ■  exp 


where 


Ir^  *  ■ 


•  Ipial  «  1  . 


(4-9) 


2o 


,  b  -  X*  ♦  Xj  ,  c  -  2Kj> 


2  • 


|X(u)  I  -  yx^(u)  ♦  Xj(w)  ,  |w|  <  -  .  (4-6) 

This  is  a  continuous  valued,  continuous  parame¬ 
ter  random  process.  We  wish  to  find  an  expres¬ 
sion  for  the  mean  and  autocovariance  function 
of  this  random  process.  Once  obtained,  these 
can  be  used  in  Equations  3-8  and  3-9  in  the 
previous  section.  These  can  be  obtained  in 
terms  of  the  moment  functions  of  the  random 


(4-9a) 


This  function  can  Ise  approximated  using  its  Tay¬ 
lor  series  expansion. 


'“•l2>  -  j,  ^  “>12» 


|Plj-0 


|P 


12' 


<  1 


(4-10) 
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And  whan  Ip,,!  ralatlvaly  small  this  series 
is  accurately  approximated  by  Its  first  three 

terms. 


fCPjj)  S  5(0)  +  f(0)  +  f"(0) 


1  •  <<“10a) 

We  use  this  approximation  In  Equation  4-8  to 
simplify  the  expression  to 


Illx{«)|]  sy  /  dXj 


V?^ 


2x0*  Vl  -  p! 


J  ^  -2  2  2  V  2 


/  X^  ♦  X*  \ 

****('  27^/' 


Now  m  perform  a  transformation  of  variables, 
bet 

Xj  -  r  eos  e  «  *2  “  ^  ® 


small  |p.,|.  As  p  approaches  zero  this  mean 
approaches  the  value 

eC1x(w)|]  -  O  (4-15) 

Ihe  mean  must  approach  this  limit  since  this  Is 
the  expected  value  of  the  square  root  of  the 
sum  of  the  squares  of  two  Identically  distrib¬ 
uted,  uncorrelated,  normal  random  variables. 

This  fact  verifies  the  accuracy  of  the  small 
correlation  behavior  of  this  expected  value 
estimate.  Later  we  will  derive  the  expression 
for  o  and  (these  vary  with  u)  in  terms  of 
the  parameters  of  the  underlying  remdom  process, 
X(t).  Then  the  above  expression  can  be  used  in 
Equation  3-8. 

(Xu:  next  task  is  to  estimate  the  au toco- 
variance  function  for  the  modulus  of  the  Fou¬ 
rier  transform  random  process,  |x(ui)|.  In  Ref¬ 
erence  13  we  propose  three  methods  for  obtain¬ 
ing  an  estimate  of  the  autocovariance  function. 
TWO  are  based  on  approximate  analyses  and  are 
very  efficient  in  a  computational  sense,  but 
less  accurate.  Another  is  based  on  a  Honte 
C^arlo  analysis  and  is  less  efficient,  but  more 
accurate.  In  this  paper  we  present  one  of  the 
approximate,  analytical  approaches.  By  defini¬ 
tion  the  autocovariiuice  function  can  be 
obtained  from  the  autocorrelation  function, 
therefore  we  find  a  method  for  estimating  the 
autocorrelation  function.  The  autocorrelation 
function  of  the  modulus  of  X(u)  is  by  defini¬ 
tion 


Then  the  mean  expression  becomes 


/■  *  /■' 

!l|x(w)  U  Z  f  M  J 


[>  *  “•/  •*” ' 

*  llcosLe_sinLe^fi2  j,-r' 


-rV2o2 


|p,,|  <  1  .  (4-13) 


This  Integral  can  be  evaluated  to  obtain 


E(|x(w) 


IPjjI  <  1  .  (4-14) 

This  Is  an  estimate  of  the  mean  of  the  modulus 
of  the  Fourier  transform  of  the  nonstationary 
random  procesa  defined  in  Equations  4-1  and  4-2. 
Note  that  this  expression  Is  most  accurate  for 


El|x(*)j^)l  |x(ii)2)1J 


l^(Wj^)  ♦  Xj(w^))  (X^(»2)  ♦  X^(«2>>  • 


We  simplify  this  notation  by  replacing  X_(w,) 
with  X,,  Xj(w,)  with  X^,  X  .  and 

X  (Uj)  with  xj.  In  terns  of  uese  random  vari¬ 
ables  we  wish  to  evaluate 


El|X(Uj)|  |X(»2)11 

-  E  ♦  *2>  *  *4>  I  • 

The  random  variables,  Xy  j  ■  1,2, 3,4,  are  nor¬ 
mally  distributed;  each^has  zero  mean  and  vari¬ 
ance,  The  correlation  coefficient  between 

random  variables  X.  and  Xj^  is  denoted  0  , 

j  A  k,  j,k  “  1,2, 3, 4.  The  appropriateness  of 
this  assignment  of  moments  will  be  demonstrated 
later,  when  the  moments  of  X_(u. )  through  X. (w.) 
are  computed  based  on  the  moMnts  of  the  raMom 
process  described  in  Equations  4-1  and  4-2. 


The  technique  which  we  develop  to  evaluate 
the  autocorrelation  function  of  the  modulus  of 
the  Fourier  transform  random  process,  |x(u) |, 
uses  a  normality  assianption  and  a  Taylor  series 
expansion  on  the  right  side  of  Equation  4-17  to 
obtain  the  approximation.  We  define 


V  »  (X^  +  Xj)  , 

2  -  (x|  +  X^)  . 


(4-18a) 


(4-ieb) 


In  terms  of  Y  and  Z  the  desired  moment  is 


E[|X(U^)|  IxtWj)  |]  -  E[»^]  .  (4-19) 

The  first  two  moments  of  the  random  variables, 
Y  and  Z,  can  be  obtained  using  Price's  Theorem 
[11] .  They  are 


EtY]  -  Uy  -  Et2l  -  Uj  - 

2d^  , 

(4-20a) 

V[y]  -  Oy  -  40^(1  +  p^j) 

# 

(4-20b) 

V(2]  -  Oj  -  40^(1  *  P34) 

i 

(4-20C) 

P0yC2  “  cov[V,2] 

-  2ff^pJ3  ♦  pj^  4  p^j  ♦  P^^)  . 

(4-20d) 

To  nuU(e  possible  a  computation  in  Equation  4-19 
we  assume  that  Y  and  Z  are  jointly  normally  dis¬ 
tributed,  even  though  they  are  not.  From  Equa¬ 
tion  4-19  we  obtain 

.  «  « 

E[|x(Uj^)l  IxCuij)!)  -y  iy  J  dz  p(y,r)  , 


p(y,z) 


2x0^ Vl  -  0^ 


1  .2 

— 5 - ^  ((y  -  Wy) 

20^(1  -  p'') 


2p(y  -  Uy)  (z  -  u_)  +  (z  - 


My^  I*  -  V  ♦  -  V  >  ' 


-■  <  y,z  <  •  .  (4-21a) 

To  evaluate  Equation  4-21  we  expand  the  func 
tion,  in  its  Taylor  series  about  the  point 

(VyiU^) I  and  we  retain  the  six  lowest  order 
terms.  This  yields  the  approximation 


1  Y  -  Uy  1  X  -  1.3 


■*■2  U, 


By  using  this  expression  in  Equation  4-21  we 
are  able  to  approximately  evaluate  the  autocor¬ 
relation  function  of  the  modulus  of  the  Fourier 
transform  random  process,  |x((i))|.  It  is 

E[|x(u^)|  |x(id3)|] 

.  2,'  (1  - 1  [j ,  (.Jj , 


"  "li  *  'L’ 


.  (4-23) 


As  stated,  this  is  simply  an  approximate  expres¬ 
sion.  It  is  approximate  since  Y  and  Z  have  t>een 
assumed  jointly  normal,  and  since  has  been 
replaced  with  the  lower  order  terms  of  its  Tay¬ 
lor  series.  As  the  interval  between  and  u, 
is  increased,  and  as  and  w,  become  '‘'large  in 
absolute  value,  all  the  correlation  coefficients 
approach  zero.  (This  will  be  shown  later.)  In 
this  situation  E[|x(u,)|  |x(u,)|]  approaches  the 
value  1.5  o^.  But  we‘' showed  In  Equation  4-16 
t))at  as  p.,  approaches  zero,  the  mean  of  the 
modulus  of^the  Fourier  transform  random  process 
s)iould  approach  ^777  o.  If  we  require  that 
|x(uj^)|  and  |x(u,)|  be  independent  as  u.  and 
becom  widely  separated,  we  must  adjusf^Equa- 
tion  4-23  slightly  so  that  E[ | X(u, ) ] , Ixfu.) | ] 
approaches  (ii/2)o*  rather  than  1.5  as  the 
correlation  coefficients  approach  zero.  He  do 
this  to  obtain  the  approximation 

Ellx(w^)l  IxCwj)!]  -T  ll  -•i[2 


‘“iZ  '‘m’  ■  '“13  *  •’14  ^23  *  ‘’L’ 


If  we  use  Equation  4-15  to  obtain  E[|x(Uj^)|l  and 
E(|x(u2)|],  then  the  product  of  these  expres¬ 
sions  can  be  subtracted  from  E[|x(Uj^)|  IxCu^)!], 
above,  to  obtain  the  autocovariance  function  for 
the  random  process,  |x(u)|. 

The  final  task  remaining  in  this  section  is 
to  estimate  the  moments  of  the  underlying  random 
variables  used  in  the  analyses  of  this  section. 
Particularly,  using  the  definitions  provided  in 
Equations  4-1  and  4-2,  we  wish  to  find  the 
moments  of  the  random  variables  defined  in 


Equations  4-Sa  and  4-Sb.  Specifically,  we 
require  the  means  and  variances  of  X  (u)  and 
Xj (u) ,  the  crosscorrelation  between  X  (u)  and 
X  (u) ,  and  the  crosscorrelations  between  X  (u. ) 
and  X  (Uj)  ,  X  (u.)  and  X  (u.) ,  and  X  (u  )  and 
X  (u.f.  We  Obtain  these^moments  in  the^fol- 
Imlhq.  We  consider  first  the  random  process 
formed  by  using  Equation  4- 2a  in  Equation  4-1. 
The  means  are  defined 

EtXj^(u))  -  EtXj(u)]  -  0  ,  lul  <  -  .(4-25) 

^e  reason  for  this  is  that  the  random  process, 
X(t),  has  mean  zero.  The  expected  value  of  the 
product,  X(ii)j)  X*(ti)2),  is  defined 

■/  ^2./  atj 


<  <  *  . 


Since  the  underlying  input  is  a  white  noise  ran¬ 
dom  process,  E(X(t^)  X(t2)l  can  be  written, 
approximately , 

E[5(t^)  XCtj)) 

2»Sjj  »  0  <  <  I 

-  .(4-27) 

0  t  Otherwise 

This  is  the  autocorrelation  function  of  the  in¬ 
put  random  process.  Use  of  this  expression  in 
Equation  4-26  results  in 

EIX(«j)  X*(s,2)]  T 


-■  <  uij.Wj  <  -  .  (4-28) 


Next  ve  evaluate  the  expected  value  of  the  prod¬ 
uct,  X(ii>j^)  X(u2).  Using  Equation  4-27  we  obtain 

4ltS-  /  w,  +  u,  \ 


<  “|»“2  <  “  .  (4-29) 


We  note  tliat  the  expected  values  of  the  products 
X(iiij)  X*(n),),  and  X(u  )  X(id2)  can  be  rewritten 
in  we  alternate  forms 


EfX(uj^)  X*  (uj)) 


EtXjj(Uj^)  Xjj(u2)l  +  E[Xj(uj^)  Xj(u,2)l 


+  i{-ElX|^(u^)  Xj(u.2)]  +  E[Xj(u)j^)  X|^(w2)l)  , 


-»  <  *  “  .(4-30a) 


E(X(uj^)  X(u2)) 


ElX|^(u,)  Xj^(u2))  -  ElXj(Uj^)  Xj(u2)l 


+  i{EtXj^(Uj)  Xj(u2))  +  E[Xj(i,i^)  X|^(w2)n  . 


<  u^fU^  *  “  •  (4-30b) 


Now  the  real  and  imaginary  parts  of  the  expres¬ 
sions  on  the  right-)iand  sides  of  Equations 
4-30a  and  4-30b  can  be  equated  to  the  real  and 
Imaginary  parts  on  the  right-hand  sides  of 
Equations  4-28  and  4-29.  This  yields  a  set  of 
four  equations  in  the  four  unlcnowns, 

EIX  (u  )  X  (u  )1,  ElX  (u  )  X  (u)  )1, 

Elx2(i.ip  X“(u2)l.  and'^ti  (uj)  X  (u  )  ]  .  These 
can^be^solved'^siraultaneously^to  obtain 


-"a,-  »in(ui2  -  Wj’*  '  (4-31») 


EIXj(u^)  Xjd-j))  -  11^  -  ■  “2’* 


- r -  sin(u,  +  01,)  T  ,  (4-31b) 

♦  Wj  1  2 


E(Xjj(Wj^)  Xj(iii2))  -  u  *  w  "  ‘"•‘'"’i*  “2*^^ 

- [1  -  cOs(ui,  -  u,)T]  ,  (4-31c) 

U)^  -  Wj  12 


EIXj(u.j)  X^(u,2)]  -  ■  ““'V  “2’*’ 


+  -  tl  “  cos  (id,  -  id,)T]  .  (4-3ld) 

IDj^  -  IDj  12 


where  in  all  cases,  -«•  <  (Dj^,u)2  <  ”,  When  we 
evaluate  Equation  4-31a  at  Uj^  ”  iDj  =  u>  we 
obtain  the  variance  of  X^M .  When  we  evaluate 
Equation  4-31b  at  u  ■  ui^  “  u,  we  obtain  the 


varlane*  of  (u) .  Hhon  wa  evaluate  Equation 
3-31C  at  M.  ■  u.  va  obtain  the  croaacorra- 

lation  between  X^(u).  Theae  are 


/-  sin  2iiiT  \ 

(4-31e) 

V*  2s.  )  ' 

/_  tih  \ 

(4-31f) 

r-  2m  )  ' 

*S 

-  (1  -  cos  2mT) 

2m 

.  (4-31g) 

where  in  all  casea  |u|  <  «.  Clearly,  when 
uT  >>  1,  the  variancea  of  the  real  and  imaginary 
ooaqnnents  are  approximately  equal. 


V[X^(u)]  Z  VtXj{«>)]  z  *SgT 


|<ii|  <  •  . 

(4-32) 


Moreover,  for  large  values  of  frequency  and 
large  frequency  differences  between  and  u  , 
the  correlation  coefficients  based  on  Equations 
4- 31a  through  4-31d,  and  4-31g  become  very 
SBUill.  In  view  of  Equations  4-25  and  4-32,  the 
assumed  values  used  for  the  moments  of  the  ran¬ 
dom  variables  X.,  j  •  1,2, 3,4,  preceding  Equa¬ 
tion  4-7  and  following  Equation  4-15,  are  shown 
to  be  reasonably  accurate. 

When  we  use  Eqpiatlon  4- 2b  in  4-1  to  define 
the  decaying  exponential  input  random  process, 
the  moments  we  obtain  for  X  (u^)  and  X^Cu^)  will 
be  different  from  those  listed'^above.  ^However, 
a  technique  Identical  to  that  presented  above 
can  be  used  to  find  the  moments  of  X^(Uj^)  and 
X  (Uj) .  The  only  difference  is  that  the  auto¬ 
correlation  function  of  the  input  random  process 


E(X(tj^)  XCtj)] 


2wSg  A*  • 
0  , 


2  -“‘^^2’ 


«(tj^  -  tjJ  'h'^2  *  ° 


otherwise 

(4-33) 


The  moments  for  the  component  random  processes 
follow. 


--2 


(20)  ^  +  (u^  -  Uj)  ^  J 


(2o)  +  (Uj  +  Uj) 


(4-34a) 


etXj(u^) 

(2o)  ^  ♦  (U),  ♦  III  )  ^  I 


1-^-^ 

L(2o)^  +  (Wj^  -  uij 


(4-34b) 


EtJL(o)  )  -  «S  - 5 - J 


“1  ’^"2 


“1  '  “2 

(2o)^  +  (41^  -  Uj)^ 


(4-34C) 


EtXi(s,,)  X^(u.2))  -  SSp  ^ 


“1  *  “2 


(2o>  +  (u^  +  u^) 


“1  ■  "2 

T  - 2“-± - 2 - -  ,  (4. 

(2o)  +  (u^  -  Wj)  . 

’'‘^•”•^[777*^]  '  '• 


(4-34d) 


V[Xj  (si)  J 


’^*0“  X 


2  2  .2^2 
La  0  T  s) 


,  (4-34f) 


»S-0)  f  1  1 

E[Xjj(s))  Xj(»))  •  -J-  — - 2  ' 

where  In  all  cases  -»  <10^412^”'  I“l  ^  "• 
When  111  »  o,  we  have 


v[x^(si)]  »  v[Xj(s))]  .  (4-35) 

As  in  the  previous  case,  the  correlation  coeffi¬ 
cients  derived  from  Equations  4-34  approach  zero 
as  and  are  made  large  and  moved  far  apart. 

5.0  Applications 

In  this  section  we  present  some  applica¬ 
tions  of  the  methods  developed  in  Sections  3.0 
and  4.0.  The  purpose  of  these  applications  is 
to  determine,  approximately,  what  protiabillty  of 
conservatism  exists  in  some  simple  situations 
(Exeuiples  1  through  4)  and  in  one  practical  sit¬ 
uation  (Example  5) .  The  five  numerical  exanqiles 
are  described  as  follows. 


1.  A  single  steady  shock  (a  steady  shock 
has  the  envelope  defined  in  Equation  3-2a)  is 
used  to  derive  a  LFR  test  for  a  sinqle-dagree- 
of-freedom  (SDF)  structure  where  this  structure 
is  to  be  subjected  to  one  input  in  the  field. 

2.  TWO  steady  shock  inputs  are  used  to 
derive  a  LFR  test  for  the  structure  of  example 
one,  where  the  structure  will  be  subjected  to 
one  input  in  the  field. 

3.  One  steady  shock  input  is  used  to 
derive  a  test  for  the  SDF  system  of  example  one, 
%diere  the  structure  will  be  subjected  to  two 
inputs  in  the  field. 

4.  TWO  decaying  exponential  oscillatory 
random  inputs  (a  decaying  exponential  random 
input  has  the  envelope  defined  in  Equation  3-2b) 
from  different  sources  are  used  to  derive  a  LFR 
test  for  a  SDF  structure,  where  the  structure 
will  be  subjected  to  one  input  from  each  source 
in  the  field. 

5.  Three  random  inputs  from  two  sources 
are  used  to  derive  a  LFR  test  for  a  multl- 
degree-of-greedom  (HDF)  structure,  where  the 
structure  will  be  subjected  to  three  inputs 
from  these  tvK>  sources  in  the  field. 

To  execute  the  analyses  described  above  we 
have  written  some  programs,  and  these  are  listed 
in  Appendix  0  of  Reference  13.  Three  of  the 
programs,  OUMBB,  DUMBZ,  and  DUMBC,  are  used  to 
evaluate  the  mean  and  variance  of  the  LFR,  I, 
using  the  three  different  methods  presented  in 
Reference  13  to  evaluate  the  variance  of  I. 

The  results  obtained  using  program  DDMBB  are 
presented  in  this  paper.  Another  program,  Yl, 
is  used  to  find  the  cdf  of  the  peak  response  of 
a  SDF  or  MOF  structure,  and  the  moments  of  the 
peak  response.  The  fifth  program,  DDMEXTA,  is 
used  to  find  the  pdf  and  moments  of  the  largest 
value  2unong  N  random  vari2d>les,  where  the  ran¬ 
dom  variables  are  mutually  Independent  and  each 
is  normally  distributed. 

5.1  Ex£UBple  One 

In  this  example  a  single  steady  shock  in¬ 
put  from  a  random  source  is  used  to  derive  a  IfR 
shock  test  for  a  SDF  structure  which  will  be 
subjected  to  one  input  from  that  source  in  the 
field.  The  parameters  of  the  steady  shock  input 
follow.  (Refer  to  Equations  4-2a  and  4-3) . 


Duration 

Input  spectral 
density 


T  “  15  sec 


2.  3 

4.13  cm  /sec 


The  SDF  system  parameters  follow.  (Refer  to 
Equation  3-4) . 

Natural  frequency  u.  ~  4it  *  12.57  rad/sec 
Damping  factor  «  0.03 


System  bandwidth 
tapllflcation 
factor 


3.69  rad/sec 
0.105  sec^ 


Program  DUMBB,  which  computes  the  moments 
of  I  following  the  approach  presented  in  this 
paper,  was  used  to  compute  the  moments  of  the 
IfR,  I.  He  obtained 

Wj  “  2.156  cm 

Oj  =  0.403  cm 

The  moments  completely  characterize  the  LFR  of 
the  SDF  structure  based  on  the  single  input. 

The  moments  of  the  actual  peak  response.  A,  to 
the  field  input  were  obtained  using  the  program, 
¥1.  The  mean  and  standard  deviation  of  tlie  peak 
response  are 

y.  “  0.976  cm  , 

A 

*  0.134  cm  . 

A 

Using  Equation  3-14  and  the  estimated  moments 
listed  alsove,  we  estimate  the  probability  of 
conservatism  of  the  LFR  test  to  be 

p  -  0.99726 
c 

Roughly,  this  states  that  over  99  percent  of  all 
structural  tests  using  the  LFR  method  and  based 
on  one  past,  measured  input,  will  be  conserva¬ 
tive  with  respect  to  a  future  input,  for  this 
structure.  This  result  shows  that  the  LFR  test 
possesses  a  high  degree  of  inherent  conserva¬ 
tism,  in  this  particular  situation. 

5.2  Example  Two 

This  example  is  identical  to  Example  One 
except  that  here,  two  inputs  from  the  random 
source  are  used  to  find  the  LFR.  As  tjefore,  the 
structure  will  be  subjected  to  only  one  shock 
input  in  the  field.  To  find  the  prol^ability  of 
sliock  test  conservatism,  we  must  find  the  dis- 
tritnition  of  I,  where  the  more  severe  of  the  two 
random  inputs  governs  the  value  of  I .  We  enter 
the  program,  DUMEXTA  (Reference  13) ,  with  the 
mean  value,  =  2.156,  the  standard  deviation, 
o  »  0.403,  and  the  fact  that  two  inputs  from 
the  same  random  source  are  being  considered. 

The  mean  and  standard  deviation  of  the  LFR,  I, 
based  on  the  more  severe  of  the  two  random  in¬ 
puts  are  obtained  from  program  DUMEXTA.  They 


Pj  “  2.397  cm  , 

Oj  =  0.352  cm  . 

Based  on  these  estimates  and  the  moments  of  A, 
given  in  Example  One,  the  probability  of  LFR 
test  conservatism  was  found  to  be 

p^  -  0.99992. 

We  conclude  that  when  two  Inputs  are  used  to 
obtain  a  LFR  test  and  only  one  input  will  k* 


experienced  by  the  structure  In  the  field, 
the  test  Is  almost  sure  to  be  conservative.  In 
general,  as  the  number  of  inputs  used  to  find 
the  U'R  test  is  increased,  the  probability  of 
conservatism  will  increase  rapidly,  if  the 
structure  is  to  be  subjected  to  only  one  input 
in  the  field. 

5.3  Example  Three 


Natural  frequency 
Damping  factor 
System  bandwidth  du 
Amplification  „ 

factor  "l 


S00(2v)  •  3142  rad/sec 
0.01 

376.5  rad/sec 
5.06  X  10  ®  sec^ 


Program  DUHBE  was  used  to  cosqmte  the  stoments  of 
the  LPR,  I,  corresponding  to  each  input.  He 
obtained 


This  example  is  identical  to  Exwple  One, 
except  that  here  the  structure  will  be  subjected 
to  two  exposures  from  a  single  random  source  in 
the  field.  As  in  Example  One,  only  one  measured 
input  is  used  to  specify  the  random  shock  test. 
In  this  case  the  larger  peeUc  structural  response 
excited  by  the  more  severe  of  the  t%<o  random 
inputs  governs  the  conservatism  of  the  test. 

The  test  input  must  excite  a  more  severe  struc¬ 
tural  response  than  the  more  severe  input  to  t>e 
conservative.  To  find  the  moments  of  the 
response  excited  by  the  more  severe  structural 
input  we  enter  the  program,  DUMEXTA,  with  the 
mean  value,  ‘  0.976  cm,  and  the  standard 

deviation,  o.  »  0.134  cm.  He  obtain 
A 

U.  »  1.052  cm  , 

A 

o,  =  0.111  cm  . 

A 


Input  1  Input  2 

Uj  -  0.0569  Uj  -  0.0583 

Oj  «  0.00741  Oj  -  0.00568 

From  these  moments  of  the  IfR  caused  by  each 
input  we  determine,  using  the  program  DUNEXTA, 
that  the  LFR  corresponding  to  the  more  severe 
input  has  the  following  stoments . 

>■  0.0614  cm  , 

•  0.00536  cm  . 

The  peak  response  excited  by  each  input  can  be 
analyzed  using  the  program,  Yl.  He  find  the 
stoments  of  the  peak  response  excited  by  each 
random  input  to  be 


These  are  the  approximate  mean  and  standard 
deviation  of  the  higher  of  the  two  structural 
responses  excited  by  two  Inputs  from  the  source 
of  Example  One.  Based  on  these  moments  and  the 
mean  and  standard  deviation  of  I,  given  in  Exam¬ 
ple  One,  we  find  the  approximate  probability  of 
conservatism  of  the  U'R  shock  test.  It  is 

p  =  0.99587  . 
c 

This  shows  that  the  probability  of  test  conser¬ 
vatism  diminishes  as  the  number  of  field  expo¬ 
sures  Increases,  if  only  one  test  is  used  to 
derive  the  input.  In  general,  this  behavior 
can  be  anticipated  in  situations  like  this.  The 
decrease  is  slight,  though,  in  this  case.  The 
reason  for  this  is  that  is  much  larger  than 
in  Equation  3-14. 

5.4  Example  Four 

In  this  example  two  decaying  exponential 
oscillatory  shock  inputs  from  different  random 
sources  are  used  to  derive  the  shock  test  input 
for  a  SDF  structure  which  will  be  subjected  to 
one  exposure  from  each  random  source  in  the 
field.  The  parameters  of  the  shock  sources  fol¬ 
low.  (Refer  to  Equations  4-2b  and  4-3)  . 

Multipliers 

Ai  -  1 

Decay  constants^^ 

”  7.0  sec 

Input  spectral  density 
S,  -  25,000  cmVsec^ 

I  1 


Oj  “  4.0  sec 

Sj  •  15,000  cmVsec^ 


■  0.0263  cm  •  0.0225  cm  , 

’’ai  “  0.00348  cm  ■  0.00278  cm  , 

where  the  nusierlcal  su]»script8  correspond  to  the 
inputs.  He  can  use  the  program  DUMEKTA  to 
determine  the  moments  of  the  response  excited  by 
the  more  severe  input.  These  are 

y^^  “  0.0268  cm  , 

•  0.00303  cm  . 

Based  on  the  moments  for  the  LFR,  I,  and  the 
worst  field  response.  A,  we  determine  the  prob¬ 
ability  of  test  conservatism  using  Equation 
3-21.  It  is 

Pc  -  1  -  1°'®- 

This  result  shows  that  the  test  is  almost  cer¬ 
tain  to  be  conservative. 

5.5  Example  Five 

Our  final  example  uses  two  decaying  expo¬ 
nential  oscillatory  inputs  from  one  random 
source  and  one  steady  input  from  another  random 
source  to  obtain  a  test  for  a  MDF  structure 
which  will  be  subjected  to  three  inputs  from 
the  two  sources  in  the  field.  Source  number  one 
will  excite  the  structure  twice  in  the  field  and 
two  records  are  available  from  that  source. 
Source  number  two  will  excite  the  structure 
once,  and  one  record  from  that  source  is  avail¬ 
able.  The  parameters  of  the  random  shock 
sources  follow. 


where  the  subscripts  refer  to  the  different  ran¬ 
dom  sources.  The  SDF  system  parameters  follow. 
(Refer  to  Equation  3-4) . 
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Multipliers 
*1  “  ^ 

Decay  con8tent_j^ 
a.  •  100  sec 
Duration  of  input 
Input  spectral  density  . 
S.  -  1.8  X  10'  cmVsec'’ 
S, 


0.015 


1.0  X  10 


3 

cm  /sec 


Three  andes  of  the  structure  under  consideration 
will  be  excited  by  all  the  inputs.  (Each  input 
could  excite  a  different  number  of  modes.)  The 
system  parameters  ue 


Vj  ~  2.48  cm  , 
o.  >  0.180  cm  . 


Program  Y1  was  used  to  find  the  moments  of 
the  peak  response  excited  by  each  random  source. 
These  are 


Input 

No. 

1 

2 


Wj^Ccm) 

0.941 

1.134 


U, (cm) 

0.190 

0.251 


Modal  frequencies 


Modal  damping 


Modal  bandwidth 


Modal  astpllflca- 
tlon 


•  2824  rad/sec 
Uj  ~  4809  rad/sec 

«  10/554  rad/sec 

C.  •  0.02 
C,  -  0.01 
Cj  -  0.005 

•  598  rad/sec 
Auj  “  576  rad/sec 
Au^  ~  705  rad/sec 

H  -  8.9  X  10“|  sec^ 
H,  -  4.7  X  10,  sec, 
Hj  -  1.1  X  10  sec'' 


This  information,  and  the  fact  that  the  struc¬ 
ture  will  be  subjected  to  two  realizations  of 
input  one  and  one  realization  of  input  two  in 
the  field,  were  used  to  find  the  moments  of  the 
liigher  peak  response.  These  are 

V.  -  1.21  cm  , 

A 

«  0.187  cm  . 

Finally,  the  moments  of  the  IfR  and  the  peak 
field  response  were  used  in  Equation  3-21  to 
obtain  the  probetbility  of  test  conservatism. 

It  is 

p  -  0.9969  . 


Mode  Shapes  (Normal) 

Degree  of  Freedom 


1 

2 

3 

Mode 

Mo. 

1 

2 

3 


-0.37 

0.59 

1.58 


-8.00 

9.06 

4.76 


-1.58 

2.38 

5.32 


-15.13 

10.48 

-16.45 


-3.94 

5.38 

8.49 


-38.46 

35.63 

2.06 


Note  that  six  structural  degrees  of  freedom 
are  considered. 


Apparently,  the  test  conservatism  in  this  com¬ 
plicated  case  is  almost  certain. 

6.0  Summary,  Conclusions  and  Recommendations 

In  this  report  we  have  established  an 
approximate  procedure  for  computing  the  proba¬ 
bility  of  conservatism  of  a  least  favorable 
response  shock  test.  In  the  most  general  case 
we  showed  how  to  find  the  probability  of  test 
conservatism  when  a  structure  is  subjected  to 
multiple  random  shocks  from  several  sources  in 
the  field,  given  that  one  or  more  shock  acceler¬ 
ation  records  are  available  from  each  random 
source. 

He  showed  that  the  computations  outlined 
in  the  text  could  be  performed  by  working  five 
numerical  examples.  In  these  examples  we 
showed,  in  a  limited  sense,  that  when  one  input 
record  is  available  from  each  source  and  for 


Program  DUHBB  was 

used  to 

find  the 

moments  of 

each  BMdal 

component  of  the  LFR,  I. 

These  are 

Inpt 

It  1 

liu 

>ut  2 

Mode 

No. 

Uj(cm) 

Oj(cm) 

Pj(cm) 

Oj(cm) 

1 

1.12 

0.371 

1.45 

0.443 

2 

0.58 

0.191 

0.74 

0.229 

3 

0.016 

0.005 

0.21 

0.059 

This  information,  and  the  fact  that  two  records 
of  input  one  and  one  record  of  input  two  are 
available,  were  used  to  find  the  moments  of  the 
overall  LFR.  These  are 


each  input  that  the  structure  will  be  subjected 
to  in  the  field,  and  when  these  are  used  to 
obtain  a  test  input,  then  the  probability  of 
test  conservatism  is  high,  that  is,  over  ninety- 
nine  percent.  When  more  inputs  are  used  to 
obtain  a  test  than  the  structure  will  be  exposed 
to  in  the  field,  then  the  probability  of  test 
conservatism  increases  rapidly  to  a  point  where 
test  conservatism  is  practically  certain.  When 
fewer  inputs  are  used  to  obtain  a  test  than  a 
structure  will  be  e]q>osed  to  in  the  field,  then 
the  probability  of  test  conservatism  decreases. 
But  we  expect  that  the  number  of  field  exposures 
must  be  relatively  large  for  the  probability  of 
conservatism  to  decrease  below  ninety  percent. 

In  all  the  situations  considered  the  probability 


of  test  conservatism  was  high. 


References 


Several  approximations  were  made  which 
were  critical  to  the  analyses  performed  in  this 
report.  The  three  primary  approximations  were 
the  following. 

1.  The  complex  modulus  of  the  frequency 
response  function  of  a  linear  system  was  approx¬ 
imated  using  a  function  which  is  constant  in  the 
region  of  greatest  modal  amplification  and  zero 
everyvdiere  else  (Equation  3-4)  . 

2.  In  the  probability  of  conservatism 
computation  the  probability  distribution  of  the 
peak  response  of  a  linear  structure  was  taken 
to  be  normal  (Equation  3-14  and  preceding) . 

3.  The  probability  distribution  of  the 
least  favorable  response i  I>  was  taken  to  be 
normal  (Equation  3-12) . 

“nie  roost  important  of  these  approximations  is 
the  first.  In  Appendix  A  of  Reference  13  we 
show  that  this  approximation  is  based  on  the 
assumption  that  the  first  few  moments  of  the 
complex  modulus  of  the  Fourier  transform  of  the 
random  process  input  are  slowly  varying  in  the 
regions  of  the  system  modal  frequencies .  The 
accuracy  of  this  assumption  could  t>e  easily 
checked  for  various  specific  inputs  using  a 
Monte  Carlo  analysis.  In  fact,  this  assumption 
could  be  eliminated,  but  that  would  increase 
the  complexity  of  the  computations  and  Increase 
the  computer  time  for  the  numerical  analyses. 

The  second  assumption  listed  a)30ve  is  less 
Important  than  the  first.  This  assumption  is 
probably  not  very  accurate,  but  it  could  easily 
be  eliminated  by  writing  a  computer  program  to 
evaluate  Equation  3-13.  In  view  of  the  existing 
inaccuracy,  the  values  of  probability  of  test 
conservatism,  p  ,  given  in  the  numerical  exam¬ 
ples  can  only  be  taken  as  indicators  of  the 
probability  of  conservatism,  yielding  results 
which  are  correct  in  a  relative  sense. 

The  third  assumption  listed  is  very  impor¬ 
tant,  and  probably  quite  accurate.  This  assump¬ 
tion  could  be  easily  checked  for  specific  random 
sources  using  a  Monte  Carlo  analysis. 

The  supplanentary  analyses  discussed  above 
should  be  performed  to  Improve  our  ability  to 
accurately  predict  the  probability  of  conserva¬ 
tism  of  a  structural  test  specified  using  the 
metitod  of  least  favorable  response.  More  impor¬ 
tant,  though,  the  results  of  the  present  study 
should  be  simplified  and  put  into  an  experi¬ 
mental  design  framework,  so  that  these  who  wish 
to  Specify  a  least  favorable  response  test  for 
a  laboratory  or  analytical  experiment  could  do 
so,  and  could  easily  compute  the  prot>abllity  of 
conservatism  of  that  test. 
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CALCULATING  RESPONSES  IN  HULL  MOUNTED  ITEI6  OF  EQUIPMENT  IN  SUBMARINES 
COMPARED  WITH  MEASUREMENTS  CARRIED  OUT  DURING  SHOCK  TESTS 


K.  Hellqvist,  MScME 
Kockums  AB,  Malad,  Sveden 


The  paper  describes  a  method  developed  in  Sweden  for  calculating  re¬ 
sponses  of  items  and  outfits  mounted  in  submarines  subjected  to  under¬ 
water  explosions.  The  shock  form  is  described  by  means  of  the  Fourier 
transform  of  the  acceleration-versus-time  graph.  Dynamic  properties  of 
hull  and  items  are  defined  by  their  inertances.  The  method  enables  re¬ 
sponses  of  items  and  outfits  to  be  calculated  using  the  above  quantities 
whilst  taking  into  account  the  reaction  between  units  and  hull  structure. 
The  method  has  been  used  on  results  from  measurements  on  a  specially  de¬ 
signed  structure  in  the  'Steel  Mosquito'  and  the  results  obtained  are  pre- 
sented  in  this  paper. _ 


GENERAL 

In  1972  work  on  developing  methods  for  calcu¬ 
lating  stresses  in  submarine  hull  and  equipment 
subjected  to  shocks  from  underwater  explosions 
was  investigated  in  Sweden.  This  developnent 
work  is  sub-divided  into  four  different  peurts: 
hull  design,  design  of  internally  mounted  out¬ 
fits,  design  of  externally  mounted  outfits  and 
design  of  items  pertaining  to  sea-water  piping 
systems  respectively.  At  the  explosion  tests 
with  the  'Steel  Mosquito'  in  1978  measurements 
were  carried  out  to  be  used  for  verifying  these 
methods . 

This  paper  deals  with  experiences  from  an  at¬ 
tempt  to  verify  the  method  of  designing  intern¬ 
ally  mounted  outfits.  As  the  paper  is  focused 
on  the  practical  application  of  the  method  rel¬ 
evant  theory  is  only  dealt  with  in  brief. 


PROBLEM  APPROACH 

The  goal  is  to  develop  a  method  for  the  calcu¬ 
lation  of  stresses  due  to  shocks  in  outfits 
under  the  assumption  that  the  oscillatory  move¬ 
ment  is  known  in  such  peu'ts  of  the  hull  where 
the  unit  will  be  mounted.  The  movement  is  only 
known  with  regard  to  an  unloaded  hull  structure 
i.e.  the  unit  is  not  mounted.  The  dynamic  pro¬ 
perties  of  the  unloaded  hull  structure  are 
known. 

For  calculating  the  stresses  it  is  hence 
necessary  to  recalculate  the  movements  of  the 


unloaded  hull  structure  to  such  where  the 
structure  is  loaded  with  the  unit.  Such  move¬ 
ments  can  subsequently  be  used  for  determining 
stresses  in  the  unit. 


REQUIREMENTS  FOR  THE  CALCULATION  METHOD 

The  calculation  method  requires  that  the  unit 
interacts  on  the  oscillatory  movement  of  the 
hull  structure.  It  is  also  assumed  that  the 
oscillatory  movement  can  be  described  by  linear 
differential  equations  and  that  resonant  fre¬ 
quency  and  damping  are  typical  for  the  complete 
structure  in  question.  Hull  movements  are  de¬ 
scribed  by  the  Fourier  transform  of  the  accel- 
eration-versus-time  sequence  as  measured  at  ex¬ 
plosion  tests.  The  dynamic  properties  of  unit 
and  hull  structure  are  described  by  means  of 
inertances,  which  may  be  either  measured  or 
calculated. 


THEORY  OUTLINE 

The  theory  for  the  calculations  which  is  fairly 
complicated  can  be  found  in  Ref.  (1)  and  (2). 
The  present  paper  only  describes  briefly  and  in 
a  simplified  form  the  mathematical  operation 
used  in  the  calculation  methods. 

Outfit  and  hull  are  regarded  as  linear  systems 
characterised  by  complex  point  inertances 
Yii(u)  and  transfer  inertances  Y..(u), 
see  Figure  1 .  Point  movements  ar^'^  decribed  by 


the  Fourier  transforms  of  the  acceleration- 
versus-time  sequences. 

vnien  the  two  systems  are  separate,  i.e.  not 
connected,  the  following  equations  apply: 

V^(u)  « 

VgCui)  ■  512^1^“^  *  ^22^2^"^ 

=  533F3(“)  ♦  Y3i**’u(“^ 

V^(u,)  «  Y3^F3(u.)  ♦  Yi,i,F^(a.) 

When  the  systems  are  connected  together  as  in 
Figure  2,  the  following  equations  apply: 

V*(u)  -  Y,,F^(u.)  ♦  yi2*’2^“* 

«  Yi2F2(“)  ♦  Y22F2(“)  "  "  *33^2^“' 

V[('<')  -Y3^F*(«) 

If  the  acceleration  a||(u)  in  point  No.  U  in 
the  interconnected  system  shall  he  calculated 
for  an  acceleration  A2(u)  in  point  No.  2  in  the 
separate  systems,  the  following  equation  holds: 


“  I - ::: - 

Yggfu)  ♦  Y33(") 


The  time  sequence  can  then  he  obtained  hy  on 
inverse  Fourier  transform  of  A^(u). 

If  the  point  inertance  Y  *  (w)  ah<U.l  he  de¬ 
termined  in  the  interconnected  system  and  if 
point  and  transfer  inertances  for  the  two  sys¬ 
tems  are  known  when  not  interconnected,  the 
following  equation  holds: 


Y  Y  Y 

22  22  33 


The  above  equations  which  concern  systems  hav¬ 
ing  two  points  and  one  degree  of  freedom  in 
each  point  can  be  generalized  to  systems  hav¬ 
ing  several  points  and  several  degrees  of  free¬ 
dom  in  each  point.  In  this  cose  the  equations 
will  contain  matrices  instead  of  single  spectra. 
Matrix  elements  will  consist  of  complex  point 
and  transfer  inertances  and  of  Fourier  trans¬ 
forms.  Matrix  size  will  hecoise  a  function  of 
No.  of  points  and  No.  of  degrees  of  freedom  in 
each  point. 


^is  calculation  method  has  been  tested  in  two 
cases  in  which  the  unit  had  two  points  of 
attachment  and  one  point  of  response.  In  one 
case  there  was  one  degree  of  freedom  and  in  the 
other  two  degrees  of  freedom. 


MEASUREMEHTS  FOR  VERIFYING  THE  CALCULATION 
METHOD 

Measurements  for  verifying  the  calculation 
method  were  made  on  an  especially  built  dummy 
unit  mounted  on  the  pressure  hull.  The  dummy 
unit  had  two  well-defined  points  of  attachment 
and  a  shape  reasonably  suitable  for  finite  el- 
oient  simulation.  Response  calculations  were 
based  on  results  from  inertance  measurements 
on  the  dusmy  resiliently  suspended  in  the  lab¬ 
oratory,  inertance  measurements  on  board  the 
'Steel  Mosquito*  and  measurements  of  hull 
structure  accelerations  at  explosion  tests. 

Calculations  for  two  cases  have  been  performed. 
In  the  first  case  the  aim  was  to  verify  that 
interaction  between  dumsy  and  hull  can  be  taken 
into  account  by  calculating  the  point  inertance 
in  the  hull  structure  with  the  duasay  in  situ 
frcm  inertances  of  the  dummy  measured  with  it 
resiliently  suspended  in  the  laboratory  and 
those  of  the  unloaded  'Steel  Mosquito'  hull 
structure.  The  thus  calculated  point  inertance 
of  the  hull  structure  loaded  with  the  duaany 
unit  was  then  compared  with  the  measured  inert¬ 
ances. 

For  laboratory  inertances  the  dvaomy  was  sus¬ 
pended  in  rubber  ropes,  see  Figure  3.  The 
resonance  frequency  of  the  rigid  duamay  when 
suspended  is  approx.  $  Hz  whilst  its  lowest 
internal  resonant  frequency  is  approx.  130  Hz. 
The  measureamnts  were  made  using  transient  ex¬ 
citation  of  the  oscillatory  movement  and  the 
inertances  are  the  mean  of  some  teh  measure¬ 
ments.  Modal  analysis  was  performed  on  the 
results  prior  to  the  calculations. 

In  the  'Steel  Mosquito'  the  dvasmy  was  mounted 
onto  the  hull  by  bolting  it  to  two  adjacent 
frames  keeping  it  parallel  with  the  main  axis 
of  the  'Steel  Mosquito'.  See  also  Figure  U. 

Inertance  measurements  on  the  'Steel  Mosquito' 
were  carried  out  when  it  was  surfaced  and 
moored.  Transient  excitation  was  used  and  the 
inertances  were  the  mean  of  aome  ten  measure¬ 
ments.  Modal  analysis  was  not  performed  on  the 
results.  Hull  inertance  measurements  were  made 
with  and  without  the  dvauay  unit  mounted  to  the 
hull  structure. 

In  the  second  case  the  aim  was  to  verify  that 
the  response  can  be  calculated  using  inertance 
measurements  on  the  dummy  in  the  laboratory, 
inertance  measurements  on  the  unloaded  hull 
structure  and  acceleration  measurements  in  the 
hull  when  subjected  to  shock.  Calculated  re¬ 
sponses  are  then  compared  with  responses 


measured  at  explosion  tests.  In  this  case  un¬ 
loaded  hull  inertances  were  measured  at  a  div¬ 
ing  depth  of  90  m. 


CALCULATIONS 

Determining  the  Inertance  Matrix  for  the  Hull 
Attachment  Points 

Calcinations 

In  the  calculations  it  is  assumed  that  the 
points  of  attachment  and  the  response  points 
have  tvo  degrees  of  freedom.  The  directions 
of  movement  lie  in  the  radial  and  the  tangen¬ 
tial  directions  of  the  hull  respectively. 
Longitudinal  movements  are  disregarded. 

The  inertance  matrix  5^^  for  the  points  of 
attachment  in  the  hull  with  the  dummy  unit 
mounted  calculated  using  the  inertance 
matrix  for  the  dummy  measured  when  freely 

suspended  in  the  laboratory  and  the  inertance 
matrix  for  the  unloaded  points  of  attach¬ 
ment  in  the  hull. 

The  following  formula  was  used  for  the  calcu¬ 
lation: 

^  f  A  -1  ,  -1 

f  ■  {  [y  ]  ♦  (  Y  1  } 

UU  ‘  UU''  uu  ' 


Detemining  the  Response  in  Outfits  at  Ex¬ 
plosion  Tests 

Calci^^ons 

In  the  calculations  it  is  assumed  that  the 
points  of  attachment  and  the  response  points 
have  one  degree  of  freedom  only  and  with  a  di¬ 
rection  of  movement  in  the  radial  direction  of 
the  hull. 

!nie  response  in  one  point  of  the  unit,  see 
Figure  8,  was  calculated  using  the  dummy  inert¬ 
ance  Y*  measured  when  freely  suspended  in  the 
laboratory,  inertance  yJ^^  measured  in  frames 
of  the  hull  structure  wgen  dived  at  90  m  and 
the  Fourier  transform  a“  of  the  acceleration 
of  an  unloaded  frame  when  subjected  to  an  ex¬ 
plosion  test,  again  with  the  'Steel  Mosquito' 
dived  at  90  m. 

The  following  formula  was  used  for  the  calcu¬ 
lations  : 

,  A,  A^#,-1,o 

A"Y  lY  ♦YJ  a 
r  ru  ^  uu  uu  u 

Also  in  this  case  block  size  was  I4O96  points, 
sampling  frequency  $  kHz  and  digital  filtering 
was  used. 


Results 


The  calculations  were  made  with  inertances  hav¬ 
ing  a  block  size  of  1)096  points.  Sampling  fre¬ 
quency  was  in  this  case  reduced  to  3  kHz  and 
digital  filtering  was  used. 


Res^^ 

Figure  6  shows  that  the  duimy  unit  interacts  to 
a  certain  degree  on  the  hull  structure.  Figure 
7  shows  that  the  calculated  inertance  is  in 
reasonably  close  agreement  with  the  measured 
one. 

The  calculations  include  inverting  of  U  x  U 
matrices  with  elements  consisting  of  inertances 
having  a  block  size  of  U096  points.  For  in¬ 
verting,  conventional  signal-analysis  calcu¬ 
lation  methods  were  used.  It  was  found,  how¬ 
ever,  that  these  were  not  sufficiently  accurate 
for  this  type  of  operations,  producing  rela¬ 
tively  large  errors  varying  randomly  with  fre¬ 
quency.  A  great  part  of  the  discrepancies  be¬ 
tween  calculated  and  measured  inertances  of  the 
hull  structure  can  thus  be  traced  back  to  the 
method  for  inverting  this  type  of  matrices  not 
being  adequately  developed.  Some  part  of  the 
diacrepcuicies  may  depend  on  phase-errors  that 
can  be  derived  from  bad  accuracies  in  the 
measurements  cmd  invertions  of  transducer  di¬ 
rections. 


Figures  9  and  10  show  that  the  calculated  re¬ 
sponse  fairly  closely  coincides  with  the 
measured  response.  The  agreement  appears  bet¬ 
ter  them  in  the  preceeding  calculation  case  in 
spite  of  the  calculations  being  more  approxi¬ 
mate  than  in  the  first  case  owing  to  a  decrease 
in  number  of  degrees  of  freedcxs. 

To  a  certain  extent  the  low  amplitude  of  the 
measured  response-versus-time  curve  depends  on 
a  slightly  overloaded  signal. 

By  decreasing  the  number  of  degrees  of  freedom 
and  hence  decreasing  the  matrices,  matrix  in¬ 
verting  becomes  much  more  improved  than  in  the 
former  case  thus  enhancing  accurary. 

Figure  10  shows  that  the  noise  level  has  in¬ 
creased.  Calculation  experiences  show  that  the 
noise'  level  heavily  depends  on  the  manner  used 
for  signal  analysis  in  the  calculations. 


EXPERIENCES 

In  spite  of  the  calculations  in  the  last  case 
employed  more  approximations  than  the  first 
one,  calculation  results  were  superior.  This 
is  supposed  to  stem  from  the  fact  that  calcu¬ 
lation  accuracy  quickly  deteriorates  as  matrix 
inversion  becomes  less  accurate  with  larger 
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matrices.  An  improved  program  for  inverting 
matrices  consisting  of  spectra  would  probably 
alter  this. 

Experiences  from  the  calculation  methods  de¬ 
scribed  above  show  that  sophisticated  mquipnent 
and  extensive  knowledge  in  a  variety  of  fields 
are  of  vital  importance.  Measuring  movements 
at  shock  and  dynamic  properties  of  dummy  and 
hull  structures  require  great  accuracy. 

The  results  obviously  show  that  the  calcu¬ 
lation  method  can  be  used  on  equipment  intern¬ 
ally  mounted  in  a  submarine  when  subjected  to 
shock.  The  results  of  calculations  hitherto 
performed  indicate  that  calculation  accuracy 
can  be  improved  using  this  method  as  compared 
to  methods  bMed  on  shock  spectra.  It  is  hence 
considered  advantageous  to  improve  signal  ana¬ 
lysis  methods  with  a  view  of  applying  them  for 
anti-shock  design  work.  Work  will  consequently 
be  directed  towards  solving  application  prob¬ 
lems  with  the  above  descr'ibed  methods  and  in¬ 
clude  these  in  the  present  submarine  projecting 
work. 


Figure  7 


Figure  8 
Figure  9 


Figure  10 


Comparison  between  measured 
and  calculated  point  inert- 
ance  in  a  radial  direction  in 
the  hull  structure  with  mount¬ 
ed  dummy.  (Vertical  scale  in¬ 
correct  ) 

Point  of  response  of  dummy. 

Comparison  between  Fourier 
transforms  of  calculated  and 
measured  responses.  (Vertical 
scale  incorrect) 

Comparison  between  calculated 
and  measured  response-versus- 
time.  (Vertical  scales  are 
the  same  for  both  graphs  but 
their  absolute  values  eu’e  in¬ 
correct  ) 
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Figure  1  Simple  systems  representing 

dummy  unit  and  hull  structure. 


Figure  2 


Figure  3 

Figure  U 
Figure  5 


Two  interconnected  simple  sys¬ 
tems  having  one  unloaded 
point. 

Dummy  suspended  in  rubber 
ropes  for  measurements  in  the 
laboratory. 

Dummy  unit  mounted  in  the 
'Steel  Mosquito'. 

Point  inertances  measured  in 
freely  suspended  dummy  ( 1 ) 
and  in  unloaded  hull  structure 
(2).  (Vertical  scale  un¬ 
correct) 

Measured  inertance  in  a  radial 
direction  with  ( 1 )  and  with¬ 
out  (2)  dummy  unit  mounted. 
(Vertical  scale  incorrect) 
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Figure  1 .  Simple  Systems  Representing  Dummy 
Unit  emd  Hull  Structure 


Figure  2.  Two  Interconnected  Simple  Systems 
Having  One  Unloaded  Point 


Figure  6 


Kgure  9.  Conparison  between  Fourier  Transforms  of  Calculated  (1)  and  Measured  (2)  Responses. 

(Vertical  Scale  Incorrect.) 
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Figure  10.  Conparison  between  Calculated  and  Measured  Response-versus-time.  (Vertical  Scales 
are  the  Sane  for  Both  Graphs  but  Their  Absolute  Values  are  Incorrect.) 


DISCUSSION 


Mr.  Huang  (N«val  Research  Laboratory); 
Did  you  aeasure  your  hull  Inertance 
aubmerged? 


Nr.  Hellqviat:  Yes. 


Voice ;  How  did  you  protect  the 
Instruaentatlon  systeos  against  shock? 


Mr.  Hellqvlst;  They  were  oounted  on 
large  Isolated  platforns. 


Voice ;  So  they  were  well  separated  from 
the  shock  effects? 


Mr.  Hellqvlst;  Yes,  they  were.  And  a 
sign  of  that  Is  the  tape  recorder  ran 
very  well  during  the  shock. 


Voice !  What  was  the  range  of  charge 
sizes? 


Mr.  Hellqvlst!  The  charge  sizes  were 
137  kilograms. 


Voice ;  Has  the  closest  standoff  one 
charge  diameter? 


Mr.  Hellqviat;  No,  It  Is  not  the 
diameter.  It  is  the  design  distance. 
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A  COMPUTER-CONTROLLED  MEASURUTG  SYSTEM  HAVING  128  ANALOG  MEASURING 
CHANNELS  AND  FACILITIES  FOR  SIGNAL  ANALYSIS 


K.  HeUqvist.  MScME 
Kockums  AB,  Mala6,  Sweden 


When  explosion  testing  the  submarine  bull  section  'Steel  Mosquito* 
in  1978  measurements  were  carried  out  using  a  computer-controlled 
digital  measuring  system.  The  system  was  chiefly  designed  for  ex¬ 
plosion  test  measurements  hut  it  can  also  be  used  for  various  types 
of  vibration  measurements.  At  present  the  system  is  capable  of 
handling  128  simultaneous  signals  but  it  can  be  extended  to  22U 
I  channels.  After  ccmpleted  measurements  the  computer  can  be  used 
for  signal  analysis  of  the  measurements.  Programs  have  been  worked 
|out  for  both  signal  analysis  and  modal  analysis.  The  paper  de- 
acribea  the  system  as  used  with  the  explosion  tests  in  1978. _ 


GENERAL 

For  the  explosion  tests  with  a  submarine  hull 
section  called  'Steel  Mosquito*  in  1978,  a  new 
measuring  system  especially  devised  for  vi¬ 
bration  measurements  was  acquired.  The  systoa 
is  a  digital  multiplexing  system  using  FCM- 
tecbnique.  At  present  128  signals  can  be 
handled  simultaneously  but  the  system  can  be 
extended  to  cope  with  22lt  channels.  In  order 
to  make  the  measurements  as  systematic  as  poss¬ 
ible  the  system  is  computer-controlled.  After 
having  cvried  out  the  measurements ,  the  com¬ 
puter  can  be  used  for  different  types  of  sig¬ 
nal  analysis.  Table  1  gives  salient  data  for 
the  measuring  system. 

At  the  explosion  tests  against  the  'Steel  Mos¬ 
quito'  in  1978,  the  measuring  system  was  used 
for  recording  acceleration-versus-time  and 
elongation-versus-time.  Pressure-versus-time 
was  recorded  using  a  conventional  FH-method 
owing  to  the  broad-band  characteristics  of  the 
pressure  signals. 

Figure  1  shows  the  measuring  system  as  used 
for  the  'Steel  Mosquito'  tests.  128  measuring 
signals  are  conditioned  in  8  encoders  consist¬ 
ing  of  amplifiers,  filters  and  A/D  converters. 
n>e  signals  are  sdbsequently  recorded  using  a 
wide-band  tape  recorder.  The  system  is  moni¬ 
tored  and  controlled  by  the  computer.  The  re¬ 
corded  signals  are  converted  from  PCM-code  to 
IBM-compatible  code  by  the  computer  and  stored 
in  digital  form  on  tape  to  be  used  for  various 
types  of  signal  analysis  performed  by  the  com¬ 
puter. 


DATA  COLLECTING 
Sensors 

For  the  explosion  tests  in  1978  resistive 
strain  gauges  were  used  exclusively  and  single, 
angular  and  rosette  gauges  were  of  iyx>e  Tokyo 
Sokki  WPLA-6,  WPCA-6  and  WFRA-6. 

Hull  accelerations  were  measured  by  means  of 
piezo-resistive  accelerometers  Type  Endevco 
2261A-10K  and  Type  226l  M6. 

In  order  to  protect  the  accelerometers  against 
mechanical  damages  and  to  limit  slightly  the 
bandwidth  of  the  accelerometer  signal  the  ac¬ 
celerometers  were  mounted  on  mechanical  fil¬ 
ters,  see  Figure  2. 

Accelerometers  mounted  externally  were  protect¬ 
ed  together  with  its  mechanical  filters  in 
pressure-proof  cases.  The  resonance  frequency 
of  the  filters  was  approx.  3,200  Hz. 


Filter  Characteristics 

Owing  to  the  digital  measuring  syston,  filter¬ 
ing  characteristics  were  ceurefully  chosen  and 
based  on  signal  analyses  of  results  from  earli¬ 
er  explosion  tests.  For  these  analyses  various 
types  of  filtering  were  tested  as  well  as  vari¬ 
ous  ways  of  connecting  the  filters  in  the  cir¬ 
cuits  in  order  to  utilize  the  amplifier  as  far 
as  possible  consistent  with  avoiding  errors  due 
to  overloading.  Also  the  requirements  for 
phase  and  magnitude  compensation  in  the  signal 
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analyses  due  to  filter  action  on  the  signals 
in  the  frequency  range  of  interest  has  been 
duly  regarded. 


It  was  found  that  steep  Bessel  filters  fully 
satisfied  our  requirements.  The  amplifiers 
were  designed  so  that  their  characteristics 
corresponded  to  those  of  a  Bessel  filter  hav¬ 
ing  9  poles.  At  the  cut-off  frequency  of 
2  kHz  the  attenuation  was  6  dB.  It  is,  how¬ 
ever,  possible  to  alter  the  filter  steepness 
from  filters  having  6  poles  to  such  with  9 
poles  for  other  than  explosion  test  uses. 

In  order  to  utilize  the  dynamic  range  of  the 
amplifier  to  its  full  extent,  filtering  should 
be  made  as  early  as  possible  in  the  amplifier 
chain.  In  front  of  the  pre-amplifier  there  is 
a  passive  filter  having  the  characteristics  of 
a  2-pole  Bessel  filter.  As  the  noise  level  in 
the  filters  became  too  high  if  the  steepness 
of  the  passive  filter  was  made  to  resemble  that 
of  a  3-pole  filter,  a  single-pole  filter  was 
inserted  between  pre-amplifier  and  main  ampli¬ 
fier.  After  the  amplifier  there  is  a  6-pole 
Bessel  filter  to  minimize  eiliasing. 

The  amplifier  cheu'acteristics  can  be  changed 
by  by-passing  either  or  both  of  the  two  first 
filters.  The  cut-off  frequency  can  also  be 
altered  by  changing  a  resistor  assembly  on  the 
amplifier  printed  circuit  board. 


Amplifier 

Since  the  A/D  converter  uses  12  bit  words, 
amplifier  accuracy  is  of  prime  importance.  So 
as  to  enable  the  A/D  converter  to  have  a 
measuring  range  corresponding  to  0.5  of  the 
maximum  output  signal  from  the  amplifier,  the 
signal-to-noise  ratio  must  be  better  than 
78  dB. 

The  amplifiers  have  8  measuring  ranges  from 
5  mV  to  1  V.  Amplification  factor  accuracy  is 
0.025  %  and  the  output  voltage  from  the  ampli¬ 
fier  is  plus  or  minus  5  V. 


A/D  Converter 

The  A/D  converter  has  two  ranges,  plus  or  min¬ 
us  2.5  V  and  plus  or  minus  5  V.  This  enables 
the  A/D  converter  to  utilize  half  the  ampli¬ 
fier  working  range  which  is  likely  to  reduce 
the  danger  of  slew  rate  effects  somewhat.  As 
the  measuring  system  manufacturer  has  designed 
the  amplifier  with  due  regard  to  this,  measur¬ 
ing  accuracy  is  not  appreciably  lowered  by 
halving  the  A/D  converter  range. 

Each  A/D  converter  normally  digitizes  l6 
measuring  signals  sequentially,  making  every 
l6th  sample  of  the  output  signal  represent  one 
specific  signal.  Each  such  signal  is  then  re¬ 
corded  on  tape  and  8  converters  are  required 
for  handling  128  measurement  signals. 


The  A/D  converter  sampling  frequency  is  l60  kHz 
max.,  i.e.  10  kHz  per  channel.  By  decreasing 
the  number  of  signals  per  A/D  converter,  sam¬ 
pling  rate  for  these  signals  may  be  increased. 
Lowest  sampling  rate  for  the  A/D  converter  is 
U  kHz,  i.e.  250  Hz  per  channel. 

One  of  the  A/D  converters  acts  master  for 
synchronizing  the  other  T  converters  providing 
for  simultaneous  sampling  of  related  signals. 


COMPUTER 

The  computer  is  used  for  several  different  pur¬ 
poses.  Immediately  before  making  measurements 
the  computer  can  set  and  check  the  amplifi¬ 
cation  factor  of  each  amplifier,  balance  each 
gauge,  check  that  the  system  as  a  whole  is 
ready  and  produce  a  'Ready'  signal. 

After  the  measurements  the  computer  can  be  used 
for  converting  PCM-data  to  data  using  an  IBM- 
compatible  code  and  make  a  simple  test  of 
measured  data.  It  can  also  be  used  for  record¬ 
ing  information  regarding  measurement  pro¬ 
cedures.  Such  information  can  be  tabulated, 
see  Table  2.  The  information  is  recorded  on 
digital  tape  together  with  measurement  data. 

At  a  later  signal  analysis  the  information  is 
read  out  into  the  computer,  autcBwtically 
securing  correct  units  for  measured  data  with 
regard  to  amplification  factor,  sensor  sensi¬ 
tivity  etc. 


SIGNAL  ANALYSIS 

The  computer  is  provided  with  software  for 
signal  analysis.  Such  analyses  can  be  carried 
out  either  interactively  or  automatically  in 
a  batch  mode. 

Owing  to  analyses  being  carried  out  entirely 
in  terms  of  software  they  are  fairly  slow. 

Thus  a  1 ,000  point  Fourier  transform  will  be 
performed  in  slightly  less  than  1  sec.  To  a 
certain  degree  this  delay  is  compensated  for 
by  the  program  being  specially  designed  for 
analysing  great  amounts  of  data  by  specific 
orders  and  that  signal  analysis  can  be  carried 
out  in  batch  mode. 

Signal  analysis  programs  enable  Fourier  trans¬ 
forms,  digital  filtering,  sampling  reduction, 
shock  spectrum  analysis,  transfer  functions, 
power  density  spectra  etc.  to  be  carried  out. 
Analysis  block  size  is  U096  points  max.  There 
are  also  programs  for  modal  analysis  of  up  to 
256  transfer  functions  with  62  modes. 

Modal  analysis  is  carried  out  as  multiple 
curve  fitting.  In  this  analysis  it  is  assisaed 
that  resonant  frequency  and  damping  attenuation 
are  the  same  throughout  the  complete  structure. 
Figure  U  gives  an  example  of  results  from  a 
test.  Figures  in  brackets  show  theoretically 


calculated  reaonant  frequencies  of  each  mode 
shape. 


EXPERIENCES 

Experiences  with  the  meuuring  system  are  most 
satisfactory.  At  the  very  first  measitrements, 
the  explosion  tests  with  the  'Steel  Mosquito* 
in  1978,  some  2,500  measurements  were  made  at 
21  tests  during  21  days.  Measurements  were 
carried  out  in  13  entirely  different  measuring 
planes  requiring  the  sensors  to  be  moved  prior 
to  each  explosion.  Only  three  persons  were 
required  for  these  measurements,  showing  that 
the  system  is  time-saving  and  requires  a  mini¬ 
mum  of  staff  and  an  appreciable  cost  reduction 
for  such  elaborate  tests. 

Also  the  measured  signal  quality  is  quite 
acceptable.  Figure  5  shows  a  comparison  be¬ 
tween  measurements  made  at  two  identical 
tests  at  two  different  occasions.  The  figure 
shows  a  reasonably  good  agreement  between  the 
measurements.  Figure  6  shows  the  results  of 
inertance  measureioents  on  the  hull  when  dived 
to  90  m.  The  inertances  have  been  determined 
from  the  mean  value  of  10  measurements  using 
transient  excitation.  It  can  also  be  seen 
that  coherences  are  reasonably  good  within  the 
greater  part  of  the  frequency  range,  niis  is 
of  course  no  measure  of  system  quality  but 
such  a  good  coherence  would  be  difficult  to 
obtain  if  the  quality  of  the  measured  signals 
were  poor. 

From  the  above  it  is  evident  that  we  have 
acquired  a  flexible  system  for  advanced  vi¬ 
bration  measurements  capable  of  systematic  and 
fast  handling  of  vast  amounts  of  data  as  well 
as  high  signal  recording  quality. 


Table  1  Salient  data  for  the  measuring  sys¬ 
tem  used  with  the  explosion  tests 
against  the  'Steel  Mosquito'  in 

1978. 

Figure  1  System  for  vibration  measurements. 

Figure  2  Mechanical  filter  for  accelero¬ 
meters. 

Figure  3  'Steel  Mosquito'  measuring  system. 

Table  2  Example  of  measurement  documen¬ 
tation. 

Figure  U  Measured  modes  of  a  simple  steel 
plate . 

Figure  5  Acceleration  measurements  in  the 

same  point  at  different  explosions 
using  the  same  detonation  distance 
and  the  same  charge. 


Figure  6  Measured  hull  inertance  Vhen  dived 
at  90  m. 


Table  1  Salient  Data  for  the  Measuring  Sys¬ 
tem  used  with  the  Explosion  Tests 
against  the  'Steel  Mosquito'  in  1978 


No.  of  Channels 

128  max. 

Frequency  Range 

2  kHz  max. 

Filter  Characteristics 

Bessel  filter, 

9  poles  max. 

Sampling  Frequency 

10  kHz /channel  max. 

ADC 

12  bits 

Ranges 

5,  10,  20,  50, 

100,  200,  500, 

1 ,000  mV 

Max.  Output 

t  5  Vi  4  2.5  V 

Recording  Speeds 

3  3/U,  7  1/2,  15, 
30,  60,  120  ips 

Minicomputer  Nova  3/12 

120  kbyte 

Hardware  Multiply/Divide 

Disc  Memory 

2x5  Mbyte 

Digital  Tape  Recorder 

123 


ACTUAL  INSTRUHENT  DATA  LIST  AUR  OSVICCa  t 

TEST* 

22 

YEAR  OF  KEASUREnENT 

7S 

nONTH/DAY  OF  I1EASURSHENT 

A27 

nEASURERENT  OBJECT  0E8CR. 

EXPLOSION  • 

11  MP: 

2  EXPLO. 

L2 

TRIGGER  DEV.  /CHA.  /LEVEL 

S/  */ 

0 

TAPE  RECORDING  SPEED 

12000 

TAPE  REPRODUCTION  SPEED 

730 

BRIDGE-RESISTOR 

DEV.  •  1 

120 

120 

120 

120 

120 

120 

120 

120 

DEV.  •  1 

120 

120 

120 

120 

120 

120 

120 

120 

ACTIVE/PASSIVE  LIST 

DEV.  «  1 

ACT.  ACT.  ACT.  ACT. 

ACT. 

ACT. 

ACT.  ACT. 

DEV.*  1 

ACT.  ACT.  ACT.  ACT. 

ACT. 

ACT. 

ACT.  ACT. 

NUMBER  OF  CHANNELS/FILE 

16 

SAMPLING  PERIOD 

10 

MEASUREMENT  POINT* 

DEV.*  1 

16 

17 

18 

19 

23 

24 

39 

59 

DEV. •  1 

3* 

60 

60 

60 

79 

79 

79 
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SION/DIR.  OF  TRANSD 

DEV.  •  1 

-Y  -Y 

-V  -Y 

-Y  -Y 

-B  - 

Z  -Y 

-B  -2 

-Y  -B 

-Z  -Z 

PHYS.  UNIT  CODE 

DEV.*  I 

4 

4 

4 

4 

4 

4 

4 

4 

DEV.  *  1 

4 

4 

4 

4 

4 

4 

4 

4 

TRANSDUCER  SEOU.  • 

DEV.  •  1 

0 

0 

0 

0 

0 

0 

0 

0 

DEV  *  1 

0 

0 

0 

0 

0 

0 

0 

0 

MECH.  FILTER  SEOU* 

DEV.  *  1 

0 

0 

0 

0 

0 

0 

0 

0 

DEV.  *  1 

0 

0 

0 

0 

0 

0 

0 

0 

ELEC.  FILTER  SEQU.  • 

DEV.  *  1 

1 

2 

3 

4 

5 

6 

7 

8 

DEV. •  1 

* 

10 

It 

12 

13 

14 

13 

16 

AMPLIFIER  SEQU.  • 

DEV.  *  1 

1 

2 

3 

4 

3 

6 

7 

8 

DEV.  *  1 

9 

10 

11 

12 

13 

14 

13 

16 

AA-CUTOFF  FREQU 

DEV.  •  1 

2000 

2000 

2000  2000 

2000 

2000 

2000 

2000 

DEV.  •  1 

2000 

2000 

2000  2000 

2000 

2000 

2000 

2000 

first/second  FILTER 

DEV.  •  1 

ON/ 

ON 

ON/  ON 

ON/ 

ON 

ON/ 

ON 

DEV.  *  1 

ON/ 

ON 

ON/  ON 

ON/ 

ON 

ON/ 

ON 

DEV. •  1 

ON/ 

ON 

ON/  ON 

ON/ 

ON 

ON/ 

ON 

DEV. •  1 

ON/ 

ON 

OH/  ON 

ON/ 

ON 

ON/ 

ON 

AC/OC  COUPLING  CODE 

DEV.  *  1 

DC  DC 

DC  DC 

DC  DC  DC  DC  DC  DC 

DC  DC 

DC  DC 

DC  DC 

TRANSDUC.  SENSITIV. 

DEV.  •  1 

1870.  0 

1870 

0  1870.  0  1670.  0  1870.  0 

1870.  0 

1870.  0 

1870  0 

DEV.  •  1 

1870. 0 

1S70 

0  1670.  0  1670.  0  1870.  0 

1870. 0 

1870  0 

1870  0 

INPUTRANCE 

DEV.  •  1 

30 

23 

30 

30 

23 

30 

23 

23 

DEV.  •  1 

23 

23 

23 

23 

23 

23 

23 

23 

APC  MAX.  VALUE 

DEV.  •  I 

OFF 

OFF  OFF  OFF 

OFF 

OFF 

OFF 

OFF 

DEV.  •  1 

OFF 

OFF  OFF  OFF 

OFF 

OFF 

OFF 

OFF 

EXP  SIGNAL  MAXVALUE 

DEV  •  1 

0 

0 

0 

0 

0 

0 

0 

0 

DEV.  *  1 

0 

0 

0 

0 

0 

0 

0 

0 

BRIDGE  SUPPLY 

DEV.  *  1 

30MA  30MA  aOMA  SOMA 

30MA 

30MA 

30MA  30MA 

DEV  •  I 

30MA  30MA  30NA  30MA 

30MA 

30MA 

30MA  30MA 

Table  2.  Example  of  Measurement  Documentation 


Rl&IO  BOOT 


MODE  NO.  1 


HZ  (51.8  HZ) 


Figure  U.  Measured  Modes  of  a  Simple  Steel  Plate 


•l 


Figure  6.  Measured  Hull  Inertance  when  Dived  at  90  in 
(Vertical  Scales  Incorrect.) 


DISCUSSION 

Volo ;  I  Bust  aay  thla  la  not  the  aioat 
eoapllcated  aaaaurlng  ayatea  I've  ever 
aaen  In  ay  life.  I've  done  aoaethlng 
alallar  In  the  peat  of  courae  but  It 
aeeaa  to  ae  that  the  breakdown  uaually 
la  at  the  tranaducera;  If  there  la  going 
to  be  probleaa  -  the  tranaducer  la  going 
to  give  It  to  you.  I  aaauae  you  have 
aade  aoae  alaple  teata  on  theae 
thlnga.  In  the  paat  we  have  done  alaple 
teata.  For  exaaple,  we  uae  to  have  a 
balllatlc  pendulua  device  which  alaply 
gave  a  atep  velocity  to  the  tranaducera 
under  teat.  Have  you  done  any  auch 
teata  youraelf  ao  that  for  exaaple  you 
know  the  aotlon  that'a  going  Into  the 
thing  and  you  can  proceab  vour  records 
and  coae  up  with  that  notion? 

Hr.  Hellqvlat!  Yea  we  have  aade  sone  of 
thea  and  they  have  been  aade  by  the  SAAB 
Aircraft  Coapany.  They  have  teated  lota 
of  different  klnda  of  acce le roae ters  and 
they  have  found  that  the  Model  2261 
acceleroaetera  aade  by  Endevco  are 
relatively  good  aa  we  can  aee  froa  theae 
plcturaa  here.  There  are  two  different 
guagea  and  two  different  locatlona  with 
two  different  charges  that  are  exploded 
at  the  aaae  atandoff.  Aa  you  can  aee, 
the  aeaaurenent  la  aade  at  the  aaae 
aeaaurlng  point  In  the  ateel  aoaqulto  so 
It  should  be  exactly  the  aaae. 

Voice!  Right)  Thla  ahowa  that  they  are 
repeatable.  They  do  the  aaae  thing. 

But  ay  queatlon  la,  la  that  what  really 
happe  na  ? 

Mr.  Hellqvlat!  Nobody  knows. 

Voice!  You  nentloned  you  were  trying  to 
find  out  If  the  effect  of  a  large  charge 
and  a  great  distance  as  the  sane  as  a 
saall  charge  and  lesser  distance. 

Mr.  Hellqvlst!  We  are  trying  to  In¬ 
vestigate  if  It  Is  possible.  Yes  we 
have  run  different  charge  weights  and 
different  distances  and  they  should  give 
us  the  sane  shock  factor.  They  should 
give  the  saae  reaction  In  the  steel 
aoaqulto  but  we  haven't  had  the  tine  to 
check  that  out  yet. 


I 


Voice !  How  about  a  slaple  peak  pressure 
coapar Ison? 

Mr.  Hellqvlst!  The  peak  pressure  Is  as 
far  as  I  know,  the  peak  pressure  Is  the 
saae,  always  the  saae. 

Voice!  Would  you  care  to  coanent  on  he 
signal  to  noise  ratio  you  believe  you 
got  out  of  that  systea? 

Mr.  Hellavlst!  We  have  aade  aeasure- 
aents  In  order  to  check  the  aanufacturer 
but  we  don't  have  Invtruaents  that  are 
good  enough  to  aeaaure  the  noise.  He 
could  aeaaure  down  to  80  db  and  we 
cannot  find  any  noise  at  that  level  so 
we  don't  know  it,  however  the  aanu¬ 
facturer  has  specified  that  It  should 
be  better  than  78  db  and  we  have  found 
that  it  la  better  than  that. 

Voice :  How  did  you  decide  on  the 

resonant  frequency  for  the  aechanlcal 
filter? 

Mr.  Hellqvlst!  That  was  a  very 
difficult  choice;  because  the  systea  is 
digital,  we  would  have  to  be  aware  of 
aliasing  so  the  resonant  frequency  aust 
be  as  low  as  possible  In  order  to  not 
aapllfy  the  acceleration  signal  froa  the 
sensor  at  above  half  the  saapllng 
frequency.  The  saapllng  frequency  was 
10  kHz  so  the  resonance  aust  be  a  bit 
lower  than  5  kHz  In  order  to  avoid 
aliasing  with  the  bessel  filters  that  we 
chose,  the  daaplng  at  S  kHz  won't  do 
It  When  the  cutoff  frequency  Is  2  kHz 
the  daaplng  Is  not  very  high.  So  we 
wanted  the  resonant  frequency  for  the 
aechanlcal  filter  to  be  as  low  as  possi¬ 
ble  so  we  accepted  the  saae  aapliflca- 
tlon  of  the  signal  In  the  aechanlcal 
filter  as  In  the  electrical  filter, 
which  daaped  the  signal  up  to  2  kHz,  and 
that  was  6  db.  And  if  we  are  using  that 
criteria  the  resonant  frequency  of 
aechanlcal  filter  would  be  about  3,200 
Hz.  It  Is  also  difficult  to  choose  the 
rubber  for  the  aechanlcal  filter  because 
you  have  to  choose  the  right  rubber  to 
have  the  right  daaplng  In  the  aechanlcal 
systea.  If  you  have  high  daaplng 
aaterial  the  peak  will  be  very  broad. 
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A  LARCffi-SCALE  SUBMARINE  SHOCK  TEST  CARRIED  OUT  AS  PART  OF  THE  SWEDISH 
SHOCK  DESIGN  DEVELOK®iT  PROGRAM 


K.  Hellqvist,  MScME 
Kockums  AB,  Malmo,  Sweden 


The  paper  describes  the  detonation  tests  carried  out  in  1978  with  a 
test  body  called  the  'Steel  Mosquito*,  a  full  scale  section  of  a  sub¬ 
marine  hull.  A  test  site  was  arranged  in  the  Stockholm  Archipelago 
and  the  test  body  was  moored  at  a  depth  of  approx.  90  m  (300  ft). 

The  purpose  of  the  testa  were  to  investigate  various  outfits  for  sub¬ 
marines  euid  to  obtain  data  to  be  used  when  designing  outfits  and  equip- 
ment  for  submarines  as  well  as  for  further  developpent  work. _ 


GENERAL 

In  Sweden  explosion  tests  against  submarine 
hull  sections  and  submarines  are  carried  out 
about  every  fifth  year.  The  latest  explosion 
tests  were  performed  in  1978  using  a  submarine 
hull  section  called  'Steel  Mosquito'.  The 
tests  which  were  carried  out  in  the  Stockholm 
Archipelago  form  a  basis  for  the  development 
of  new  methods  for  calculating  shock  stresses 
in  submarine  equipment  and  for  the  development 
of  new  types  of  submarines. 


PURPOSE 

Range  of  measurements  and  test  body  were  sel¬ 
ected  with  regard  to  needs  for  developing  new 
submarines  as  well  as  developing  methods  for 
calculation  of  stresses  due  to  shocks,  a  work 
which  is  being  carried  out  in  Sweden. 


Determining  Hull  Deformations  at  Explosions 
at  Great  Depths 

For  explosions  at  design  detonation  distances 
minor  plastic  hull  deformations  are  acceptable. 
Previous  tests  were  made  with  the  'Steel  Mos¬ 
quito'  dived  at  quite  a  small  depth,  some 
13  m.  To  find  out  if  plastic  deformations 
would  increase  with  increased  diving  depth  it 
was  decided  to  carry  out  the  tests  at  a  fairly 
appreciable  depth  which  in  this  case  became 
the  maximum  diving  depth  of  90  m. 

By  altering  the  diving  depth  of  the  test  body 
at  different  explosions,  variations  of  the 


shock  movements  in  the  hull  due  to  diving 
depth  could  be  studied. 


Ccmparison  between  Small  and  Large  Charges 

Present  directives  for  designing  a  submarine 
hull  are  based  on  explosion  charges  having  a 
specified  weight.  Experiences  from  earlier 
tests  show  that  it  is  difficult  to  calculate 
results  from  other  charge  weights.  It  is  also 
interesting  to  ascertain  if  heavy  charges  at 
great  explosion  distances  can  be  simulated  by 
small  charges  at  short  distances.  Hence  one 
goal  was  to  establish  shock  action  on  sub¬ 
marine  hull  and  equipment  as  a  function  of 
chEU'ge  weight. 


Testing  Heavy  Shock-mounted  Systems 

In  Swedish  submarines  equipment  is  frequently 
mounted  direct  on  large  platforms  that  are  re- 
siliently  mounted  onto  the  hull.  The  weight 
of  such  a  complete  platform  amounts  to  some 
30  ton  (metric).  Prior  to  the  'Steel  Mos¬ 
quito'  tests  no  results  from  shock-testing 
such  assemblies  were  available  and  it  was  thus 
important  to  confirm  the  eissumptions  on  which 
the  design  of  resiliently  mounted  heavy  as¬ 
semblies  are  based. 


Testing  a  Submarine  Storage  Battery 

One  important  teat  object  was  a  new  type  of 
cells  for  a  submarine  storage  battery  since  it 
was  intended  to  fit  the  battery  without  resili' 
ent  mountings  in  the  battery  compartment. 


The  cells  had  previously  been  tested  in  a  drop 
test  machine  under  laboratory  conditions.  As 
such  tests  could  only  produce  stresses  in  the 
vertical  direction,  the  explosion  tests  were 
aimed  at  verifying  the  laboratory  results.  It 
was  also  important  to  confirm  that  cell  re¬ 
sistance  to  horizontal  shocks  was  sufficient 
and  that  plastic  deformations  of  the  storage 
battery  compartment  would  not  be  so  great  that 
the  cells  became  crushed  by  athwartship  ex¬ 
plosions.  Finally  it  was  also  important  to 
ascertain  how  the  battery  with  accessory 
equipment  could  take  explosions  for  instance 
from  straight  underneath  the  battery  compart¬ 
ment. 


Since  only  a  small  number  of  submarines  of 
each  type  are  built  in  Sweden,  design  of  sub¬ 
marine  hull  and  equipment  must  be  based  mainly 
on  theoretical  calculations  and  only  to  a 
small  degree  on  full  scale  tests.  Design  di¬ 
rectives  have  hence  been  developed  during  a 
number  of  years  and  an  important  aim  with  the 
tests  was  the  collection  of  data  for  up-dating 
design  directives. 


Design  Directives 


Design  methods  which  are  being  developed  since 
1972  must  be  tested  in  practice  before  applying 
them  to  submarine  equipment.  Thus  the  ex¬ 
plosion  tests  were  aimed  at  providing  data  for 
testing  the  new  calculation  methods. 


Equipment  Testing 


In  certain  cases  it  is  preferable  to  shock-test 
equipment  than  to  design  it  theoretically. 
Equipment  which  is  vital  to  submarine  safety  or 
submarine  functioning  must  obviously  exhibit  a 
sufficient  resistance  to  shocks.  Such  equip¬ 
ment  was  therefore  also  included  in  the  tests. 


TEST  BODY 

The  'Steel  Mosquito'  is  a  full-scale  section 
of  a  submarine  hull.  Its  length  is  11  m  and 
its  diameter  5.T  m.  Ballast  tanks  are  fitted 
fore  and  aft  which  can  be  filled  or  discharged 
by  remote-control  from  ashore.  Surface  dis¬ 
placement  is  S26  ton  and  submerged  displacement 
is  283  ton. 

The  'Steel  Mosquito'  was  fitted  with  several 
systems  and  outfits.  As  mentioned  above  there 
was  a  storage  battery  compartment  having  18 
passive  and  22  active  cells.  The  cells  were 
connected  to  form  an  operational  storage  bat¬ 
tery.  Battery  functioning  was  checked  by 
measuring  battery  capacity  and  discharge. 
Storage  battery  accessories,  such  as  outfits 
for  ventilation,  cooling,  leakage  indication. 


cell  voltage  measurement,  electrolyte  level 
measurement  etc.  were  shock-tested.  Prior  to 
a  test  the  battery  was  fully  charged  auid  the 
accessory  systems  running. 

In  a  special  torpedo  tube  a  torpedo  Type  1*2 
was  tested.  Torpedo  stresses  were  measured 
both  with  a  dry  and  a  water-filled  tube. 

Also  a  complete  modern  periscope  was  fitted  in 
the  'Steel  Mosquito'.  The  'fin'  supporting 
the  periscope  externally  was  designed  so  that 
its  dynamic  properties  as  far  as  possible  cor¬ 
responded  to  those  of  the  fin  on  the  latest 
Swedish  submarines . 

The  'Steel  Mosquito'  also  contained  a  resili- 
ently  mounted  platform  having  a  weight  of 
approx.  30  ton  including  various  dummy  outfits. 
Its  construction  was  identical  with  those  in 
present  type  Swedish  submarines . 

In  addition  the  following  component  items  were 
fitted: 

( a)  Hull-mounted  valves , 

(b)  Hull  seatings, 

(c)  Compressed-air  bottles, 

(d)  Hydraulic  piping, 

(e)  Several  types  of  hatches  with  covers. 

In  the  hull  part  proper  various  types  of  welds 
having  certain  defined  weld  faults  were  tested. 


TEST  SITE  AERAMGEMENTS 

Figure  1  shows  the  mooring  arrangements  on  the 
test  site.  When  dived  the  'Steel  Mosquito'  was 
suspended  from  buoys .  The  diving  depth  could 
be  set  by  altering  the  length  of  the  wire  ropes 
between  buoys  and  the  'Steel  Mosquito'.  The 
actual  diving  depth  was  sensed  by  means  of  a 
depth  gauge  on  board  having  an  indicator  at  the 
shore  station  which  also  was  fitted  with  in¬ 
dicating  instruments  showing  bilge  water  level 
and  hydrogen  content  of  the  atmosphere  in  a  few 
places . 

Electrical  power  was  supplied  from  ashore  for 
normal  running  of  various  outfits  and  DC  power 
for  storage  battery  charging  was  obtained  from 
an  auxiliary  craft  which  also  could  replenish 
the  air  bottles  in  the  'Steel  Mosquito'  as  re¬ 
quired  . 


EXPLOSION  PLAN 

Charges  were  detonated  in  all  directions  around 
the  'Steel  Mosquito'  which  was  thoroughly  in¬ 
spected  after  each  explosion.  In  all  twenty- 
one  charges  were  detonated.  Also  the  dis¬ 
tance  between  charge  and  test  body  was  altered 
but  only  after  charges  had  been  detonated  in 
every  direction  around  the  'Steel  Mosquito'. 


MEASUREMENTS 


At  the  tests  were  measured:  elongation-, 
acceleration-  and  pressure-versus-time.  Maxi¬ 
mum  relative  displacement  between  hull  and  re- 
siliently  mounted  outfits  eis  well  as  persist¬ 
ent  plastic  deformations  in  the  hull  were 
measured  mechanically. 

Before  mounting  in  the  'Steel  Mosquito'  inert- 
ances  of  a  number  of  outfits  were  meas’ored  in 
a  laboratory  with  the  outfits  suspended  free¬ 
ly.  At  the  test  site  external  and  internal 
hull  inertances  were  measured  by  employing 
transient  excitation  of  the  oscillatory  move¬ 
ment.  Such  measurements  were  made  both  when 
surfaced  and  when  dived  to  a  depth  of  90  m. 

At  each  detonation  123  signals  from  strain 
gauges  and  accelerometers  were  measured  to¬ 
gether  with  13  pressure-versus-time  se- 
quencies.  As  charges  were  detonated  in  various 
directions  from  the  'Steel  Mosquito'  the  pro¬ 
gram  had  to  be  altered  between  each  detonation. 
In  all  there  were  moionted  600  strain  gauges , 

300  accelerometers  and  50  pressure  gauges.  A 
total  of  some  2,700  signals  were  recorded. 


MEASURING  SYSTEM 

At  the  explosion  tests  two  measuring  systems 
were  used  in  parallel.  Figure  6  shows  a  block 
diagram  for  the  systems.  Signals  from  acceler¬ 
ometers  and  strain  gauges  were  measured  using 
a  128  channel  PCM  system  and  for  pressure  sig¬ 
nals  a  conventional  FM  system  was  used.  Both 
systems  were  controlled  by  a  computer  at  the 
shore  station  and  the  arrangement  was  such 
that  full  synchronism  between  the  two  systems 
was  obtained. 

The  measuring  systems  each  consisted  of  two 
parts,  one  in  the  'Steel  Mosquito'  and  one 
ashore.  In  the  'Steel  Mosquito'  were  mounted 
FM  tape  recorder,  amplifiers,  filters  and  PCH 
encoders,  see  Figure  6.  Ashore  were  found  PCM 
tape  recorder,  time  code  generator  and  com¬ 
puter. 


One  example  of  the  results  is  shown  in  Figure 
8.  Here  the  response  in  one  of  the  cell  ter¬ 
minal  bolts  as  measured  in  a  laboratory  is  con- 
pared  with  the  measured  maximum  response  in 
the  termianl  bolts  of  the  storage  battery  cells 
mounted  in  the  'Steel  Mosquito'.  Maximum  am¬ 
plitude  was  obtained  in  one  terminal  bolt  in 
the  centre  of  the  battery  compartment. 

Testing  welded  joints  shows  that  building  costs 
can  be  reduced  as  it  has  become  evident  that 
welded  joints  in  the  skin  can  be  simplified, 
thus  decreasing  costs  for  hull  construction 
by  between  5  and  10  percent. 

Results  obtained  at  the  tests  are  extensive  and 
they  are  at  present  being  used  for  the  new  sub¬ 
marine  projecting  work. 


Figure  1  'Steel  Mosquito'  surfacing  after  an 
explosion  test. 

Figure  2  Launching  the  'Steel  Mosquito'. 

Figure  3  'Steel  Mosquito'  and  various  outfits 
to  be  tested. 

Figure  1  'Steel  Mosquito'  mooring  arrange¬ 
ment. 

Figure  5  Explosion  plan. 

Figure  6  Block  diagram  showing  measuring 

system. 

Figure  T  Measuring  equipment  inside  the 
'Steel  Mosquito*. 

Figure  8  Comparison  between  acceleration  re¬ 
sponses  from  laboratory  and  ex¬ 
plosion  tests  respectively. 


RESULTS 

The  goals  aimed  at  with  the  explosion  tests 
have  generally  speaking  been  achieved  and  the 
results  are  now  being  used  for  developing  a 
new  series  of  Swedish  submarines.  At  present 
they  are  not  used  for  improving  the  shock  re¬ 
sistance  of  the  submarine  but  for  decreasing 
construction  costs.  A  preliminary  cost  calcu¬ 
lation  shows  that  savings  in  building  costs 
are  appreciably  higher  than  costs  incurred  by 
the  explosion  tests.  Furthermore  Kockums' 
know-how  has  been  much  improved  and  a  vast 
amount  of  data  have  been  acquired  for  later 
use  in  our  design  work. 
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Figure  8.  Comparison  between  Acceleration  Responses 
from  Laborator  and  Explosion  Tests  Respect 


DISCUSSION 


I 


Vote*:  Did  you  got  aueh  plastic 

daf oraationT 

Mr.  Hollgyiat:  Not  very  much.  Aa  you 
aoo  wo  can  uao  tho  tost  section  froa 
other  toots  too.  Then  you  can  under¬ 
stand  that  the  plastic  deforaation  was 
not  very  large.  It  was  not  as  large  aa 
we  expected  and  it  didn't  Increase  with 
the  diving  depth. 

Voice;  Nhat  sort  of  velocity  trans¬ 
ducers  were  used? 

Mr.  Hellqvlst;  We  didn't  use  velocity 
aeters.  He  only  used  acceleroaetera. 

Voice;  How  did  you  predict  how  auch 
plastic  deforaation  would  occur?  Did 
you  consider  strain  rate  effects? 

Mr.  Hellqvlst;  Many  years  ago  we  calcu¬ 
lated  what  the  plastic  deforaatlons 
could  be  and  in  that  case  we  didn't  take 
strain  rate  effects  into  account. 
Otherwise  we  have  run  lota  of  laboratory 
tests  on  strain  rate  effects  and,  as  far 
as  we  can  see,  the  strain  rate  effect  is 
very  low  with  the  velocities  we  are 
working  with.  The  strain  hardening 
effect  la  auch  wore  Iwportant  because 
the  steel  becones  harder  the  wore  it  la 
deforaed  and  that  is  auch  aore  laportant 
in  this  case  than  the  strain  rate  effect 
aa  far  as  we  can  find. 
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EDESS:  AN  ELECTR0MA6NETICALLY-DRIVEN  EXPLOSIVE -SHOCK  SIMULATOR* 


F.  J.  Sazama  and  J.  6.  Whitt 
Naval  Surface  Weapons  Center 
White  Oak,  Silver  Spring,  Maryland  20910 


Abstract 

AHiew  series  of  electromagnetically-driven  shock  generators 
called  EOESS  is  being  evaluated  at  the  Naval  Surface  Weapons 
Center  for  generating  explosive-like  shocks.  A  prototype  generator, 
EDESS-1,  has  been  built  and  its  performance  has  been  evaluated 
using  1.0  and  2.0  metric  ton  payloads.  Its  shock  output  and 
overall  performance  are  close  to  design  expectations  as  predicted 
from  computer-aided  analysis  of  a  simple  electromechanical  model. 
Presently,  a  larger  generator,  EDESS-2,  is  being  built  to  extend 
the  payload  capability  to  5.0  metric  tons  and  a  homopolar-driven 
generator,  EDESS-3,  is  being  contemplated  for  15.0  metric  ton 
payloads.  This  paper  presents  the  electromagnetic  shock-genera¬ 
tion  concept  and  reviews  the  progress  made  In  developing  these 
heavy  payload  shock  generators. 


INTRODUCTION 

The  strong  need  to  Improve  the  combat  sur¬ 
vivability  of  surface  ship  and  submarine  equip¬ 
ment  without  the  burdens  of  excessive  testing 
cost  or  explosive  damage  to  the  surrounding  en¬ 
vironment  has  prompted  a  search  for  alternatives 
to  present-day  shock  testing  methods.  Present 
day  methods  comply  employ  conventional  impact 
shock  machines  [l,  2j  and,  for  a  range  of 
larger-scale  naval  equipment,  floating  shock 
platforms  [3]  with  underwater  explosives  as  the 
driver.  A  new  electromagnetic  shock-generation 
concept  has  been  proposed  and  is  being  studied 
by  means  of  a  series  of  prototype  shock  genera¬ 
tors  EDESS-1,  2  and  3  each  capable  of  impulse- 
shocking  larger  payloads.  The  acronym  EOESS 
arises  from  electromagnetically-driven  explosive 
^hock  ^imularor. 

An  electromagnetically-driven  shock  plat¬ 
form  offers  the  attractive  possibility  of 
producing  a  range  of  shock  environments  that 
are  electrically  tailored  to  represent  the  in- 
place  dynamic  environment  actually  seen  by  the 
equipment  when  shipboard.  Additional  advantages 
such  as  shot-to-shot  reproducibility,  reasonable 
cost  and  minimal  Impact  to  the  surrounding  envir¬ 
onment  also  appear  to  be  Inherent  in  the  concept. 
This  paper  describes  the  concept  and  the  gener¬ 
ators  that  have  been  designed  and  built  to  dem¬ 
onstrate  these  features.  The  primary  objective 
of  the  effort  however  is  to  establish  the  en- 
oineering  practicality  of  using  electrical 
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Symposium,  20-24  Oct  80,  San  Diego  and  at  2nd 
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pulse-power  for  generating  explosive-like  shocks 
in  sizeable  payloads.  This  objective  has  been 
accomplished  for  2,0  metric  ton  (2.0  Mg)  pay- 
loads  with  completion  of  EDESS-1.  ‘EOESS-2  is 
presently  being  assembled. 

THE  SHOCK  GENERATION  CONCEPT 

The  concept  consists  of  generating  explosive 
like  shocks  in  shipboard  equipment  by  means  of 
the  magnetic  repulsive  force  between  pairs  of 
spiral -pancake  magnet  coils  that  are  sandwiched 
between  a  large  reaction  mass  and  the  payload 
under  test.  The  concept  is  illustrated  in 
Figure  1  which  shows  a  section  view  of  the  tvro 
sinqie-layered,  spirally-wound  coils  connected 
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Figure  1.  Shock -generation  concept: 
repulsive  coil-pairs. 


in  series  opposition.  When  a  pulsed  current  is 
made  to  flow  into  connector  k  and  around  the 
spiral  paths  of  both  top  and  bottom  coils  to 
connector  B,  a  large  repulsive  force  is  devel¬ 
oped  between  the  pair.  It  is  repulsive  because 
the  current  has  been  made  to  flow  oppositely  in 
the  nearly-touching  circular  pancakes  (+  refers 
to  current  flow  into  the  plane  of  the  paper  and 
to  flow  out).  The  driving  energy  is  supplied 
by  the  electrostatic  energy  stored  in  a  capaci¬ 
tor  bank,  C,  shown  in  Figure  Z.  When  SI  is 
closed  the  bank  rapidly  pulse-discharges  into 
the  driving-coil  pair.  L,  and  Lp  are  the  self¬ 
inductances  respectively  of  top  and  bottom  coils. 
The  coils  are  also  mutually  oupled  as  measured 
by  the  electrical  coupling  coefficient  K.  The 
total  resistance  of  the  coil-pair  circuit,  R, 
is  kept  small  to  achieve  high  energy  transfer 
efficiency  to  the  inductive  pair.  As  a  result 
the  inductive-capacitive  circuit  current  is 
slowly-damped  and  oscillatory.  The  crowbar 
switch  S2  is  commanded  to  close  when  the  current 
in  the  coil-pair  reaches  its  first  maximum, 
thus  producing  a  single  output  shock  pulse  by 
trapping,  in  the  coil-pair,  most  of  the  origin¬ 
ally-stored  capacitive  energy.  The  top  profile 
in  Figure  3  shows  the  single  output  shock  pulse 
predicted  for  EDESS-1  by  the  NET-2  code  under 
these  conditions.  If  S2  is  conmanded  to  close 
later,  on  the  second  maximum  of  current,  then 
the  double -peaked  shock  pulse  shown  in  the 
middle  curve  of  Figure  3  results.  The  lower 
curve  is  obtained  when  S2  is  not  closed  and  the 
original  energy  in  the  capacitor  bank  rings 
back  and  forth  between  the  capacitor  bank  and 
driving  coils,  producing  a  multiple-peaked 
shock  output. 


Figure  2.  Shock-generator  electrical 
equivalent  circuit. 


The  design  of  a  generator  to  produce  a 
single  shock-pulse  of  desired  duration  and 
shock  level  is  particularly  straightforward. 

It  is  achieved  for  a  given  capacitor  bank  by  a 
suitable  choice  of  driving-coil  Inductance  in 
the  resulting  simple  inductive-capacitive  elect¬ 
rical  circuit.  Because  shipboard  and  submarine 
equipment  is  generally  heavy,  their  centers  of 
mass  often  are  not  displaced  significantly 
during  the  duration  of  the  shock  pulse.  Under 
this  condition  the  choice  of  coil-pair  induct¬ 
ance  can  be  based  on  the  simple  ringing  fre¬ 
quency  formula  for  an  underdamped  RLC  circuit, 
namely  f  =  l/2n^Tc  The  single  shock-pulse 
duration,  T,  is  then  given  approximately  by 
1/f  or  by, 

1  •  ZKyJlC  .  (1) 
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The  shock  pulse  risetime  is  furthermore  roughly 
T/4  as  verified  by  subsequent  computer  calcula¬ 
tions.  Formula  (1)  represents  the  single  output 
shock-pulse  width  that  is  produced  by  the  shock 
generator  because  once  the  crowbar,  S2,  in 
Figure  2  is  thrown,  the  pulse  width  is  made  up 
of  the  sum  of  the  current  pulse  rise  time  in 
the  RLC  circuit  and  the  current  pulse  decay  time 
in  the  resulting  RL  circuit.  The  pulse  rise¬ 
time  is  '  T/4  and  the  decay  time  is  -  L/R  where 
L  is  the  coil-pair  inductance  and  R  is  the  coil- 
pair  resistance.  The  decay  time  for  the  range 
of  practical  coil-pair  designs  considered  was 
found  to  equal  -  3T/4  hence  the  single  pulse 
width  is  just  T/4  +  3T/4  or  approximately  T 
given  by  formula  (1).  When  L  =  54^8  and  C  = 
SOOuF.evaluation  of  formula  (1)  gives  T  =  1.13 
X  10"'’  seconds  which  compares  favorably  with  the 
complete  coupled  differential-equations  result 
shown  in  Figure  3  (top).  The  above  single-pulse 
formula  is  coincidentally  Identical  to  the 
expression  for  the  period  of  oscillation  of  the 
current  in  an  LC  circuit  during  which  two  shock 
pulses  would  be  produced  if  no  crowbar  (S2  in 
Figure  2)  were  used  at  the  first  current  peak. 


This  situation  does  Indeed  transpire  when  no 
crowbar  Is  used,  for  exairple  as  shown  In  Figure 
3  (bottom),  where  two  shock  pulses  are  produced 
in  approximately  1.2  x  10*^  seconds,  or  -  T  as 
calculated  above.  Two  shock  pulses  are  produced 
because  no  crowbar  was  used  and  because  the  out¬ 
put  force  Is  in  the  same  direction  regardless 
of  the  direction  of  current  flow  through  the 
coil -pair  which  is  connected  in  series 
opposition. 

The  above  inductance,  L,  is  the  total 
circuit  inductance  which  is  dominated  by  the 
Inductance  of  the  coil-pair  at  launch  i.e. 
before  the  two  coils  have  separated  due  to  the 
repulsive  force  acting  between  them.  As  the 
pancake  coils  separate  this  inductance  Increases 
until  a  maximum  is  reached  at  a  coil  separation 
of  about  one  coil  diameter.  This  spatial  In¬ 
ductance  variation  can  be  expressed  in  terms  of 
the  separate  self -inductances  of  each  pancake 
coil,  L.  and  Lg  and  the  electrical  coupling 
coefficTent,  K°between  the  coils,  or  equiva¬ 
lently,  in  terms  of  the  mutual  Inductance,  M, 
as  follows: 

L  =  +  Lg  -  2kVC7b  =  +  Lg  -  2  M  .  (2) 

For  pancake  coils,  M  varies  almost  exponentially 
with  plate  separation,  x.  For  example,  the 
measured  total  coil -pair  Inductance  for  EOESS-1 
is  shown  in  Figure  4.  Thus  the  mutual  induct¬ 
ance  can  be  expressed  as. 


where  M  and  a  are  constants  for  a  given  coil- 
pair. 
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Figure  4.  EDESS-1  coil-pair  inductance. 


To  achieve  a  given  shock  level,  expressions 
(2)  and  (3)  are  Important  because  they  allow 
the  governing  shock  equation  to  be  derived.  The 
instantaneous  force,  F,  exerted  by  the  coil-pair 
on  the  payload  (and  on  the  reaction  mass)  is 
given  by. 


F -4  -7  •  (*) 

where  I  is  the  instantaneous  current  flowing  in 
the  coil-pair  and  3l^  is  the  local  special  de- 
3x 

rivative  of  the  plate  separation.  The  second 
term  in  equation  (4)  can  be  expressed  as 
3l/3x>  (3I/3L)  (3L/3x)  and  3I/3L  can  be  shown 
to  be  very  nearly  equal  to  -  I/L.  Using  equa¬ 
tion  (2)  in  (4)  and  evaluating  the  derivative, 
the  instantaneous  driving  force  takes  on  the 
form, 

F  =  -  3fL  .  (5) 

3x 

This  force,  F,  is  distributed  uniformly  over  the 
area  of  the  coil -face,  thus  offering  the  possi¬ 
bility  of  easy  alignment  between  the  applied 
force-center  and  payload  mass-center,  a  problem 
sometimes  not  easily  avoided  with  conventional 
shock  machines.  The  mechanical  equation  of 
motion  for  the  instantaneous  shock,  x,  exerted 
during  vertical  boost  on  a  payload  of  mass  m 
in  a  1.0-g  downward  gravitational  field,  thus 
becomes, 

••  I^K  L  (6) 

X  »  *  0  a  e  ^  g  '  ' 

m 

K  is  the  coupling  coefficient  between  the  coil- 
pairs  when  the  coil -pair  separation,  x,  equals 
its  minimum,  i.e.  when  the  coil  pairs  are  resting 
on  top  of  one  another.  L.  is  the  separate  self- 
inductance  of  one  of  the  zm  identical  pancake 
coils.  Since  the  instantaneous  electrical  cur¬ 
rent  in  an  underdamped  RLC  circuit  has  the 
simple  analytic  form, 

rt 

I(t)  «  V  ■  rU  sin  (2irft)  ,  (7) 

2FfL  ® 

the  peak  shock  level  for  a  generator  can  be 
estimated  quickly  by  a  hand  calculation.  The 
peak  instantaneous  current  occurs  when  t  '»<  T/4, 
and  can  be  calculated  from  equation  (7).  Hence 
equation  (6)  can  be  used  to  estimate  the  peak 
g-force  level  that  can  be  applied  to  the  pay lead 
from  the  given  generator  under  consideration. 
The  NET-2  computer  code  was  adapted  to  handle 
the  complete  problem  namely  that  of  the  coupled 
electrical  and  mechanical  equations  of  motion 
describing  the  rigid  payload  model  of  the  mn- 
erator.  The  results  given  by  equations  (1), 

(6)  and  (7)  embody  the  essence  of  the  design 
concept  and  were  generally  confirmed  by  the 
NET-2  code  results.  Of  course  the  NET -2  code, 
in  addition  to  predicting  shock-pulse  risetime 
and  peak  shock  level,  also  calculated  the 
instantaneous  payload  acceleration,  velocity 
and  position,  and  the  overall  conversion 
efficiency  under  a  range  of  conditions  includ¬ 
ing  appreciable  center  of  mass  motion.  The 
code  describing  the  rigid  payload  model  was 
used  extensively  in  the  design  of  EDESS-1  and 
2. 
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Figure  5.  The  EDESS-1  generator 
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EDESS-1  System  Description 


The  EDESS-1  generator  is  shown  In  Figure 
5.  It  consists  of  two  capacitor  modules,  a 
set  of  capacitor-to-driving-coil  connecting 
cables,  one  pair  of  380  mm  diameter  driving 
coils,  a  pneumatically-actuated  fallback 
catcher  and  a  13.3  metric  ton  reaction  mass. 

The  complete  generator  including  power  supply 
and  controls  occupies  a  floor  area  of  6  x  10 
meters.  The  reaction  mass  is  air-floated  to 
shock  isolate  the  driving  coils  from  the 
concrete  laboratory  floor.  Each  of  the  capac¬ 
itor  modules  contain  twenty  15  uF,  20  kV,  MLI 
33280  capacitors  each  being  capable  of  pulse- 
discharge  and  oscillatory  service  with  high 
energy-density  storage  (70  kJ/itn).  The  capac¬ 
itor  modules  also  contain  eighty  GE  GL-37248 
ignitrons  which  serve  as  triggered  switches: 
forty  to  discharge  the  capacitors  (functioning 
as  S1  of  Figure  2)  and  forty  as  electronic 
crowbars  (functioning  as  S2  of  Figure  2)  to 
trap  the  energy  in  the  driving-coil  pair. 

The  capacitors  in  the  bank  are  connected  in 
parallel  by  means  of  separate  low-inductance 
coaxial  cables,  one  per  capacitor,  to  a  cannon 
connector  block  located  dose  to  the  driving 
coils.  Two  flexible  welding  cables  each  about 
two  meters  long  complete  the  circuit  from 
connector  block  to  driving  coils  (points  A 
and  B  of  Figure  1).  For  the  driving  coil  tests, 
payload  ballast  was  readily  available  in  the 
form  of  naval  armor  plate,  however  the  effects 
of  ballast  fallback  could  easily  invalidate  the 
tests.  A  simple  pneumatic-actuated  catcher  for 
the  armor  plate  was  built  which  consists  of  two 
steel  bars  each  about  one  meter  long  that  are 
top-padded  with  10  mn  thick  polyurethane.  Be¬ 
fore  launch  the  weight  of  the  payload  ballast 
rests  completely  on  the  two  driving  coils  and 
the  reaction  mass.  When  the  bank  is  discharged 


the  coils  repel,  the  ballast  is  driven  inward 
between  the  ballast  and  reaction  mass,  thus 
preventing  fallback  on  the  coils. 

The  heart  of  the  EDESS-1  system  is  the 
driving  coil  pair.  The  first  experimental 
driving  coil  design  was  based  on  an  electrical 
scale-up  of  a  proof-of-principle  model  and 
on  the  desired  output  shock-risetime  of  300  ys. 
The  required  self-inductance  of  the  coil -pair 
at  launch  was  then  established  and  several  ^iral 
coils  of  different  diameters  ranging  from  150  to 
910  mn  were  evaluated.  Mechanical  strength  and 
integrity  were  predoninant  considerations  in 
view  of  the  200-g,  2.0  ms  shocks  that  were 
desired.  These  factors  resulted  in  the  first 
coil  (Figure  6)  being  a  380  nin  diameter  pancake 
consisting  of  37.25  turns  of  #6AWG  formvar- 
coated  copper  coil-wire  wound  in  a  single  layer. 
The  coil  was  hand-wound  into  a  410  mn  square 
coil  form  of  G-10  fiberglass-resin,  25.4  mn 
thick  and  then  epoxied  in  place  using  Epon-815. 

The  self -inductance  of  a  single  coil  was 
calculated  using  Grover's  inductance  formula 
[5]  for  a  radially-thick  coils, 

=  0.00254  N^a  P  .  (8) 

The  calculated  inductance  was  then  verified  by 
measurement  after  the  coils  were  fabricated. 

The  factor  P  is  about  16  for  the  coils  here  and 
is  the  product  of  two  factors.  The  first  ap¬ 
plies  to  a  coil  of  zero  axial  dimensions  and  is 
a  function  of  the  radial  proportions  of  the 
coil  cross-section.  The  second  accounts  for 
the  reduction  in  inductance  due  to  separating 
the  turns  in  the  axial  direction.  The  number 
of  spiral  turns,  N,  which  enters  quadratically 
and  the  mean  radius,  a,  in  inches  when  multi- 
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Figure  6.  The  EDESS-1  driving  coll  pair. 


piled  times  P,  give  the  self-inductance,  L.,  In 
microhenries.  For  a  single  EOESS-1  coll,  C. 
was  calculated  to  be  238  wH  using  equation  (8) 
and  subsequently  measured  to  be  235  uH  after 
fabrication.  For  the  coil-pair  the  total  Induc¬ 
tance  at  launch  was  measured  to  be  54  vH  with  a 
total  resistance  Including  the  welding  cables  of 
76  in.  The  colls  thus  have  a  mutual  Inductance 
of  208  uH  and  an  electrical  coupling  coefficient 
of  K  ■  0.89  at  launch. 

OPERATIONAL  RESULTS 

The  performance  of  EDESS-1  and  of  the 
originally  designed  coil-pair  has  been  surpris¬ 
ingly  close  to  optimistic  expectations.  The 
first  driving  coll -pair  In  which  the  turns 
were  epoxled  Into  a  coll  form  remains  operation¬ 
al  after  80  test  firings  although  considerable 
surface  cracking  of  the  mating  front  faces  of 
the  colls  has  occurred.  The  primary  cause  for 
this  cracking  Is  believed  to  be  mechanical  fly¬ 
back  of  the  copper  coll  wire  which  releases  de¬ 
formation  energy  which  Is  stored  while  the  shock 
pulse  Is  being  delivered  to  the  payload.  A 
second  contributor  to  the  cracking  was  the  lack 
of  anchoring  of  either  coll  of  the  pair  to  the 
ballast  or  reaction  mass  during  the  early  tests. 
High-speed  photography  of  the  unanchored  coll 
pair  showed  violent  motions  of  each  coll  after 


the  boost  was  completed.  The  second  problem 
revealed  In  the  tests  was  that  the  soft-solder 
connections  to  the  colls  exploded  on  several 
occasions.  This  problem  was  readily  solved  by 
using  silver-soldered,  bolted  connections  to  the 
welding  cables.  A  second  coll  was  fabricated 
using  a  polyurethane  Impregnant,  Conap  EN-7,  to 
avoid  the  surface  cracking  problem  and  to  eaploy 
a  new  coil-winding  technique  to  avoid  the  time- 
consuming  hand-winding  used  previously.  This 
second  coll -pair  has  performed  well  without 
problem  for  20  test  firings. 

The  typical  output  shock  response  produced 
by  EDESS-1  on  armor  plate  payloads  Is  shown  In 
Figure  7.  This  response  was  measured  with  an 
Endevco  #2262-2000  accelerometer  mounted  In  the 
center  of  the  1.0  metric  ton,  152  inn  thick,  914 
im  square  armor  plate  by  the  380  mn  diameter 
driving  pair.  The  velocity  and  displacement 
curves  (middle  and  lower  of  Figure  7)  were  ob¬ 
tained  electronically  by  taking  the  first  and 
second  Integrals  of  the  accelerometer  output. 

New  rack-mounted  electronics  [6]  was  designed 
specifically  for  this  purpose.  This  data  shows 
that  the  thick  armor  plate  Is  responding  with 
drumhead-like  vibrational  bending,  upward 
center-of-mass  motion  and  to  a  lesser  extent, 
by  Internal  stress-wave  reflections  within  the 
thickness  of  the  plate.  Analysis  of  data  like 
the  above  Indicates  that  the  total  energy  Im¬ 
parted  by  EDESS-1  to  the  plate  Is  partitioned 
40X  to  vibrational  bending,  50%  to  center-of- 
mass  motion  and  10%  or  less  to  Internal  shock 
waves.  Vibrational  energy  Is  large  because  the 
driving  coll  diameter  Is  only  about  one-third 
the  width  of  the  ballast  weight.  Subtracting 
the  vibrational  and  Internal  wave  energy, 
center-of-mass  shock  levels  of  300  G's  (peak) 
for  the  1.0  metric  ton  plate  and  150  G’s  (peak) 
for  the  2.0  metric  ton  load  are  Indicated.  The 
shock  pulse  duration  applied  to  the  center-of- 
mass  based  on  the  smoothed  Instantaneous  veloc¬ 
ity  profile  Is  less  than  4  ms  with  the  Indica¬ 
ted  risetime  being  consistent  with  the  Intend¬ 
ed  design  value  of  300  vs.  By  varying  the 
capacitor  bank  charging  voltage  the  peak  center 
of  mass  displacement  can  be  varied.  These 
results  are  shown  In  Figure  8.  Fluctuations 
In  these  heights  are  caused  by  the  large 
vibrational  component  In  the  plate  responses. 
Center-of-mass  throw  heights  of  250  mm  were 
observed  at  the  maximum  capacitor  bank  charg¬ 
ing  voltage  of  20  kV  with  the  1.0  metric  ton 
payload.  The  output  shock-pulse  capability  and 
the  electrical  parameters  for  EDESS-1  are  sum¬ 
marized  1n  Table  I. 

The  center-of-mass  shock  levels  as  Indica¬ 
ted  In  Table  I  from  accelerometer  measurements 
fall  within  a  factor  of  2  of  the  orininal  com¬ 
puter-aided  predictions  which  do  not  .-<e  Into 
account  the  multi -component  dynamic  response 
of  the  armor  plate.  Four  co1l-pa1rs.  Identical 
to  the  one-pair  used  on  EDESS-1,  will  be  built 
and  tested  In  the  future  on  EDESS-2.  These 
four  coil-pairs  can  be  placed  to  cover  the 
entire  0.81  m  area  of  the  armor  plate  with  an 
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Figure  7.  Shock  response  of  a  1.0  metric 
ton  armor  plate  to  a  18.8  kV 
EDESS-1  pulse.. 

almost  uniformly  distributed  force.  Consem-nf 

cant ly  reduced.  Also  several  obvious  refine¬ 
ments  In  the  computer  model  of  EDESS-1  will  fur¬ 
ther  Improve  Its  predictive  accuracy.  These 
refln^nts  include  introduction  of  elect^lLl 
capacitor  bank  equivalent 
circuit  which  was  not  previously  Included,  the 

for  extrapolated  va1u« 

for  the  mutual  Inductance  curve  of  the  colls  and 


Table  I.  EDESS-1  Shock-Pulse 
^  S  Parameters 

Shock  pulse  (peak) 

Payload  mass 

Shock  duration  (base  width) 

Shock  pulse  risetime 
Payload  velocity  change  (max) 
Payload  displacement  (max) 
Capacitor  bank;  40  ea  15vF@  20  kV 
Driving  colls:  380  im  dia  2  ea 

FUTURE  EFFORT 


Capability 

150  g's 
2000  kg 
<4  ms 
300  us 
1.3  m/s 
60  inn 
120  kj 
54  pH 


underway  to  assemble  EDESS-2 
^ch  will  have  a  5  metric  ton  payload  capabllltv 

Ira  platform 

!iTi  Figure  9.  Generally  the  system 

*^111  look  very  similar  to  EDESS-1.  The  number 
("ot  shown)  will  be 

d^bled  to  stora  240  kJ  although  a  tripling 
In  size  would  have  been  desirable.  Additional 


Figure  8. 


g  10  IB  20 

CAPACITOR  BANK  VOLTAGE  -  kV 

Maximum  displacement  of  a  T.O  metr 
ton  armor  plate  versus  voltage  on 
EDESS-1. 


capacitor  banks  are  available  but  competition 
for  their  use  is  keen.  The  reaction  mass  will 
be  tri piled  to  around  30  metric  tons  and  the 
number  of  380  mm  diameter  driving  pairs,  which 
were  used  successfully  on  EDESS-1,  will  be 
Increased  to  4.  The  four-pair  shock  platform 
and  fall  back  catcher  is  shown  In  Figure  10. 
CoiR>uter-a1ded  analysis  shows  that  extending 
the  number  of  driving  pairs  to  4  will  keep  the 
overall  energyr  transfer  efficiency  nearly  the 
same  as  In  EDESS-1.  The  4  coll -pair  system  will 
also  provide  some  shock-pulse  risetime  adapta¬ 
bility  by  allowing  colls  to  be  connected  In 
various  serles/parallel  ways.  Computer  analysis 
also  predicts  that  a  range  of  shock  pulse  cap¬ 
abilities  are  possible.  These  results  are 
given  In  Table  11.  n  Is  the  efficiency  expres¬ 
sed  In  percent  and  defined  by  the  ratio  of  the 
center-of-mass  kinetic  energy  to  the  total 
.stored  energy  originally  In  the  capacitor  banks. 
Particularly  Interesting  Is  the  prediction  In 
the  rightmost  column  of  Table  II  that  a  single 
large  910  mm  diameter  coll -pair  will  be  more 
efficient  than  380  nn  diameter  coll -pairs.  Con¬ 
sequently  a  large  diameter  coll  pair  has  been 
designed  and  will  be  fabricated  and  tested  In 
our  facility. 
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ri''ure  10.  The  shock  plfltfnn" 
for  EDFSS-? 


To  extend  the  payload  capability  of  an 
e1ectroinagnet1ca11y-dr1ven  shock  platform  into 
the  15  to  30  metric  ton  range  requires  a  depart¬ 
ure  from  the  use  of  capacitor  banks  as  primary 
energy  sources.  This  is  primarily  because  the 
capacitor  banks  required  would  occupy  very  large 
spatial  volumes  and  consequently  not  be  prac¬ 
tical  for  transport.  Homopolar  generators  ex¬ 
hibit  high  energy-density  storage  (350  kJ/m^) 
and  are  capable  of  storing  10  to  20  MJ. 

Machines  like  this  are  being  considered  as  re¬ 
placements  for  capacitor  banks  in  EDESS-3  to 
achieve  the  larger  payload  capability.  A 
demonstration  experiment  to  shock-pulse  a  15 
metric-ton  armor-plate  pavioad  using  Weldon's 
5  NJ  homopolar  generator  [7,  8.  9]  at  the 
University  of  Texas  is  being  planned  for  early 
next  year. 

The  operating  principle  of  a  homopolar 
generator  is  illustrated  in  Figure  11.  It 
consists  of  a  massive,  conducting  flywheel  that 
is  itnnersed  in  a  uniform  magnetic  field,  *, 
perpendicular  to  the  plane  of  the  flywheel. 
After  the  flywheel  is  spun-up  to  a  stable 
angular  speed  u,  the  switch  S,  in  the  external 
circuit  is  closed,  completing  the  circuit 
between  the  wheel  rim  and  shaft  through  the 
load.  A  large  decelerating  torque  is  produced, 
given  by. 


where  la  is  the  large  current  generated  in  the 
external  circuit.  This  decelerating  torque  re¬ 
sults  from  the  circumferential  Lorentz  force 
between  the  current  flow  in  the  wheel  and  the 
applied  magnetic  field.  Kinetic  energy  of  the 
rotating  flywheel  is  thus  rapidly  converted  into 
a  single,  high-current,  low-voltage  pulse.  All 
points  on  the  outer  circumference  of  the  fly¬ 
wheel  have  the  same  polarity  potential  with 
respect  to  points  on  the  shaft  hence  the  name 
homopolar  generator.  The  entire  process  can  be 
run  in  reverse  thus  creating  a  homopolar  motor 
by  simply  supplying  motoring  current  from  an 
external  power  supply.  The  load,  in  Figure  11, 
for  shock  generation  purposes,  becomes  the 
electromagnetically-driven  shock  platform.  An 
EDESS-3  system  is  sketched  in  Figure  12  using 
the  University  of  Texas  homopolar  generator  as 
the  primary  energy  store. 

Several  Important  mechanical  and  shock 
control  advantages  accrue  from  this  approach. 

The  driving  coils  of  EDESS-1  and  2  can  be  re¬ 
placed  by  simple  flat  driving  plates  because 
the  equivalent  electrical  capacitance  of  the 
homopolar  generator  is  so  large  (5600  farads  for 
the  5  megajoule  homopolar).  Also  the  risetime 
of  the  output  shock  profile  can  be  varied  easily 
by  simply  changing  the  applied  magnetic  field 
across  the  rotor.  That  this  is  true  can  be 
readily  seen  by  noting  that  the  voltage  devel¬ 
oped  across  the  terminals  of  a  homopolar  gen¬ 
erator  is  proportional  to  the  applied  magnetic 
field,  ♦.  For  a  constant  stored  energy  in  the 
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TABLE  II.  Shock  pulse  capabilities,  using  electromagnetically-driven 
platforms  with  a  360  kJ  capacitor  bank. 


PAYLOAD 

2.27  to  13.59  METRIC  TOMS 

0.453  to 
4.53  metric 
tons 

COIL 

DIA 

SERIES/PARA 

38§'mm^BlA 

IN  SERIES 

«Ma 

IN  SERIES 

ONE  PAIR 
910  nil 

DIA 

(ms) 

0,4-0. 6 

1.2-1. 4 

2.0 

8.0-9, 5 

1.4-1 .6 

(ms) 

1, 3-1.0 

4. 0-3. 3 

7.5-6. 0 

19.5-16.5 

5.0 

A 

(G's) 

3000  to 

350 

400  to 

100 

300  to 

70 

33  to 

7 

1670  to 

240 

(m/s) 

5.33-1.04 

4.18-0.85 

4.08-0.73 

2.19-0.40 

8.66-1.71 

n* 

18.0-4,0 

_ 

11.0-2.7 

10.5-2.0 

3. 0-0. 6 

47-11 

1  2 

hcmopolar  of  y  ,  the  equivalent  homopolar 
capacitance.  Cm,  varies  as  1/V^  and  thus  as 
1/»‘  .  Since  the  shock  pulse  risetime,  t,  from 
equation  (1)  varies  roughly  as  T/4, 


This  means  that  the  shock  pulse  risetime  can  be 
controlled  by  varying  ♦,  i.e.  the  greater  ♦, 
the  sharper  the  shock  onset.  This  appears  to 
be  an  important  control  advantage  which  has 
heretofore  not  been  possible  on  E0E5S-1  and  2. 
Peak  shock  levels  can  also  be  controlled  with¬ 
out  changing  the  relative  shape  of  the  output 
shock  profile  by  simply  chimalnq  the  annular 
speed,  ID,  to  which  the  homopolar  generator  is 
originally  spun.  These  features  are  currently 
being  studied  in  the  design  of  the  EDESS-3 
generator. 


CONCLUSIONS 

The  present  experiments  with  the  EDESS-1 
prototype  clearly  demonstrate  the  feasibility 
of  using  electrical  pulse-power  for  generating 
explosive-like  shocks  in  1.0  and  2.0  metric  ton 
payloads.  The  key  to  obtaining  reliable  shock 
performance  lies  in  developing  reliable  and 
efficient  driving-coil  pairs.  A  considerable 
range  of  output  shock  profiles  and  payloads 
appears  possible  using  capacitor  banks  as  prim¬ 
ary  energy  storage  devices,  as  will  be  tested 
with  EDESS-2.  Homopolar -powered  systems  appear 
promising  for  larger  payload  shock-testing 
applications  where  high  efficiency,  simplicity 
and  compactness  are  Important  aspects. 
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DISCUSSION 


Mr.  Mlsovec  (Weldllnger  Associates)! 
Could  you  coaaent  on  the  control  you 
alght  have  over  pulse  shape? 

Mr.  Sataaa;  We  will  explore  that  In  the 
EDESS  2  generator.  There  the  aajor 
control  can  be  achieved  by  placing  the 
driving  colls  In  series  or  In  parallel 
and  that  Is  the  easy  alternative.  The 
other  alternative  Is  to  design  other 
coll-*palr  sets  that  have  different 
resonant  frequencies  for  a  particular 
shock  application.  That  would  be  the 
direct  way  of  doing  It.  Another 
possible  alternative  with  the  capacl- 
tlvely  driven  system  Is  to  change  the 
capacitance  of  the  driving  bank;  and  of 
course  you  can  always  vary  the  charge 
voltage  on  the  capacitor  bank  to  vary 
the  level.  We  have  not  run  extensive 
tests  on  the  adaptability  of  the  system 
but  we  have  run  computer  studies  which 
show  us  that  the  range  of  possibilities 
Is  very  promising. 

Mr.  Wise  (Watts.  Inc.);  Can  you  Improve 
the  rise  time  and  Is  It  possible  to 
conceive  of  an  anvil  In  a  water  tight 
package  so  you  can  simulate  a  shock  wave 
In  the  water? 

Mr.  Satama;  We  have  thought  of  that. 

Mr.  DeVost  has  sketched  a  concept  of 
generating  underwater  shocks  using  this 
as  the  driver.  As  far  as  Improving  the 
rise  time.  In  the  capacltlvely  driven 
system  It  Is  very  easy  to  go  to  a  very 
fast  pulse.  In  fact,  we  could  go  down 
to  microseconds  as  Sandla  can  testify. 
The  flyer  plate  technology  Is  a  hundred 
to  maybe  fifty  microseconds  In  response 
so  It  Is  very  easy  to  go  to  a  faster 
pulse.  We  have  problems  In  the  capacl¬ 
tlvely  driven  system  with  the  opposite, 
which  Is  to  go  to  a  five  or  a  ten  milli¬ 
second  problem.  We  can  easily  go  to 
very  fast  pulses.  Very  fast  pulses  are 
not  of  Interest  for  our  purposes  because 
we  are  Interested  In  the  big  payload 
capabilities  but  we  can  usually  do  that. 
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ANALYSIS  OF  ENERGY-ABSORBING  SHOCK  MOUNTS 


V.  H.  Neubert 

The  Pennsylvania  State  University 
University  Park,  PA  16802 


The  behavior  of  nonlinear  energy-absorbing  shock  mounts  or 
shock  snubbers  was  measured  in  a  standard  test  machine  and  in  a 
drop  table  shock  machine.  Configurations  tested  were  an  aluminum 
honeycomb  and  low  carbon  steel  end- loaded  tubes,  side-loaded  tubes 
and  double  reverse  corrugated  metal. 


Some  configurations  deform  by  buckling,  with  associated  posi¬ 
tive  and  negative  stiffnesses,  while  others  yield  without  buckling 
and  exhibit  primarily  positive  stiffness.  Analysis  was  carried 
out,  guided  by  the  experimental  results,  of  energy-absorbing  mounts 
In  series  and  in  parallel  with  linear  mounts.  The  mechanical  fuse 
effect  of  the  energy-absorbing  mounts  is  demonstrated  in  the  series 
arrangement.  In  the  parallel  arrangement  the  energy-absorbing  mount 
helps  reduce  deflection. 


INTRODUCTION 

The  present  paper  summarizes  material  pre¬ 
sented  in  references  [1]  and  [2]. 

The  problem  considered  is  the  protection  of 
equipment  during  ground  shock  through  the  use  of 
energy-absorbing  shock  mounts.  A  one-degree-of- 
freedom  representation  of  one  system  is  shown  in 
Figure  1.  The  machine  or  equipment  to  be  pro¬ 
tected  is  represented  by  the  mass.  Sometimes 
there  is  a  vibration  mounting  for  small  ampli¬ 
tudes,  possibly  representable  by  the  linear 
spring  and  dashpot.  For  large  amplitude  shock, 
the  shock  mount,  or  snubber,  is  depicted  here  as 
L(t) ,  which  here  is  taken  as  a  nonlinear,  en¬ 
ergy-absorbing  component.  This  nonlinear  shock 
mount  is  the  subject  of  the  present  study. 

The  free-body  diagram  in  Figure  1(b)  em¬ 
phasizes  the  forces  that  act  on  the  body  during 
a  specified  ground  motion  yg.  A  primary  goal 
is  to  limit  the  maximum  absolute  acceleration  y 
felt  by  the  mass;  an  equivalent  goal  is  to  limit 
the  maximum  resultant  force  acting  on  the  mass. 

An  alternate  arrangement  is  shown  In  Fig¬ 
ure  2(a)  where  the  energy-absorbing  mount  L(t) 
is  In  series  with  the  linear  mount.  Here  the 
force  acting  on  the  mass  is  always  the  same  as 
that  transmitted  by  the  mount  L(t) ,  and  the 
mount  could  be  designed  to  act  as  a  mechanical 
fuse  so  the  force  transmitted  would  never  ex¬ 
ceed  a  certain  value. 

Several  configurations  were  studied  to  de¬ 


termine  load-deformation  behavior  taking  into 
account  deformation  rate  where  applicable.  The 
configurations  are;  aluminum  honeycomb,  ax¬ 
ially-loaded  tubing,  a  double  reverse  corru¬ 
gated  metal  (DRCM) ,  and  side- loaded  tubes,  with 
more  emphasis  on  the  last  two.  At  the  begin¬ 
ning  it  was  decided  that,  for  practical  pur¬ 
poses,  the  thickness  and  stroke  of  the  mounts 
should  be  less  than  3  inches. 

The  aluminum  honeycomb  and  axially-loaded 
tubing  were  tested  in  only  one  direction.  In¬ 
itially  they  behave  elastically,  but  for  higher 
loads  they  deform  by  plastic  buckling  with  the 
load-deformation  curve  showing  regions  of  al¬ 
ternately  positive  and  negative  stiffness.  The 
honeycomb  behaves  in  a  similar  manner.  The  un¬ 
constrained  DRCM  and  the  side-loaded  tubing 
yield  without  buckling  and  present  a  smoother 
load-deformation  curve.  While  the  DRCM  is 
loaded  In  only  one  direction,  mounts  made  of 
side-loaded  tubing  were  loaded  in  three  ortho¬ 
gonal  directions.  In  addition,  the  side-loaded 
tubing  may  be  straightened  for  re-use,  and  load 
vs.  deformation  curves  are  presented  for 
straightening  tubes  with  various  initial  defor¬ 
mations. 

Data  for  a  set  of  elastic  Aeroflex  Corpor¬ 
ation  twisted  wire  cable  mounts  is  presented 
for  comparison. 

Finally,  results  of  analysis  are  presented 
in  which  the  attenuations  provided  by  several 
mount  combinations  are  compared .  As  expected , 
*See  Table  6  for  conversion  to  SI  Units. 


Figure  1(a).  Parallel  ahock  mount  ayatem. 


Figurea  2(a).  Seriea  shock  mount  system. 


reducing  acceleration  by  using  a  soft  mounting 
ayatem  results  In  larger  deflections,  but  pre¬ 
dicted  deflections  are  less  than  the  specified 
stroke  of  the  mount. 

MATERIAL  BEHAVIOR  AHD  RATE  EFFECTS 

The  Importsnt  materiel  properties  are 
elasticity,  yield  stress,  ductility,  cate  sen¬ 
sitivity,  post-yield  stiffness,  and  ultimate 
strength. 

The  mstsls  of  Interest  are  steel  and  alum¬ 
inum.  The  strain  rates  are  associated  vlth 
gross  structural  motions  of  equipment  on  their 
foundations  snd  rsnge  up  to  about  30/sec.  The 
elsstlc  modulus  Is  practlcslly  Indensltlve  to 
such  loading  rates.  A  primary  effect  of  rate 
la  the  Increase  In  yield  strength.  Hecker  [4], 
In  Reference  [3],  recently  summarised  experi¬ 
mental  studies  of  yield  phenomena  In  blaxlally 
loaded  metals,  giving  277  references.  Llndholm 
15]  reviewed  methods  for  conducting  tests  over 
the  range  of  strain  rates.  Structural  steel  Is 
typically  very  strain  rata  sensitive,  while 


aluminum  Is  much  less  so.  The  dependence  of 
the  dynamic  lower  yield  stress  o(£)  on  the 
plastic  strain  rate  e,  for  strain  rates  up  to 
1000/sec,  was  represented  by  Cowper  and 
Symonds  [6]  as  the  following  empirical  expres¬ 
sion, 

1 

-  1  +  (|)^  (1) 
°o 


«diere  o^  Is  the  static  yield  stress,  D  and  p 
are  material  constants  and  p  may  be  taken  as  an 
Integer.  The  values  D  •  40/sec  and  p  ■  5  were 
deduced  from  data  from  tension  Impact  tests  of 
steel  of  Manjolne  [7].  For  aluminum  [8]  the  val¬ 
ues  were  In  the  range  of  1>>6500/sec  and  p  •  4. 
Belshelm  [9]  discussed  dynamic  yield  stress  as 
related  to  strain  rate  and  Vlgness  [10]  sum¬ 
marized  data  relating  dynamic  yield  to  "de- 
layed-yleld  time."  The  time  delay  between 
applied  dyanmlc  stress  and  resulting  strain 
la  another  Important  effect  which  is  accounted 
for  to  some  extent  in  the  constitutive  equation 


proposed  by  Malvern  [11]. 


1 

e  -  ^  +  K(a-ag^)n  (2) 

Here  c  and  o  are  functions  of  time,  E  Is 
Young's  modulus,  Is  the  static  stress  for 
the  same  strain,  and  K  and  n  are  material  par¬ 
ameters.  Crlstescu  [12]  and  others  have  dis¬ 
cussed  more  general  forms  of  constitutive  equa¬ 
tions. 

Plass  [14]  developed  a  constitutive  equa¬ 
tion  for  beam  bending  by  assuming  plane  sec¬ 
tions  remain  plane  after  bending  and  Integrat¬ 
ing  (2)  over  the  beam  cross-section,  with  the 
result 

M  i 

11  -  ^  +  R(M-Mgj.)n  (3) 

Here  k  Is  curvature  rate,  M  Is  dynamic  moment, 
El  Is  bending  stiffness,  and  Is  moment  ob¬ 
tained  from  the  static  moment-curvature  curve. 

Some  surveys  and  extended  reference  lists 
related  to  dynamic  plastic  behavior  of  struc¬ 
tures  are  given  In  references  [33]  thru  [44]. 

The  type  of  law  In  equation  (1)  applies 
best  to  perfectly  plastic  materials  since  It 
relates  only  to  Increased  yield  stress. 

Perrone  [13]  suggested  a  flow  law  In  Equation 
(4)  which  accounts  for  the  strain  hardening 
aspects  as  well  as  Increased  yield; 


^  -  [1  +  (§)n]  [1  +  ce] 

(4) 

0 

C  »  f(€) 

(5) 

If  the  strain  hardening  Is  a  function  of  strain 
rate,  then  equation  (6)  could  be  used  with  (5). 
For  the  present  study,  equation  (5)  was  used 
for  fitting  curves  to  dynamic  stress-strain 
data,  with  c  a  constant.  However,  In  predict¬ 
ing  timewise  behavior  for  beams  or  other  struc¬ 
tures  an  equation  of  the  form  of  (2)  has  also 
been  used  [1]. 

TESTING  AND  INSTRUMENTATION 

The  tests  were  performed  on  a  Tlnlus-Olsen 
test  machine  and  on  a  drop  table  shock  test 
machine . 

The  Tlnlus-Olsen  Is  a  controlled  deforma¬ 
tion  machine  on  which  specimens  were  tested  at 
a  constant  deformation  rate.  Load  versus  de¬ 
formation  Is  read  out  on  an  x-y  plotter. 

The  drop  table  shock  machine  Is  an  IMPAC 
1818  from  Monterey  Research  Laboratory,  Inc., 
now  part  of  MTS  Systems  Corp.  The  elastomer 
programer  used  produces  approximately  a  half- 
sine  acceleration  pulse  at  the  table.  In  Fig¬ 
ure  3,  an  arrangement  Is  shown  of  a  simulated 


Figure  3.  Simulated  machine-snubber  configura¬ 
tion  using  steel  plates  and  side- 
loaded  rings. 


machine  and  shock  mount  on  the  shock  machine 
table.  Here  the  machine  Is  represented  by  two 
rigidly  connected  steel  plates  and  the  four 
side-loaded  rings  are  the  shock  mounts.  Ac¬ 
celerometers  were  located  on  the  shock  machine 
table,  to  measure  y^,  and  at  locations  A,  B, 
and  C  on  the  top  of  the  plate,  to  sense  y  as 
well  as  rigid  body  rotation  about  two  axes. 

The  displacements  y  and  y^  were  obtained 
by  Integrating  the  accelerations  twice.  The 
deformation  of  the  nonlinear  mounts  Is  then 
Fr  ■  y  -  Fo- 

CONFIGURATION  CHARACTERISTICS 
Aluminum  Honeycomb 

Honeycomb  has  received  considerable  atten¬ 
tion  as  an  energy-absorbing,  cushioning  mate¬ 
rial  for  protection  during  air  drops  of  equip¬ 
ment,  moon  landing  of  apace  craft  and  for  many 
other  applications.  An  excellent  tutorial  paper 
on  cushioning  for  aerial  delivery  was  given  by 
Thompson  and  Rlpperger  1 13 ] . 
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The  materials  which  have  been  tested  most 
are  paper  and  aluminum  honeycombs.  For  air 
drops,  the  Ideal  load-deformation  curve  Is  flat. 
One  measure  of  the  efficiency  for  energy  absorp¬ 
tion  Is 


Efficiency  «  — x  100%  (6) 

m 

where  U  •  area  under  stress-deformation  curve, 
Og,  <•  maximum  stress  and  d  Is  maximum  deforma¬ 
tion.  Thus  a  rectangular  stress-deformation 
curve  would  represent  the  Ideal  efficiency  of 
100%.  Paper  honeycomb  has  a  nearly  Ideal 
stress-strain  curve  up  to  about  70%  strain, 
above  which  It  stiffens  as  It  begins  to  bottom 
out. 


Aluminum  honeycomb  stress-strain  curves 
typically  show  an  Initial  sharp  stress  peak, 
called  the  compressive  strength,  at  which  buckl¬ 
ing  begins.  As  the  strain  Increases  further, 
the  stress  drops  to  a  nearly  constant  level, 
called  the  crush  strength,  which  Is  usually  65 
to  70  percent  of  the  compressive  strength. 

Data  sheets  are  available  which  list  compres¬ 
sive  strength,  crush  strength,  shear  strength 
In  two  directions,  and  beam  shear  modulus.  A 
typical  aluminum  honeycomb  may  be  specified  as 
3.7  -  3/8  -  .0025  which  means  successively: 
density  In  pounds/ft^,  cell  size  In  Inches,  and 
metal  gage  In  Inches. 


With  regard  to  analysis,  McFarland  [16] 
discussed  two  possible  modes  of  failure  for 
honeycomb,  a  crushing  mode  and  a  gross  shear 
failure  mode.  For  the  crushing  mode  the  energy 
and  force  F^  are 

Do  t^  P 

- (2.057  +  12.396  (7) 
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Do  t 
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p 

(4.. 750  +  28.628  -5) 


(8) 


where 

t  *  cell  wall  thickness 
S  >  cell  minor  diameter 
D  "  [S/3]^/2  “  width  of  cell  wall 
P^  ■  width  of  basic  panel  element 
(D/4  1  1  0/2] 

The  deformation  occurs  In  an  accordlan- 
llke  pattern,  with  P^  the  length  of  one  pleat, 
Masured  along  the  slope,  from  peak  to  valley. 
For  shear  deformation,  using  as  yield  stress 
for  shear. 


0.433  q„tDP^ 

(9) 

1.155q^t 

S 

(10) 

The  total  energy  U  and  total  force  F  are 


u  -  u  +  u 

c  8 


F  «  F  +  F 
c  s 


(11) 


In  addition  it  Is  noted  In  [16]  that  if 
the  ratio  t/S  >  0.004,  the  gross  shear  mode 
failure  will  occur,  rather  than  the  crushing 
mode.  This  Is  undesirable  since  the  energy 
absorption  in  the  shear  mode  Is  less  than  In 
the  crushing  mode  for  the  same  t/S  ratio. 


As  part  of  the  present  investigation,  ex¬ 
periments  were  performed  on  aluminum  5052  alloy 
honeycomb  donated  by  American  Cyanamld  Corpora¬ 
tion.  The  honeycomb  was  military  grade,  den¬ 
sity  3.7  Ib./ft.^,  3/8"  core,  0.0025  metal  gage, 
and  5/8”  deep.  The  crush  strength  Is  published 
as  290  psl  and  compressive  strength  as  200  psl. 

A  quasl-statlc  load-deformation  curve  from  the 
Tinlus-Olsen  machine  of  a  2"  x  2"  specimen  is 
shown  In  Figure  4.  There  were  thirty  complete 
cells.  A  photograph  of  a  typical  deformed 
specimen  Is  shown  In  Figure  5(d).  The  inner 
cells  deformed  by  the  formation  of  successive 
pleats,  much  as  the  axially  crushed  tube  shown 
In  Figure  S(c) .  Three  pleats  can  be  seen  in 
Figure  5(d).  The  outer  walls  buckle  in  a  mode 
Involving  the  total  depth  of  the  specimen.  The 
Initial  peak  or  crush  strength  Is  higher  than 
4  in^  X  290  pel  expected  from  the  advertised 
value  but  the  advertised  compressive  strength 
of  4  in^  X  200  psl  Is  close  to  the  average  af¬ 
ter  the  first  peak. 


Figure  4.  Experimental  load  versus  deformation 
for  aluminum  honeycomb. 
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(b)  Side-loaded  annealed  tube 


(d)  Axially  loaded  honeycomb 


Figure  5.  Photographs  of  deformed  specimens. 


The  initial  high  peak  in  the  load-deforma¬ 
tion  curve  is  undesirable  in  a  shock  snubber, 
since  it  leads  to  a  high  transmitted  accelera¬ 
tion.  To  avoid  this  peak  the  honeycomb  may  be 
pre-crushed  or  pre-dimpled  [171.  Further  data 
on  honeycomb  is  given  in  (17),  [18]  and  [19]. 

Axially  Loaded  Crushed  Tubes 


Shaw  [26]  studied  this  type  of  deforma¬ 
tion  and  attempted  to  predict  the  length  h  of 
the  tube  involved  in  one  pleat.  An  Euler  in¬ 
stability  is  assumed  to  be  involved.  The  buckl 
ing  load  for  a  slender  column  of  height  h  with 
hinged  ends  constrained  to  remain  vertically 
aligned  is 


Axially  loaded  tubing  has  been  investi¬ 
gated  in  a  crushing  mode  [20,21]  a  "frangible*' 
mode  [22,23,24],  and  an  inverting  mode  [25]. 

The  axially  loaded  tubing  in  a  crushing 
mode  deforms  in  an  accordian-like  fashion.  The 
load-deformation  curve  has  a  large  initial 
peak  and  then  oscillates  about  a  fairly  flat 
average.  The  oscillations  arc  due  to  the  suc¬ 
cessive  formation  and  bottoming  out  of  new 
pi  eats . 


If,  further,  the  instability  occurs  when  the 
tube  just  becomes  plastic,  then 


1  1 

Then,  using  ^  “  Y2  '•‘1  ing  P  gives 
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Shaw  said  this  agreed  well  with  the  observed 
pattern  with  a  mandrel  In  place,  which  aided  In 
stabilizing  the  formation  of  the  pleats.  The 
load  was  related  to  deformation  x  by 


The  minimum  value  of  x  for  which  this  equation 
holds  Is  Xq,  the  displacement  at  which  the  plas¬ 
tic  hinge  first  develops.  The  value  of  Xg  is 


The  approximate  outside  diameter  of  the  flange 
formed  In  one  pleat  Is 

D  -  d  +  h  -  t  (17) 

The  predicted  value  from  these  equations  agreed 
well  with  static  test  results,  but  not  with  dy¬ 
namic. 


For  the  present  study,  several  tests  were 
run  at  moderate  loading  rates  In  the  Tlnlus- 
Olsen  machine  of  the  2"  diameter  steel  tubing 
0.065"  thick  under  axial  loading.  A  typical 
load-deformation  curve  for  an  as-received,  2" 
long  tube  Is  shown  In  Figure  6,  In  comparison 
with  that  for  an  annealed  tube  of  the  same  size. 
The  ends  of  the  as-received  tube  were  cut  with 
a  tube-cutter,  while  those  of  the  annealed  tube 
were  machined  square.  The  end  conditions  af¬ 
fect  the  Initial  shape  of  the  curve,  until  the 
end  starts  to  curl  in  and  the  first  pleat  be¬ 
gins  to  form.  The  deformed,  annealed  tube  Is 
shown  in  Figure  5(c),  showing  two  well-formed 
pleats.  The  pleats  develop  successvlely  and  the 
rise  and  fall  of  the  load-deformation  curve  Is 
associated  with  the  formation  of  successive 
peaks . 

Double  Reverse  Corrugated  Metal 

Double  Reverse  Corrugated  Metal  (DRCM)  Is 
manufactured  by  Transpo-Safety ,  Inc.^  and  Is 
often  used  as  a  wind  screen,  a  snow  drift  bar¬ 
rier,  or  a  headlight  glare  screen  between  high¬ 
way  lanes.  It  Is  a  plain  carbon  steel  with  car¬ 
bon  less  than  0.25Z.  The  flat  galvanized  steel, 
with  measured  thickness  of  0.0335  In.  and  steel 
thickness  of  0.026  in.,  Is  pierced  by  short 
slits  1/2"  apart  In  an  alternating  pattern  as 
shown  In  Figure  7.  Every  other  section  Is  bent 
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Figure  6.  Experimental  load  versus  deformation 
for  as-received  and  annealed  tubes 
loaded  axially. 


Section  K’k,  before  loaUinf 


Figure  7.  DRCM  before  loading. 
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Section  after  O.JS"  deforaation  with  atidt  centiraified. 

Figure  8(a).  Section  after  0.2S"  deformation 
with  ends  constrained. 


Section  after  O.OI*’  dafotMtion  with  ends  free. 

Figure  8(b).  DRCM  section  after  0.68”  deforma¬ 
tion  with  ends  free. 


up  Into  half-hexagon  shape,  while  the  In¬ 
termediate  sections  are  bent  down  Into  a  sim¬ 
ilar  shape.  The  overall  thickness  of  the  re¬ 
sulting  corrugated  sheet  metal  as  received  was 
1.02  In. 


A.  in. 

Figure  9.  Pressure-deformation  for  uncon¬ 
strained  DRCM. 


The  DRCM  was  tested  In  compression  only. 
All  specimens  were  cut  from  the  same  sheet. 

Test  results  of  seven  specimens  are  given  In 
Figure  9  and  10,  with  Information  about  each 
specimen  given  In  Table  1.  As  the  material  Is 
compressed  the  arches  are  bent  down  and  the 
specimen  tends  to  lengthen  as  shown  In  Figure 
8(b),  If  the  ends  are  unconstrained.  The  first 
five  specimens  were  tested  with  unconstrained 
ends.  Results  for  four  specimens  are  shown  In 
Figure  9.  The  ordinate  Is  pressure,  equal  to 
applied  force  dlvded  by  Initial  planvlew  area. 
The  abscissa  Is  deformation. 


The  specimens  were  tested  to  varying  maxi¬ 
mum  deformations  primarily  to  be  able  to  study 
the  deformation  pattern  for  various  percentages 
of  deformation.  The  specimen  behavior  was 
fairly  repeatable  except  that  the  load  for  BB 
was  about  17)C  higher  than  for  the  others  and 
the  recovery  of  load-carrying  capacity  occurred 
sooner  for  BB,  at  about  U2X  deformation.  The 
reason  for  the  difference  between  BB  and  the 
others  may  be  due  partly  to  variation  In  be¬ 
havior  of  the  edges  of  the  specimen,  but  It  was 
also  observed  that  the  deformation  pattern  of 
the  Internal  corrugations  for  BB  was  different 


from  that  of  the  others. 


At  82Z  deformation  the  typical  DRCM  speci¬ 
men  with  ends  free  has  absorbed  about  670  In. 
lb/ln.3  of  energy. 


In  Figure  10,  pressure-deformation  curves 
for  two  specimens  with  constrained  ends  are 
presented.  In  comparison  with  a  curve  fcr 
specimen  EE  which  had  unconstrained,  or  free, 
ends.  Considerable  pressure  is  required  to  Ini¬ 
tiate  plastic  deformation  in  the  constrained 
specimen  because  folding  must  occur,  as  shown 
In  Figure  6(a).  Note  that  the  constraint  Is 
only  in  the  horizontal  direction.  TTie  flat 
portions  of  the  arches  start  to  curve  up  or 
down  as  folds  form  progressively.  The  steepest 
pressure  decrease  occurs  after  a  fold  has  de¬ 
veloped  on  every  downward  arch  on  the  center- 
line  of  the  specimen.  The  stiffening  at  the 
0.35  Inches  deformation  began  as  the  folds  be¬ 
gan  to  be  flattened. 


Some  of  the  irregularities  In  the  curves 
are  due  to  edge  effects  which  would  be  less 
prominent  In  larger  specimens. 
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Constrained 


3  X  2-3/4 


4-1/2  X  3-1/2 


4-1/2  X  3-1/2 


Table  1.  Sumniary  of  DRCM  specimens  tested. 


Constrained 
Constrninod 
Uncons  trsi  nod 
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Constrained  specimens  absorb  more  than 
twice  the  energy  absorbed  by  the  unconstrained 
but  the  high  initial  peak  and  sudden  drop-off 
Is  undesirable  in  shock  mounts.  This  could  be 
overcome  by  pre-compressing  the  material  about 
0.1  in.  The  stiffening  at  0.35  inches  is  also 
undesirable  for  the  constrained  specimens.  In 
general  the  unconstrained  material  displays  a 
load-deformation  curve  better  suited  for  shock 
mounting. 

SIDE-LOAOED  TUBES 

Equations  for  Side-loaded  Tube  in  Compression 

The  large  plastic  response  of  side-loaded 
tubes  under  static  loading  between  two  rigid 
plates  has  been  studied  analytically  and  ex¬ 
perimentally  [27,28].  The  deformation  &  is  re 
lated  to  load  P  and  tube  average  diameter  d  by 


1  - 


The  solution  ceases  to  be  valid  for  A  > 


The  load  P„  is  the  load  at  which  the  tube  be¬ 
gins  to  deform  as  a  mechanism  after  formation 
of  plastic  hinges  at  the  quarter-points.  The 
load  Pq  is  related  to  the  fully  plastic  moment 
the  mean  radius  r,  the  tube  thickness  t, 
and  the  tube  width  W  by 


0  0.1  n.2  0.]  0.4  o.s  o.t  0.7  o.a  o.o  i.o 


Figure  10.  Pressure-deformation  for  con¬ 
strained  DRCM. 


For  the  dynamic  behavior  of  material  under  uni 
axial.  Impulsive  loading  Perrone  [29]  suggested 
a  simplification  in  the  analysis,  namely  that 
the  Initial  strain  rate  could  be  assumed  to  be 
constant  throughout  the  entire  flow  process. 
For  a  pulse-loaded  structure,  it  is  necessary 
to  estimate  the  peak  strain  rate  and  assume 
the  associated  stress  to  be  constant. 


For  an  application  of  side-loaded  rings  to 
highway  Impact  data,  Per rone  [30]  presented 
stress  versus  strain  rate  data  for  10-2  <  e  < 
400/sec  and  static  load  versus  deflection 
curves  for  tubes  of  three  different  types  of 
steel.  These  tubes  were  18  Inches  In  diameter. 

With  regard  to  energy  absorption,  Perrone 
assumed  that  the  load-deformation  curve  rose 
linearly  from  Pg  at  zero  deflection  to  2Po  at 
deflection  equal  to  2r,  so  that  the  energy  U 
absorbed  Is  approximately 

U  =  3P  r  -  12M  -30  t^W  (20) 

o  o  o 

The  result  la  surprising,  since  the  energy 
absorbed  does  not  depend  on  radius  of  the  tube. 
Rate  of  loading  effects  may  be  taken  Into  ac¬ 
count  by  Increasing  the  yield  stress  according 
to  equation  (1) . 

It  should  be  noted  that  In  reference  [28] 
It  was  assumed  that  the  tube  was  being  crushed 
between  parallel  plates  so  that  the  contact 
point  would  separate  Into  two  points  which  move 
out  as  the  characteristic  peanut  shape  develops 
for  the  tube.  In  reference  [30],  the  loading 
appears  to  be  more  centrally  applied,  which 
results  In  a  softer  load-deformation  curve 
for  large  deformation. 

The  maximum  load  carried  should  occur  at 
maximum  deformation,  unless  the  tube  falls  be¬ 
fore  that.  Failure  could  occur  at  the  plastic 
hinges  for  brittle  metals.  The  suitability 
of  the  material  can  best  be  determined  by  tests 
of  the  tubing  Itself. 

Test  Results  for  Side-Loaded  Tubes  In  Compres¬ 
sion 

The  tubes  tested  were  all  obtained  from 
one  piece  of  round  seamless  mechanical  tubing 
of  cold  drawn  carbon  steel,  with  0.10  -  0.25Z 
carbon.  The  wall  thickness  was  16  gauge  or 
0.063  Inches,  and  the  outside  diameter  was  2 
Inches.  Some  of  the  tubing  was  annealed,  after 
It  was  found  that  the  as-received  tended  to 
crack  at  the  plastic  hinges  at  large  deforma¬ 
tions  (see  Figure  3 (a)). 

Small  tensile  specimens  were  cut  from  the 
tubing  with  the  axis  of  the  specimens  In  the 
direction  of  the  axis  of  the  tubing.  The 
specimens  had  a  slight  curvature  and  the  ends 
were  flattened  in  the  grips,  but  this  was 
thought  to  have  little  effect  on  the  tensile 
properties.  The  annealed  material  had  a  def¬ 
inite  yield  at  44,000  psl.  Tubes  were  an¬ 
nealed  at  1200°F  for  140  minutes  and  then  oven 
cooled  for  24  hours.  The  as-received  exhibit 
strain  hardening  and  had  a  0.22  offset  yield 
of  63,000  psl. 

Specimens  2"  long  were  cut  from  the  as- 
received  tubing  In  a  non-ideal,  but  practical, 
way  by  using  a  plumber's  tube-cutter.  This 
produced  a  v-shaped  groove.  The  tubing  was 
tested  in  the  Tlnlus-Olsen  machine  at  varying 
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DeforMtion,  in. 

Figure  11.  Load  vs.  deformation  for  a  2"  long, 
side- loaded  tube,  using  Tlnlus-Olsen 
machine.  (Tube  edges  cut  by  tube 
cutter.) 


rates.  Plastic  hinges  tend  to  develop,  first 
on  the  top  and  bottom  and  then  on  the  sides  of 
the  tubing,  so  finally  there  are  four  hinges 
located  at  902  intervals  around  the  tube  circum¬ 
ference  (see  Figure  5(b)).  All  the  as-received 
tubes  developed  cracks  at  about  one  Inch  deform¬ 
ation.  On  Figure  11,  a  load-deformation  curve 
Is  shown  at  a  loading  rate  of  20"/mln.  A  sud¬ 
den,  temporary,  loss  of  stiffness  occurred  when 
the  cracks  developed.  This  tubing  was  Judged 
to  be  unacceptable  In  the  as-received  state  and 
all  subsequent  tests  were  done  on  annealed  tub¬ 
ing.  Test  results  for  annealed  tubing  at  two 
rates  are  shown  In  Figure  11.  The  varying 
slopes  of  the  Initial  elastic  portion  of  the 
curves  were  due  In  part  to  the  raised  edges 
produced  by  the  tube-cutter.  Specimens  for 
later  tests  were  cut  and  had  edges  machined  on 
a  lathe. 
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Figure  13. 
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In  the  shock  machine,  four  1/2"  long  tubes 
were  used,  rather  than  one  2"  long  tube.  In 
static  compression  tests,  the  load-deformation 
curve  for  four  1/2"  long  tubes  was  practically 
Identical  to  that  of  one  2"  long  tube,  at  the 
same  loading  rate. 

In  one  set  of  shock  machine  tests,  a  set 
of  four  1/2"  long  annealed  tubes  was  submitted 
to  eight  successive  10"  drops  and  then  a  IS" 
drop.  Resulting  load-deformation  curves  for 
Drops  1  through  4  and  Drop  9  are  shown  In  Fig¬ 
ure  12  and  compared  with  a  curve  at  O.OS'Vmln. 
deformation  rate  on  the  Tlnlus-Olsen.  The 
higher  rate  of  loading  In  the  shock  machine 
produces  a  higher  yield  stress.  Note  that  less 
energy  Is  absorbed  on  each  successive  drop. 

Transmitted  acceleration  Is  compared  with 
base  acceleration  In  Figure  13  for  the  first 
four  10"  drops.  For  the  first  drop  the  maximum 
transmitted  acceleration,  y,  is  about  26  g  com¬ 
pared  to  a  peak  base  acceleration,  y^,  of  45  g. 
However,  by  the  fourth  drop,  the  tubes  fur¬ 
nished  no  attenuation. 

For  analysis  of  data,  several  non-dlmen- 
slonal  quantities  were  used.  A  non-dimensional 
deformation  Is  A,  given  by 


The  theoretical  maximum  deformation  Is 

6  •  d,  “  d  -  2t  •  2r  -  t  (22) 

max  1  o 

and  the  non-dimensional  maximum  is 


d 

max 


1 


J,  t 
2  r 


(23) 


A  non-dimensional  load  Is  achieved  using 
Equation  (19)  as 


P  -  (24) 

a  t^ 
o 

In  plots,  a  reference  yield  stress  value  Oq  ~ 
45,000  psl  was  used.  If  that  value  Is  also  the 
yield  load,  then  obviously  at  yield. 


P  r 

P„  -  -  1  (25) 

°  o  t^W 
o 

Theoretical  Results  for  Side-loaded  Tubes  In 
Compression 


In  Figure  14,  predicted  load-deformation 
curves  are  compared  with  those  from  measure¬ 
ments.  To  predict  the  results,  an  equation 
based  on  Figure  (1)  was  used,  with  yr  ”  Vi  ” 
y^,  c  ■  0  and  k  •  0: 


my  +  L(t)  ■  -mg 
or  niy^  +  L(t)  •  -mg  -  my^ 


(26) 


The  L(t)  curve  was  a  bi-llnear  curve  which 
was  estimated  from  test  data  from  the  Tlnlus- 
Olsen  machine,  but  with  the  yield  Increased  to 
account  for  rate  effects.  The  Input  was  meas¬ 
ured  yQ.  Agreement  Is  good  except  for  the  un¬ 
loading  curve  and  the  residual  deformation  for 
Drop  2. 

Predicted  acceleration  versus  time  Is 
given  in  Figure  15  for  10"  Drop  1  and  in  Fig¬ 
ure  16  for  10”  Drop  2.  In  Figure  16,  the  ef¬ 
fect  is  studied  of  doubling  the  theoretical 
elastic  stiffness  k^  of  the  tubing.  The  k^  - 
8300  lb. /In.  produces  the  better  fit. 

In  general,  predictions  are  good  for  side- 
loaded  tubing,  but  could  be  Improved  by  Incor¬ 
porating  a  constitutive  equation  of  the  form  of 
equation  (2). 


5  10  15  20 


TIm,  si  1 1  i seconds 

Figure  16.  Theoretical  and  experimental  ac¬ 
celeration  vs.  time;  yi,  for  10" 
drop  2,  for  side-loaded  tubes. 
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Tubing 

• ,  In .  ^ 
^(in.s.> 

(1  +  §)5 

Predicted 

o  • 

o 

Experi¬ 

mental 

0  ’ 

o 

d  -  2.00" 
o 

t  -  0.125" 

2.3  X  lO"^ 

1.056 

34,800 

35.000 

1.6  X  lO"^ 

1.083 

35.700 

36.000 

1.6  X  10“^ 

1.13 

37.290 

39,600 

d  -  3.06" 
o 

t  -  0.073" 

1.66  X  lO"^ 

1.053 

34,700  (Experimental) 

34.700 

1.2  X  lO"^ 

1.078 

35.600 

35,500 

1.2  X  lO"^ 

1.124 

37,000 

37.800 

Table  2.  Predicted  and  measured  value  of  dynamic  yield  stress. 


Rate  Effects  for  Side-loaded  Tubes  In  Compres¬ 
sion 

Annealed  tubes  of  2"  and  3"  diameter  were 
tested  In  compression  In  the  Tlnlus-Olsen  ma¬ 
chine  at  three  different  deformation  rates: 
0.016,  0.114,  and  1.16  In. /min.  The  resulting 
load-deformation  curves  are  given  In  reference 
[2].  In  order  to  predict  Increased  yield, 
equation  (1)  was  used,  with  D  *  40.4/s  and  n  = 
5. 


o'  *  1 

-f-  -  1  +  (|)n  (1) 

o 


This  value  of  Oq  was  used  to  calculate  the 
other  five  values  of  predicted  0^'  In  Table  2. 

The  Table  2  shows  only  that  If  Oq  Is  esti¬ 
mated  from  the  data  obtained  at  the  lowest  rate 
of  loading,  then  Equation  (1)  gives  a  good  esti¬ 
mate  of  the  yield  stress  at  the  two  higher 
rates  of  loading. 

The  shape  and  parallel  nature  of  the  load- 
deflection  curves  after  yield  indicate  that  the 
dynamic  behavior  of  the  rings  can  be  represented 
by  the  curve  shape  obtained  from  static  tests  If 
the  yield  stress  Is  modified  according  to  Equa¬ 
tion  (1). 


Strain  rates  were  not  measured  during  the 
experiments,  but  they  were  estimated  from  ex¬ 
perimental  data  as  follows.  The  smallest  ra¬ 
dius  of  curvatlon  after  a  loading  Interval  At 
was  approximately 


The  curvature  rate  was  obtained  from 


Straightening  of  Deformed  Tubes 

Experiments  were  performed  to  straighten 
side-loaded  tubes  which  had  been  deformed  pre¬ 
viously  In  compression.  Under  first  loading 
the  circular  cross-section  Is  deformed  Into  the 
typical  peanut  shape.  The  method  used  to 
straighten  the  tubes  was  to  simply  rotate  the 
deformed  tubes  90°  and  compress  them  again  In 
the  Tinius-Olsen  machine. 


I 


— (-L  _  1) 

2At  'rj  r' 


(28) 


Here  a  Is  the  deformation  rate.  The  time  Inter¬ 
val  At  was  taken  as  5  minutes. 


Some  typical  shapes  are  shown  In  Figures 
17  and  18.  Tube  A  is  undeformed  initially  and 
then  compressed  under  first  loading  to  a  final 
outer  thickness  of  1.49".  The  corresponding 
maximum  width  was  2.48",  so  the  final  dimen¬ 
sions  of  the  tube  A  are  given  as  1.49"  x  2.48". 


The  measured  values  of  were  taken  from 


data.  The  experimental  Og'  was  then  obtained 
from  equation  (25),  assuming  Og  =  Og'  for  the 
lowest  deformation  rate. 


The  theoretical  value  of  o^  was  then  esti¬ 


mated  from  the  lowest  strain  rate  for  the  3" 
tubing  by; 


34,700 


1.053  (o  ) 
o 


33,000  psl 


Tubes  B,  C,  and  D  were  already  deformed, 
as  Indicated  by  their  Initial  dimensions  in 
Figures  17  and  18.  They  are  shown  after  a  90° 
rotation.  They  were  then  compressed  to  try  to 
return  them  to  the  original  circular  shape. 

The  initial  deformations  of  tubes  B,  C,  and  D 
were  A  “  0.55,  0.68  and  0.83  respectively.  The 
final  shapes  In  Figures  17  and  18  show  that  B 
returned  to  a  nearly  circular  shape,  but  tube 
D  was  almost  square  after  straightening.  The 
effect  of  several  cycles  of  deforming  and 
straightening  was  not  studied. 
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Tube  A«  Initiet 
2.00"  «  2.00" 


Tube  I,  Initiel 
2.70"  I  0.90" 


Tube  C,  Initiel 
2.06"  I  0.6S" 


Ti*e  n,  Initiel 
2.9S"  >  O.JS" 


Ttibe  A,  Fine! 
1.40"  >  2.40" 


Tube  0,  Finel 
1.97"  «  2.00" 


Figure  17.  Tube  A  before  and  after  first  load¬ 
ing.  Tube  B  before  and  after 
straightening. 


Tube  C,  Finel 
2.09"  e  2.02" 


Tube  D,  Finel 
2.07"  «  2.06" 


Figure  18.  Tubes  C  and  D  before  and  after 
straightening. 


The  load  versus  deformation  curve  associ¬ 
ated  with  the  initial  loading  of  the  annealed 
tube  A,  with  dg  -  2",  W  -  2",  and  t  -  0.065", 
is  shown  in  Figure  19.  The  measured  yield 
stress  for  this  tubing  is  o^  -  44,000  psl.  The 
loads  required  to  straighten  tubes  B,  C,  and  D, 
which  had  the  same  W  and  t,  are  also  shown. 

The  curves  rise  to  a  large  initial  load  and 
then  show  a  negative  stiffness  until  they  are 
straightened  to  the  nearly  circular  (or  square) 
cross-section. 

Directional  Properties  of  Side-loaded  Tubes 

In  addition  to  the  compression  tests  of 
side-loaded  tubing,  tests  were  conducted  in  the 
shear  and  roll  directions. 

For  the  shear  and  roll  tests,  a  Jig  was 
used  as  shown  in  Figure  20,  using  eight  rings, 
each  1/2"  wide,  in  parallel.  Shear  corresponds 
to  the  x-dlrectlon,  roll,  to  the  y-dlrectlon. 
Rings  were  clamped  at  the  outer  edges.  The  in¬ 
ner  edges  were  attached  to  a  push  plate,  onto 
which  the  load  was  applied. 


Resulting  load-deformation  curves  are 
shown  in  Figure  21  for  four  annealed  rings  hav¬ 
ing  do  ~  2"  and  t  •  0.065".  It  is  seen  that 
the  rings  sustained  considerable  deformation  in 
each  direction.  The  stiffening  for  large  A  was 
due  to  the  constrained  boundaries,  which  lead 
to  development  of  tension  in  the  rings  at  large 
deformation. 

Burns  [31]  summarized  the  properties  of 
certain  yielding,  cylindrical  mounts  as  follows. 
Numerical  values  are  for  the  2"  diameter  rings. 


no^W  I  1 


3(^0  -  ‘)/’^o 


8350  lb. 


1748  #/in. 


Compression 


(in.l  Finst  (in.) 
2.SI  X  O.JS  2.01  X  2.06 
2. (6  I  0.6S  2.09  I  2.02 
2.7*  I  0.90  1.97  X  2.00 
2.00  II  2.00  1.49  1  2.4t 


Figure  19.  Load-deformation  for  tubes  A,B,C, 
and  D. 


9203  »/in. 


Comparison  with  the  curves  of  Figure  21  Indi¬ 
cates  fair  agreement  between  predicted  and 
measured  values  for  roll  and  compression,  but 
an  order  or  magnitude  error  In  predicting  the 
values  for  shear.  The  reason  for  this  discrep¬ 
ancy  Is  not  entirely  clear,  but  two  reasons  are 
suggested:  (1)  the  rings  deformed  also  In  tor¬ 

sion  and  the  theory  Includes  only  bending  and 
(2)  the  ring  clamps  and  supporting  jig  were  not 
a  perfectly  rigid  support. 


Compression 


no  Wt 

p  -  1  —2 _ 

oz  2  d 


292  lb. 


Here  t  -  0.065",  r  -  .4675",  W  -  1/2",  d„  -  2, 

■^o  “  “  49,000  psl  and  n  »  number  of  tubes 

■  4. 

The  elastic  stiffnesses  are  given  In  (31) 


k  ■  -  103,400  #/ln. 

3nr 

o 


Figure  20*  Apparatus  for  shear  and  roll  tests 


Average 

Maximum 

Rated 

K 

Shock 

Dynamic 

Load  Mode 

(lb. /in.) 

Load  ( lb . ) 

Travel  (in,! 

Compression 

208 

250 

1.2 

Shear 

139 

250 

1.8 

45°CR 

54 

125 

2.3 

Table  3.  Catalog  characteristics  of  Aeroflex 
C1260-39  shock  mounts. 


t,  in. 

Figure  21.  Load-deformation  for  three  direc¬ 
tions  for  tubing,  dj,  -  2",  t  " 
0.065". 


CONVENTIONAL  SHOCK  MOUNTS 

Commercial  shock  mounts  were  purchased 
from  Aeroflex  Laboratories,  Inc.*  They  are 
made  of  stranded  stainless  steel  wire  rope  in 
a  helical  pattern  and  are  advertised  to  provide 
15  to  20/1  of  critical  damping.  The  mounts 
tested  were  Number  C1260-39  with  outside  di¬ 
mensions  of  5.66"  long,  2.19"  high,  and  3.19" 
wide.  Some  of  the  characteristics  as  summar¬ 
ized  from  the  catalog  are  given  in  Table  3. 

The  load  mode  45°  CR  means  the  mount  is 
oriented  45*  from  the  vertical  and  that  the 
deformation  has  both  a  compression  component 
and  a  roll  component. 

^  South  Service  Road,  Plainview,  Long  Island, 

NY  11803. 


The  mounts  were  tested  separately,  first 
In  direct  compression  in  the  Tinius-Olsen  ma¬ 
chine.  Then  they  were  attached  to  the  jig 
shown  in  Figure  20  for  tests  in  the  shear  and 
roll  directions.  In  compression  the  average 
stiffness  is  approximately  as  advertised.  In 
shear  and  roll  the  stiffness  is  less  than  278 
lb. /in.  for  small  deflections,  but  then  dis¬ 
plays  a  hardening  curve.  The  load-deformation 
curves  in  roll  and  shear  are  similar.  The 
stiffening,  or  hardening,  above  1.2  in.  de¬ 
flection  is  due  to  the  type  of  support,  which 
requires  the  cable  to  stretch  at  large  deform¬ 
ations  of  the  mount  in  both  roll  and  shear. 

COMBINATION  OF  MOUNTS 

A  practical  arrangement  would  be  to  have  a 
linear  shock  or  vibration  mounts  in  series  with 
a  load-limiting  mount,  such  as  DRCM. 

Some  idealized  theoretical  curves  are 
given  in  Figure  22.  A  linear  average  curve  for 
two  Aeroflex  mounts  in  compression  is  shown  as 
well  as  a  bilinear  curve  to  approximate  the  be¬ 
havior  of  DRCM.  Then  the  theoretical  stiffness 
curves  of  the  two  in  parallel  and  in  series  are 
shown. 

THEORETICAL  RESPONSE  OF  A  MACHINE-FOUNDATION- 
SNUBBER  ARRANGEMENT. 

The  theoretical  load-deflection  curves  of 
Figure  22  were  used  in  the  computer  analysis 
associated  with  the  system  of  Figures  1  and  2 
to  compare  theoretical  behavior  of  the  various 
shock  mounting  systems.  The  following  data 
was  used; 

k  •  335  lb. /in.  (Two  Aeroflex  mounts  in 
compression) 

ke  “  4300  lb. /in.  (Elastic  stiffness  of 
DRCM) 

kp  ”  10  lb. /in.  (Plastic  stiffness  of  DRCM) 
c  •  0 
m  ■  20#/g 

The  base  acceleration  was  that  measured  in 
table  of  the  shock  machine,  with  a  maximum 
•  -29g.  The  resulting  acceleration-time  curves 
are  shown  in  Figure  23  for  the  series  and  par¬ 
allel  arrangement  of  Figure  22. 

A  summary  of  maximum  accelerations  and 
deformations  is  given  in  Table  4. 
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The  best  system  for  limiting  transmitted 
acceleration  Is  clearly  the  arrangement  of  the 
linear  mount  (Aeroflex)  In  series  with  the 
load-llmltlng  mount  (DRCM) ,  but  the  deflection 
Is  maximum. 

SUMMARY  AND  CONaUSIONS 

This  study  Is  concerned  with  the  develop¬ 
ment  of  analytical  methods  for  design  of  energy¬ 
absorbing  foundations  for  protection  of  equip¬ 
ment  from  shock  Induced  by  base  motion  or  ground 
shock,  with  particular  emphasis  on  gaining  more 
Information  on  side-loaded  tubes  and  DRCM. 


Some  of  the  energy -absorbing  systems  stud 
led  In  the  present  report  are  compared  with 
other  systems  In  Table  S. 

Axially  crushed,  frangible,  and  Inverting 
tubes  have  high  specific  energies,  but  axial 
alignment  Is  very  important  and  they  may  be 
difficult  to  use  in  a  3  inch  space.  Honeycomb 
Is  a  very  efficient  energy  absorber.  Cost 
may  be  a  factor  in  some  applications. 


_ Svt— _ 

Invartlng  tuba  (251 


2  to  4 


Coaaanta 


0.035 


Aluninun  honey conb  [32] 

1  to  8 

Strain  dependant, 

up  to  70X  attain 

Side-loaded  tube 

0.5  to  1.5 

D 

Frangible  tuba  [22] 

38.5 

AISI  4130  ataal, 

cold  water  quenched 

Axially  cruahad  tuba  [1] 

10.0 

DECM.  unconatrainad 

0.2 

DRCM.  conatrainad 

0.6 

Slda-loadad  tuba  (ahaar) 

0.6 

do  -  2".  t  -  0.065" 

Slda-loadad  tuba  (roll) 

0.3 

do  -  2",  t  -  0.065” 

Tabla  5.  laargy  abaorblng  ayataaa 


Tha  doubla  ravarsa  eorrugatad  aatal  (ORCM) 
with  conatrainad  anda  coaparaa  favorably  with 
aida-loadad  tubaa  with  ragard  to  aaargy  abaorbad 
par  pound.  Howavar,  tha  load-dafomatioa  curva 
haa  a  high  initial  paak,  which  ia  undaairabla 
in  ahock  notait.  Tha  unconatrainad  MOf  haa  a 
batter  load-dafomation  curva,  but  it  abaorba 
laaa  anargy  par  pound. 

Tha  aida-loadad  tubaa  night  ba  uaad  aa 
anubbara,  or  ahock  abaorbing  bunpara,  ao  they 
would  ba  loaded  only  in  conpraaaion.  Bewavar, 
tha  ahaar  and  roll  taata  ahow  that  they  bava 
aignificant  atiffnaaa  and  anargy-abaorbing  ca¬ 
pability  ia  thoaa  diractiona  alao.  Tha  daaign 
fomulaa  in  tha  litaratura  for  tha  ahaar  dlrac- 
tion  do  not  appaar  adaquata  and  raquire  further 
davalopaant. 

Tha  taata  of  aida-loadad  annaalad  ataal 
tubing  ia  coanreoaion  at  thraa  diffarant  dafor- 
nation  racaa  ahow  that  tha  priaary  rata  affect 
ia  increaaad  yield  atraaa.  The  increaaa  ia 
yield  atraaa  la  pradictad  aatiafactorlly  by  tha 
equation  of  raferanca  [6], 

Vith  regard  to  the  taata  of  tubaa  of  dif¬ 
ferent  dlanatara  and  thickaaaaaa,  tha  effect 
of  tblckneaa  and  radlua  appaara  to  ba  correctly 
repraaanted  by  the  eapreaalon 


for  tha  thin  tubaa,  with  r/t  ^  5.  Alao.  con- 
vartlng  Equation  (20)  to  non-dlaanalonal  quan- 
tltiaa  glvaa 


Indicating  that  tha  curvaa  ahould  have  tha  aane 
ahapa  above  tha  yield  load.  Thla  la  conflmad 
ia  Figure  5,  kafarance  (2]  for  1”  and  2"  tubaa, 
but  not  for  tha  3"  dlanater  tube  taatad. 

Tha  atraightaning  of  tubing  that  had  bean 
defomad  undar  conpraaaion  alda  loading  la 
raadlly  acconpllah^  In  a  load  nachlaa  or  with 
a  aat  of  Jacka.  Aa  aatlnata  of  tha  load  ra- 
quirad  nay  ba  node  fron  Equation  (19),  ualng  r 
aa  tha  anal lent  radlua  of  tha  paanut-ahapad 
tuba,  but  a  nora  praclaa  aquation  for  thla  ahapa 
ahould  ba  developed. 

It  ia  danonatrated  by  aaalyala  of  tha  na- 
china-foundatlon-anubbar  arrangenent  that  uae 
of  a  load-1 Inltlng  ahock  nouat  or  anubber  aueh 
aa  a  aida-loadad  tuba  or  DECM  In  aarlea  with  a 
convantlonal  nount  la  halpful  In  raduclng  trana- 
nlttad  accalaratlon,  but  thare  la  a  penalty  be- 
cauaa  of  Increaaad  deflection.  The  problen  la 
one  of  optlnlaatlon:  once  a  naalnun  allowable 
diaplacanent  haa  boen  aat,  to  nlalnlae  trana- 
nittad  acceleration.  Optlnlaatlon  ahould  ba 
atudled  further  to  produce  daaign  curvaa. 
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ANALYSIS  OF  THE  EFFECTS  OF  EXPLOSIVE  FUEL 


IGNITION  ON  AN  AIRCRAFT  NOISE  SUPPRESSOR  SYSTEM 


V.  R.  Miller,  E.  R.  Hotz,  D.  L.  Brown 
Flight  Dynamics  Laboratory 
Wright-Patterson  Air  Force  Base,  Ohio 

This  paper  presents  the  results  from  a  test  In  which  the  door  acceleration 
and  the  pressure  environment  were  measured  In  an  aircraft  noise  suppressor 
system,  following  the  delayed  Ignition  of  the  augmenter  fuel  of  a  turbofan 
engine  such  that  an  explosion  of  this  fuel  occurred.  The  system  was  Instru* 
mented  with  hydrophones,  as  well  as  accelerometers  and  a  high  temperature 
microphone.  The  resulting  data  were  used  to  define  the  effects  of  the  aug* 
menter  fuel  explosion  pressure  on  the  noise  suppressor  system  and  Its  com¬ 
ponents  . 


INTRODUCTION 

Stalls  of  turbofan  engines  are  caused  by 
afterburner  hard  starts  caused  by  a  missed  or 
late  light-off  or  blow-out.  This  1s  followed 
by  an  explosive  auto-ignitlon  of  the  fuel  mix¬ 
ture  a  few  seconds  later  by  the  hot  exhaust 
gases.  Augmenter  blowouts  result  1n  an  un¬ 
burned  fuel  mixture  being  ignited  explosively 
Inside  the  augmenter  section  of  the  engine. 

A  pressure  wave  propagates  forward  up  the  fan 
duct,  and  the  resulting  backpressure  causes 
the  fan  and/or  high  pressure  compressor  to 
stall.  In  turn,  the  afterburner  can  be  blown 
out  again  due  to  the  fluctuation  in  flow 
caused  by  the  repeated  sequence  of  stall,  hard 
start  and  stall  of  the  fan  and/or  high  pres¬ 
sure  compressor.  This  chain  of  events  can 
continue  until  the  engine  core  does  not  have 
enough  energy  to  accelerate.  In  the  meantime, 
the  combustor  continues  to  pump  hot  gases  into 
the  turbine  section  which  can  overheat  and 
suffer  an  over temperature  condition.  This  can 
result  in  turbine  blade  damage. 

Stalls  caused  by  augmenter  blowouts  have 
occurred  during  ground  run-ups  when  snapping 
an  aircraft  engine  throttle  from  idle  to  maxi¬ 
mum  afterburner.  These  blowouts  have  resulted 
In  damage  to  noise  suppressor  systems.  For 
example,  bolts  have  been  sheared,  stiffeners 
broken,  and  welds  cracked.  A  test  program  was 
performed  by  the  Flight  Dynamics  Laboratory  to 
determine  the  magnitude  of  the  pressure  at 
various  locations  within  the  secondary  enclo¬ 
sure  of  a  noise  suppressor  system  (NSS)  fol¬ 
lowing  delayed  ignition  of  augmenter  fuel. 


DESCRIPTION  OF  TEST  ARTICLE 

The  NSS  used  during  the  testing  is  shown 
in  Figure  1.  The  aircraft  was  positioned  In 
the  NSS  such  that  the  aft  portion  of  the  air¬ 
craft  is  inside  of  the  secondary  enslosure 
(see  Figure  2).  The  primary  air  intake  muf¬ 
flers  (PAIM)  were  positioned  in  front  of  the 
aircraft  engine  inlets.  The  PAIM  reduces  the 
noise  produced  by  the  engine  compressor,  which 
Is  medium  to  high  frequency  and  requires  mini¬ 
mal  acoustic  treatment  to  achieve  the  required 
noise  reduction.  The  secondary  air  Intake 
seals  around  the  aft  portion  of  the  aircraft 
and  provides  an  acoustically  treated  path  for 
the  cooling  air  which  mixes  with  the  engine 
exhaust  in  the  augmenter.  The  augmenter,  in 
conjunction  with  the  engine,  acts  as  an  edu¬ 
ctor,  causing  the  ambient  air  to  flow  through 
the  secondary  air  intake  and  mix  with  the 
engine  exhaust.  The  augmenter  Is  sized  to 
bring  in  sufficient  cooling  air  and  cause  ad¬ 
equate  mixing  prior  to  being  discharged  in 
the  exhaust  muffler.  The  exhaust  muffler 
directs  the  exhaust  vertically  to  obtain  noise 
attenuation  by  spherical  dispersion  and  in¬ 
cludes  acoustical  baffles  for  additional  noise 
reduction.  In  the  forward  part  of  the  augmen¬ 
ter  are  cooling  tubes  which  spray  water  into 
the  exhaust  to  limit  the  temperatures  in  the 
exhaust  muffler  to  800°F  during  afterburner 
operation  of  the  engine.  The  water  and  water 
tubes  also  break  up  the  engine  exhaust  which 
reduces  the  formation  of  low  frequency  noise 
which  is  otherwise  difficult  to  attenuate. 
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INSTRUMENTATION  AND  DATA  REDUCTION  PROCEDURES 

The  NSS  was  instrumented  with  nine  3/8 
inch  diameter  hydrophones,  one  high  temper¬ 
ature  microphone,  and  two  accelerometers. 
Hydrophones  were  used  because  of  their  excel¬ 
lent  frequency  response  characteristics  and 
are  typically  used  in  blast  and  shock  measure¬ 
ments.  The  location  of  the  instrumentation  is 
shown  in  Figure  2.  A  complete  description  of 
the  data  acquisition  instrumentation  is  given 
in  Reference  1.  All  data  were  continuously 
recorded  on  one  fourteen  channel  tape  record¬ 
er.  The  magnetic  data  tapes,  recorded  during 
testing,  were  analyzed  on  a  General  Radio  Ana¬ 
lyzer  and  Raytheon  computer.  Overall  pressure 
levels  were  measured  with  one-third  octave 
band  and  narrowband  analyses  performed  for 
selected  transducers  and  test  conditions. 
Further  details  concerning  calibration  and  da¬ 
ta  reduction  procedures  are  given  in  Reference 
1. 


TEST  PROCEDURES 

Data  were  obtained  by  the  surveys,  identi¬ 
fied  in  Table  I  as  Runs  1  through  10,  which 
include  the  conditions  at  which  the  aircraft 
was  operated.  All  the  runs  were  conducted 
without  an  engine  shutdown.  Run  number  1  in¬ 
cluded  running  the  engine  in  all  stages  of 
augnenter  to  establish  baseline  data.  Runs  2 
through  10  attempted  to  simulate  augmenter 
blowouts  and  auto  Ignitions  by  delaying  aug¬ 
menter  ignition.  Throttle  advances  to  each 
zone  of  augmenter  power  were  conducted  with  a 


one  second  igniter  delay.  Runs  2  through  6 
did  not  result  in  an  explosion.  With  the  ig¬ 
niter  set  for  a  3  second  delay,  the  throttle 
was  advanced  from  military  power  to  zone  2, 
with  no  explosion  (Run  number  7).  The  throt¬ 
tle  was  then  snapped  from  idle  to  zone  3  (Run 
number  8)  and  then  from  idle  to  zone  5  (Runs 
number  9  and  10)  to  prevent  the  augmenter 
fuel  from  being  ignited.  Only  Runs  9  and  10 
resulted  in  an  explosion  (the  desired  simul¬ 
ation).  During  Run  10,  the  bolts  at  the  lower 
left  end  of  the  upper  door  stiffener  truss 
were  broken  (Figure  1). 


TEST  RESULTS 

Two  successful  augmenter  blowouts  were 
achieved  by  snapping  the  engine  throttle  from 
idle  to  zone  5  afterburner  with  a  3  second 
augmenter  igniter  delay  (Runs  9  and  10,  see 
Table  I).  Figure  3  through  5  present  pressure 
versus  time  plots  from  Run  10.  These  data  in¬ 
dicate  that  at  least  two  fan  stalls  and  two 
compressor  stalls  occurred  before  the  engine 
throttle  was  backed  off.  This  sequence  of 
stalls  could  have  been  repeated  many  more 
times  [2],  but  were  stopped  for  the  purposes 
of  this  test  program.  These  stalls  had  a  du¬ 
ration  of  approximately  100  milliseconds  at 
locations  in  the  secondary  enclosure  (Figures 
3  and  4).  The  predominant  stall  cycle's  du¬ 
ration  is  shorter  at  locations  in  the  PAIM 
than  in  the  secondary  enclosure  (40  milli¬ 
seconds,  Figure  5).  This  is  significant  be¬ 
cause  there  is  more  energy  in  a  weveform  which 
has  a  longer  duration  when  compared  to  another 


TABLE  1  Summary  of  Test  Runs 
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FIGURE  3  Pressure-Time  Curve  for  Throttle 

Snap  from  Idle  to  A/B  5  with  3  sec¬ 
ond  Augmenter  Igniter  Delay  (Run 
10)  -  Hydrophone  1 


FIGURE  4  Pressure-Time  Curve  for  Throttle 
Snap  from  Idle  to  A/B  5  with  3  sec 
ond  Auqmenter  Igniter  Delay  (Run 
10)  -  Hydrophone  4 
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FIGURE  5  Pressure-Time  Curve  for  Throttle 

Snap  from  Idle  to  A/B  5  with  3  sec¬ 
ond  Augmenter  Igniter  Delay  (Run 
10)  -  Hydrophone  10 
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ooaveform  of  tHe  same  pressure  rise  but  smaller 
duration.  A  wave  of  longer  duration  will  show 
Stronger  low  frequency  components  that  are  im¬ 
portant  with  regard  to  structural  responst  and 
integrity  This  will  be  shown  later.  These 
data  and  other  unpublished  data  [?]  show  that 
the  propagation  velocity  of  tne  overpressure 
pulses  is  appro* imately  equal  to  the  ambient 
speed  of  sound 

Large  differences  in  pressure  and  waveform 
were  seen  in  coeiparisons  between  plots  for 
whi( h  en  augmenter  blowout  was  achieved  to 
plots  were  a  blowout  was  not  achieved  [I] 

Data  from  Sefereoce  1  with  engine  operation  in 
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FIGURE  6  bond Imens i ona 1 i zed  Nozzle-to-Trans- 

ducer  Distance  as  a  Function  of  Ab¬ 
solute  Value  Of  Maximum  Overpres¬ 
sure  for  Hydrophones  1  through  7 
from  Runs  9  and  10 


a  normal  zone  S  afterburner  mode  are  very  sim¬ 
ilar  to  data  obtained  when  the  engine  throttle 


had  been  snapped  from  Idle  to  zone  5  after¬ 
burner.  This  indicates  that  the  pressure  en¬ 
vironment  in  the  NSS  is  not  increased  by  a 
snap  throttle  movement  and  igniter  delay  un¬ 
less  an  augmenter  blowout  takes  place. 

The  absolute  value  of  the  largest  over¬ 
pressure  is  plotted  against  a  ratio  of  offset 
distance  to  the  distance  from  transducer  to 

V 

the  engine  exhaust  nozzle  (p)  in  Figure  6  for 

the  hydrophones  located  in  the  secondary  en¬ 
closure.  This  figure  shows  that  the  over¬ 
pressures  are  reasonably  constant  for  the 

y 

range  of  ^  ratios  measured.  Based  on  this, 

it  is  reasonable  to  assume  that  the  pressure 
over  the  upper  door  is  uniformly  distributed. 

While  it  is  important  to  know  how  the 
pressure  waveform  varies  with  time,  it  is 
equally  important  to  know  how  the  structure  of 


factor  5  is  equal  to  0.085.  This  factor  is 
important  because  the  resultant  motion  of  the 
upper  door  depends  on  the  amount  of  damping 
existing  in  the  door  and  surrounding  structure. 
The  period  of  oscillation  T  is  the  time  re¬ 
quired  for  the  door  to  repeat  its  motion.  The 
spacing  of  peaks  t^,  t^ ,  t2  shows  that  the 

period  (equal  intervals  of  time)  was  approxi¬ 
mately  0.65  seconds,  which  corresponds  to  a 

response  frequency  (f^)  of  1.5  hertz  (T  =  i  ). 

°  d 

This  was  the  upper  door's  response  frequency 
after  the  stiffener  bolts  had  been  broken. 
Because  the  breaking  of  these  bolts  detached 
the  stiffener  at  one  end,  the  upper  door's 
stiffness  and  natural  frequency  were  reduced. 
Therefore,  it  was  necessary  to  calculate  the 
natural  frequency  of  the  upper  door  before 
the  bolts  broke. 

Using  the  peaks  identified  in  Figure  7  as 
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FIGURF  7  Acceleration-Time  Curve  for  Throttle  Snap  from  Idle 
to  A/B  5  with  3  Second  Augmenter  Igniter  Delay 
(Run  10)  for  Accelerometer  1  Located  on  Upper  Door 


the  NSS  is  affected  by  the  overpressure. 

Mgure  7  shows  an  acceleration  versus  time 
plot  from  Run  10  of  the  accelerometer  located 
on  the  upper  door.  Note  that  the  door  expe¬ 
riences  several  very  large  amplitude  peaks. 
Also  note  the  large  decrease  in  amplitude 
between  the  first,  second,  and  successive 
positive  peaks.  This  decay  is  related  to  the 
damping  by  the  concept  of  energy  dissipation 
per  cycle  of  vibration.  The  acceleration  is 
approximately  a  damped  sinusoid  and  can  be  de¬ 
scribed  by  exponential  and  sine  terms  of  the 
-  (  fA 

form  e  sin  (fpt  *  f)  where  f^j  is  the 

damped  natural  response  frequency,  $  is  the 
ratio  of  equivalent  viscous  damping  to  criti¬ 
cal  damping  (damping  factor),  fp  is  the 

forcing  (excitation)  frequency,  and  f  is  an 
arbitrary  constant. 

Working  with  the  peaks  identified  in 
Figure  7,  it  can  be  shown  [1]  that  the  damping 


M  and  N  suggests  that  the  upper  door's  natural 
frequency  before  the  pressure  pulse  broke  the 

bolts  was  approximately  7  hertz  (g-j^)- 

analysis  performed  in  Reference  1  verified 
that  this  frequency  of  7  hertz  was,  in  fact, 
the  upper  door's  natural  frequency  before  the 
bolts  were  broken.  For  this  analysis,  the 
upper  door  was  modeled  as  a  rectangular  plate 
consisting  of  two  freely-supported  edges  and 
two  free  edges.  The  approximate  frequency 
expressions  of  Warburton  were  used  [4]. 

Figure  8  through  10  show  the  power  spec¬ 
tral  density  (1  hertz  bandwidth)  for  three 
hydrophones  from  Run  10.  Consideration  of  an 
envelope  for  the  PSD's  in  Figures  8  and  9  re¬ 
veals  two  distinct  regions.  At  the  very  low 

2 

frequencies,  the  spectrum  varies  as  f  ,  so 
that  the  spectrum  rises  at  6  dB  Mr  octave 

up  to  a  maximum  frequency  of  — r-i—  hertz 


•  ^  ^  ' 


as  given  in  Reference  5.  Above  this  maximum 
frequency  comes  a  range  over  which  the  spec- 

2 

trum  is  inversely  proportional  to  f  and  its 
value  falls  at  6  dB  per  octave.  The  duration 
of  the  pulse  At  for  the  hydrophones  located 
in  the  secondary  enclosure  (1  through  7)  was 
found  to  be  approximately  100  milliseconds 
(Figures  3  and  4)  which  should  yiel^  maxi- 

fT 

mum  frequency  of  5  to  6  hertz  (  it(.100). 
Figures  8  and  9  do  show  peaks  in  this  fre¬ 
quency  region.  Frequency  peaks  in  this  region 
are  important  for  structural  response,  this 
being  the  region  where  significant  resonance 
amplification  might  be  expected  from  funda¬ 
mental  modes  of  the  NSS.  Since  it  is  the  low 
frequencies  that  have  been  increased,  it  is 
expected  that  the  stress  levels  produced  by 
the  peak  overpressures  in  the  structural 
elements  of  the  NSS  will  also  be  increased. 

Figure  S  shows  that  the  peak  in  the  fre¬ 
quency  spectrum  of  the  pressure  pulse  measured 
on  the  upper  door  was  between  4  and  6  hertz. 
The  dynamic  effects  of  the  upper  door  to  the 
pressure  pulse  roust  be  considered  since  the 
excitation  frequency  (4  to  6  hertz,  fp)  was 

approximately  1/3  to  1/2  of  the  upper  door's 
resonant  frequency  (7  hertz,  f^).  This  means 

that  the  deflection  (or  acceleration)  which 
was  caused  by  the  pressure  pulse  must  be  mul¬ 
tiplied  by  a  factor  to  obtain  the  dynamic  re¬ 
sponse  of  the  upper  door.  This  ratio  of  maxi¬ 
mum  amplitude  (or  maximum  acceleration)  divid¬ 
ed  by  the  amplitude  (or  acceleration)  caused 
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FIGURE  8  Acoustic  Power  Spectral  Density 

Distribution  Obtained  from  Throttle 
Snap  from  Idle  to  A/B  5  with  3  sec¬ 
ond  Augmenter  Igniter  Delay  (Run 
10)  -  Hydrophone  1 


FIGURE  9  Acoustic  Power  Spectral  Density 

Distribution  Obtained  from  Throttle 
Snap  from  Idle  to  A/B  5  with  3  sec¬ 
ond  Augmenter  Igniter  Delay  (Run 
10)  -  Hydrophone  4 
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FIGURE  10  Acoustic  Power  Spectral  Density 
Distribution  Obtained  from  Throt¬ 
tle  Snap  from  Idle  to  A/B  5  with 
3  second  Augmenter  Igniter  Delay 
(Run  10)  -  Hydrophone  10 


by  the  pressure  pulse  equal  to  the  distrubing 
pressure  pulse  was  equal  to; 


(  [  1  -  (4^)^  f 

d  'd 

This  term  normally  is  referred  to  as  the  mag¬ 
nification  factor  or  frequency  response  func¬ 
tion. 


The  magnification  factor  for  the  funda¬ 
mental  mode  has  been  plotted  in  Figure  11  with 
the  upper  door  modeled  as  a  single  degree  of 
freedom  system.  This  figure  shows  the  effects 
of  various  frequency  ratios  on  the  amplitude 
for  a  damping  factor  5  of  0.085  when  the  door 
is  subjected  to  a  uniformly  distributed  pres¬ 
sure.  For  comparison,  the  damping  factor  of 
0.3  was  also  plotted.  Note  that,  as  the  fre¬ 
quency  ratio  is  increased  to  one,  the  magni¬ 
fication  factor  increases.  Also  note  that  the 
lower  the  damping  factor  the  higher  the  magni¬ 
fication  factor.  For  the  present  case  two 

frequency  ratios  can  be  considered  (i  =  0.57 

£  • 
and  j  =  0.86)  at  the  damping  factor  of  0.085. 

Figure  11  shows  that  the  magnification  factor 
for  these  two  frequency  ratios  are  approxi¬ 
mately  Z  and  4.5.  This  means  that  the  dynamic 
response  of  the  upper  door  was  2  to  4.5  times 
the  static  response.  If  the  pressure  pulse 
had  been  applied  statically  to  the  upper  door, 
it  would  be  deflected.  However,  since  the 
excitation  frequency  was  close  to  the  door's 
natural  frequency,  the  actual  deflection  was 
increased  in  proportion  to  this  magnification 
factor. 

An  alternative  analysis  based  on  modeling 
the  excitation  as  a  single  sinusoidal  pulse 
and  ignoring  damping  predicts  the  magnifica¬ 
tion  factor  for  the  two  frequency  ratios  given 
above  to  be  approximately  1.2  and  3  [6].  How¬ 
ever,  since  the  excitation  in  the  form  of 
stalls  during  the  testing  could  have  been  al¬ 
lowed  to  continue  many  more  times,  the  magni¬ 
fication  factors,  as  predicted  above  by  the 
steady  -  state  analysis,  are  considered  to  be 
more  appropriate. 

It  appeared  that,  based  on  the  preceding 
discussion,  the  stiffening  truss  on  the  upper 
door  Increased  the  door's  natural  frequency  in 
such  a  way  that  it  was  in  the  same  general 
frequency  region  as  the  overpressure  pulse. 

As  a  result,  the  door  has  greater  response 
with  stiffener  attached  than  if  it  were  unat¬ 
tached.  The  addition  of  more  stiffening  would 
change  the  door's  natural  frequency.  However, 
it  is  estimated  that  it  would  require  more 
than  four  times  the  present  amount  of  stiffen¬ 
ing  to  raise  the  door's  natural  frequency  to 
at  least  twice  excitation  frequency  region  of 
the  overpressure  pulse.  Damping  could  also 
be  added  to  the  door  in  the  form  of  shear 
bars,  shock  absorbers,  constrained  layer 
treatment,  etc.,  to  be  used  in  conjunction 
with  the  existing  stiffener  truss  to  lower  the 
door’s  deflection  when  excited  by  an  overpres¬ 
sure  pulse.  Another  approach  to  designing  the 
door  would  be  to  remove  the  present  stiffening 
truss  and  use  damping  treatments,  exclusively 
to  lower  the  door's  response.  The  actual  fix 
which  was  used  consisted  of  placing  two  rigid 
bars  from  the  door  to  the  back  wall  of  the 
secondary  enclosure  so  as  to  raise  the  door's 
natural  frequency  out  of  the  excitation  fre- 


FIGURE  11  Dynamic  Magnification  Factor  with 
Respect  to  Ratio  of  Forcing  Fre¬ 
quency  and  Natural  Frequency  of 
Upper  Door 


quency  region.  These  bars  were  located  at  the 
1/3  points  of  the  door. 

CONCLUDING  REMARKS 

The  experimental  investigation  reported 
herein  indicates  the  following  conclusions: 

1.  A  fundamental  mode  (7  hertz)  of  the 
noise  supressor  system's  (NSS's)  secondary 
enclosure  upper  door  was  excited  by  an  aug- 
menter  blowout  in  which  the  engine  throttle 
was  snapped  from  idle  to  maximum  afterburner 
with  a  three  second  augmenter  igniter  delay. 
This  resulted  in  the  failure  of  the  bolts 
holding  a  stiffener  truss  on  the  upper  door. 

2.  The  maximum  overpressure  occurred  in 
the  primary  air  intake  muffler. 

3.  The  dynamic  effects  of  the  upper  door 
must  be  considered  since  the  excitation  fre¬ 
quency  of  blowout  (4  to  6  hertz)  was  close  to 
the  NSS  upper  door  fundamental  resonance  (  7 
hertz).  Considering  these  dynamic  effects 
showed  that  the  dynamic  response  of  the  upper 
door  was  2  to  4.5  times  the  static  pressure. 
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FEASIBILITY  STUDY  FOR  THE  SURFACE  IMPULSE  LOADING 
OF  STRUCTURES  USING  MILO  DETONATING  FUZE 


D.  L*  Shi rey  and  F.  H.  Mathews 
Sandia  National  Laboratories 
Explosives  Testing  Organization  1533 
Albuquerque,  NM  87185 


The  possibility  of  Impulsively  loading  the  surface  of 
large  structures  at  relatively  low  Impulse  levels  by 
using  Mild  Detonating  Fuze  (MDF)  has  been  studied.  The 
Impulse  Is  obtained  when  a  metal  spray  driven  by  detona¬ 
tion  of  the  MDF  explosive  core  strikes  an  adjacent 
target  resulting  In  momentum  transfer  to  the  target 
surface.  The  performance  of  two  common  types  of  MDF  has 
been  measured.  Possible  Interactions  between  two  paral¬ 
lel.  detonating  strands  of  MDF  have  been  observed  and 
found  to  be  Insignificant.  Experimental  results  are 
compared.  The  Impulse  Imparted  to  flat  plate  targets 
was  observed  using  a  pulse  radiographic  technique.  Then 
these  results  were  compared  to  a  computational  model 
which  treats  the  target-spray  Interaction  as  an 
Inelastic  Impact,  reasonable  agreement  was  obtained  for 
the  normal  component  of  Impulse. _ 


INTRODUCTION 

The  surface  loading  of  large 
structures  at  Impulse  levels  of  less 
than  200  Pa.s  (2000  Taps)  Is  of  Inter¬ 
est  during  weapon  system  development. 
Existing  Impulse  loading  techniques, 
such  as  light-initiated  explosive 
[1-5]  and  magnetically  driven  flyer 
plates  [6],  have  not  been  utilized  for 
structures  exceeding  75  cm  In  diameter 
and/or  200  cm  In  length.  British 
workers  of  the  Atomic  Weapons  Research 
Establishment  have  employed  Mild 
Detonating  Fuze  (MDF)  In  small  struc¬ 
tural  loading  experiments  conducted  In 
a  vacuum  chamber.  Lindberg  [7,8],  of 
Stanford  Research  Institute,  has  pro¬ 
posed  using  explosions  of  MDF  as  a 
possible  means  of  delivering  the 
desired  Impulse  to  these  larger  struc¬ 
tures.  The  results  of  subsequent 
Investigations  made  at  Sandia  National 
Laboratories  are  presented  In  this 
paper. 

The  experimental  portion  of  this 
feasibility  study  includes  measure¬ 
ments  of  explosive  propagation  rate 
and  expanding  sheath  velocity  for  two 


types  of  lead  MDF;  1.06  g/m  (5  graln/- 
ft)  ROX  core  and  0.43  g/m  (2  grain/ft) 
PETN  core.  Interactions  between  the 
expanding  spray  from  two  adjacent  MDF 
strands  detonated  simultaneously  were 
observed,  as  well  as  particle  patterns 
on  witness  planes  parallel  to  the 
strands.  Position  and  thickness  of 
the  expanding  lead  spray  was  measured 
at  radii  of  Interest  allowing  an  esti¬ 
mate  of  the  mean  pressure  delivered  to 
target  surface.  Amplitude  and  distri¬ 
bution  of  Impulse  Imparted  to  small 
area  targets  were  determined  and 
compared  to  a  computational  model. 

All  data  were  collected  by  making 
accurately  timed  single  and  multiple 
exposure  shadowgraphs  using  a  pulsed 
x-ray  source. 

ANALYSIS 

In  order  to  develop  a  mathematical 
model  of  the  reaction  of  a  target  sur¬ 
face  oriented  parallel  to  exploding 
strands  of  MDF,  appropriate  Initial 
assumptions  are  made.  First,  after 
the  explosive  detonation,  the  expand¬ 
ing  lead  sheath  is  considered  to  be  a 
uniform  cylindrical  cloud  of  mass  m 
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moving  outward  at  a  constant  velocity 
V.  Then,  the  metal  spray  which 
strikes  the  target  surface  transfers 
Its  momentum  Inelastically .  Finally, 
the  component  of  momentum  acting 
normal  to  the  surface  creates  a  net 
normal  Impulse  on  the  target  while 
tangential  momentum  components  are 
resisted  by  tensile  forces  In  the 
structure  and  produce  no  net 
tangential  momentum.  A  schematic  of 
geometry  and  designations  Is  given  In 
Fig.  1 . 


mv  sine  cose 


The  total  momentum  Mn  imparted  to 
a  target  of  width  w  where: 


U  =  X  -  X 

*min  *max 


Figure  1 

Problem  Geometry  for  a  Flat  Surface 


The  radial  velocity  of  the  MOF 
sheath  1s  given  In  terms  of  the  core 
explosive's  characteristic  Gurney 
[9,10]  velocity  (V^T) .  by: 
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A  plot  of  calculated  Impulse 
versus  surface  position  and  strand- 
to-surface  spacing  Is  shown  In  Fig.  2. 
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where  m  is  the  MOF  sheath  mass  and  C 
Is  the  mass  of  the  explosive  core. 


Figure  2 

Computed  Normal  Impulse 
Distribution  from  One  MDF  Rod 


Assuming  an  Inelastic  Impact,  the 
local  normal  Impulse  transferred  to  a 
flat  target  Is  given  by; 


mv  c  os  “■  9 

7'rT5“' 


where  m  is  the  mass  of  the  expanding 
metal  sheath,  h  Is  the  target  plane's 
separation  from  the  MOF  rod,  0  Is  the 
angular  orientation,  1  Is  the  target 
length,  and  S  is  the  radial  distance 
to  the  point  of  Interest.  The  tangen¬ 
tial  component  of  impulse  Is  given  by: 


For  this  example,  the  PETN  explosive 
loading  (C)  Is  0.43  g/m  (2  grain/ft), 
the  lead  sheath  mass  (m)  Is  11  g/m, 
and  the  Gurney  velocity  Is  2938 

m/s  giving  a  spray  velocity  of  570 
m/s.  Impulses  from  multiple  rods  may 
be  calculated  by  super  position  of 
Eqs.  2  or  3.  This  requires  an  addi¬ 
tional  assumption  that  the  fragment 
clouds  from  adjacent  strands  of  MDF  do 
not  Interact.  Experiments  which  will 
be  described  later  show  that  this 
assumption  is  valid.  A  plot  of  calcu¬ 
lated  impulse  for  two  rods  spaced  12.7 
mm  apart  Is  shown  In  Fig.  3.  MDF 
properties  are  the  same  as  In  Fig.  2. 
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Figure  3 

Coaputed  Noraal  lapulso 
Distribution  for  Tao  NOF  Rods 
Spaced  12.7  aa  Apart 


Mhen  a  large  array  of  evenly  spec* 
ed  MOF  strands  are  used,  soae  alnlaua 
relationship  between  spacing  and 
target-tO'Strand  separation  Is  regulr* 
ed  In  order  to  produce  a  reasonably 
unifora  lapulse.  The  lapulse  distrl* 
lutlon  calculated  near  the  edge  of  a 
20  rod  array  Is  shown  In  Fig.  4. 


Figure  4 

Coaputed  lapulse  Distribution 
Near  the  Edge  of  a  20  Rod  Array 
at  Various  Separations  Froa 
the  Target  Surface 
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this  figure  indicates  an  i ns < gn i f i c an t 
ripple  in  the  iapuisc.  However,  a 
relative  spacing  near  one  ts  des'rabit 
since  this  produces  the  oost  rapid 
rise  to  a  near)/  uniforw  iapulse  value 

When  a  large  nuaber  of  rods  are 
placed  in  a  uniforw  »rrti .  the  average 
lapulse  is  given  in  teros  of  the  space 
between  the  rods  bjr 
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The  terw  (va/tii  is  a  specific 
perforaance  prepertjr  of  the  aof  whun 
aaasuret  the  aoaentua  transferred  to  a 
unit  length  of  a  flat  target  tj  a 
tingle  strand  of  esplosive  coaputed 
values  for  the  aosMntua  per  unit 
length  of  the  too  sites  of  lead 
sheathed  NOf  eaployed  m  our  eapen 
aantal  prograa  were  43  }  ha . s  aa  for 
$  grain/ft  ROl  core,  ana  70  ha  s  aa 
for  2  grain/ft  hCTw  core 

'Since  the  eaperiaents  were  carried 
out  under  ataospheric  conditions, 
possible  aerodynaaic  effects  were 
Investigated  by  considering  the  drag 
acting  upon  individual  spray  particles 
as  they  wove  through  the  air.  For 
this  calculation,  it  was  assuaod  that 
a  typical  load  particle  is  a  cube  with 
one-fourth  the  original  cate  thickness 
aoving  independently  of  other  part¬ 
icles  through  the  air.  Thus,  the  cube 
hat  diaentions  of  0.8S  aa,  a  aass  of 
4.9  ag,  and  it  aoving  initially  at  STb 
a/t.  Our  calculations  indicate  that 
this  particle  will  penetrate  through 
120  aa  of  air  before  losing  10  percent 
of  its  initial  velocity. 

Another  possible  aodel  of  drag 
effects  considers  that  all  air  sur¬ 
rounding  the  NOF  aust  be  displayed  by 
the  lead  spray.  This  aodel  yields  a 
auch  higher  estiaate  of  air  drag. 
Eaperiaents  to  be  discussed  later 
support  the  individual  particle  drag 
aodel  and  show  that,  for  the  aaiiaua 
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-  to  -  rod  tpactng  of  lotorott  ( I ZO 
Ml.  tlr  drag  dot*  dot  Mdvt  «n  f*por- 
tdRt  offdct  Mpon  •oMotos  trantfor  to 
a  targat  surtaca. 

Sinca  tMa  MOf  *BpHlfa  loading 
tacMnigua  aoald  avantwalljr  ba  aaployad 
daring  tatting  of  a  c/llndr1ca)  lar- 
fata,  an  affort  aat  aada  to  daiign  a 
raalittii.  aiplot<»a  attaabi  /  fba 
noraal  lapalta  on  a  r, rlindrual  tar 
f ac  a  It  g 1  van  b/ 


•nan  tna  gaoaal'/  't  datignad  'n  f’g 
S  ananava'  tna  tpa-  'ng  oataaan  MOf 


•  ga '  a  *; 

aropia*  ’.aoaatr,  a  'f''ndar 

ttranat  and  ina  ‘^‘indar  t  ••(.  n  'att 
tna"  tna  '/''"dar  'ad'at,  tna  'untr' 
bat'd"  la a  tu  tna  angla  K  't  int’g 
nif'canl  and  fg  /  't  a  guod  apprga 
'■•t’on  n  tna  '  a  ta  of  a  ./I'ndriial 
targat,  no  t'*gla  aaatara  aa/  ba  g'aan 
t'n’iar  to  tna  tpa<.  '  f '  t  parforaama 
prupart/  u*  Id  S  i  I  "I,  a  toaa  of  tna 
aatal  tpra/  •ni<.  n  •uald  ttriaa  a  flat 
tarfaoa  inttaad  aittat  tna  r.araad 
tarfaca,  tna  lapalta  dal'aarad  b/  a 
t'ngla  rod  da'.raatat  rntn  taallar 
(/ I  1 "dar  radi at 

T««  L/lindar  d'aaatart  aara  chotan 
for  tna  datign  ttad/  bib  and  2400  mm 
•  itn  a  datirad  aiaainaa  lapalta  of  fO 
ba . t  dittribatad  at  a  cotina  •  ovar 
half  tha  tarfaoa.  Tna  aintaua  MOF - 
to-turfaca  tpacing  aat  vartad  froa  20 
to  100  mm.  Rataitt  ara  tfioan  in  Figt. 
b  tbroagh  9.  Tbata  plott  tndicata 
that  a  ralativaly  larga  rod-to-turf aca 
ipactng  produces  tna  aott  uni  fora 
loading,  k  rippla  in  tna  lapulta 
loading  ft  aapactad  even  at  relatively 


> 1  fare  b 

lapalta  Oittribatian  far  fanout 
Standoffs  dfton  a  blo  aa  Oiaaotar 
i.ylindor  It  Loadod  by  tt  Strandt 
of  2  grain  Ntf 


Ft|ura  7 

lapulta  Oittrlbutlon  for  Varlout 
Standoffs  tfbon  a  blO  m  OldMOtar 
Cylinder  It  loaded  by  10  Strandt 
of  S  grain  MOF 

large  tpacing  near  tbe  plus  or  alnut 
90  degree  poiitlont.  Mhen  SO  m  or 
larger  spacing  It  used  altb  tbe  2 
grain  MOF.  the  loading  It  nearly  free 
of  ripple  over  the  surface  between 
plus  and  Minus  bO  degrees.  A  tpacing 
of  100  aa  It  required  to  produce  a 
unifora  load  over  the  taae  surface 
when  5  grain  MOF  It  used. 
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Fl9ur«  8 

lapultc  Otitrtbution  for  vorfoui 
Standoffs  Whan  a  2400  mm  Olawatar 
CyHndar  tt  Loadad  by  84  Strands 
of  2  grain  NOF 


Figura  9 

lapulte  Distribution  for  Various 
Standoffs  Whan  a  2400  mm  OlaMatar 

Cyllndar  Is  Loadad  by  36  Strands 
of  S  grain  MOF 

For  tha  iMpulsa  laval  studlad,  a 
MlniMUM  rod-to-targat  spacing  of  20  mm 
Is  judgad  accaptabla  [11]  whan  2  grain 
MOF  Is  usad  to  axcite  MeMbrana  ras- 
ponsa  In  a  cylindrical  structura.  A 
MlniMUM  rod  spacing  of  SO  mm  Is 
raquirad  whan  5  grain  MDF  Is  usad. 

Load  uniformity  would  Improva  at 
higher  Impulse  levels  and  smaller 
MlniMUM  spacings  would  be  acceptable. 

A  consequence  of  large  spacing  Is  a 
reduction  In  mean  pressure  since  the 


Metal  spray  will  strike  the  target 
over  a  longer  time  Interval. 

experiment 

Experimental  verification  of  com¬ 
puted  or  published  parameters  for  mild 
detonating  fuze  was  obtained  by  per¬ 
forming  38  small-scale  tests.  Two 
types  of  MDF  were  readily  available 
for  study:  2  grain/ft  lead  sheathed 
with  a  PETN  core,  and  5  grain/ft  lead 
sheathed  with  an  ROX  core.  Test 
objectives  were  twofold;  specific 
properties  of  each  type  of  MOF  were 
determined  and  Impulses  Imparted  to 
two  types  of  target  materials  were 
measured . 

All  dynamic  measurements  were 
obtained  by  making  x-ray  shadowgraphs 
of  the  event  using  a  150  kV,  multi¬ 
channel  pulse  x-ray  source.  By 
controlling  the  time  Intervals  between 
pulses  and  making  direct  measurement 
of  object  positions  on  x-ray  film, 
velocities  of  Interest  were  deter¬ 
mined.  Masses  of  the  lead  sheathing 
materials  were  measured  by  weighing 
known  lengths  of  each  type  of  MDF. 
Measured  MDF  properties  are  given  In 
Table  I  . 


Table  I 

Properties  of  Mild  Detonating  Fuze 

A  fundamental  property  of  the  MDF 
Is  the  detonation  wave  velocity.  Our 
measurements  yielded  7340  m/s  for  the 
5  grain  ROX  core  and  6700  m/s  for  the 
2  grain  PETN  core. 

Since  the  analytical  model  for 
adjacent  strands  of  MDF  assumes  no 
Interaction  between  the  expanding  lead 
sheaths,  experiments  were  performed  In 
an  effort  to  determine  If  Interaction 
actually  occurs  and,  If  so,  to  deter¬ 
mine  the  Influence  on  the  calcula- 
tlonal  and  experimental  results. 
Several  tests  were  performed  using 
both  2  and  5  grain  MDF.  Both  side  and 
end  views  of  adjacent  strands  being 
detonated  simultaneously  were  taken. 
Typical  radiographs  are  shown  In  Figs. 
10  and  11.  Two  observations  made 
while  studying  these  radiographs  Indi¬ 
cate  that  both  the  collision  of  lead 
particles  and  possible  subsequent 
jetting  effects  are  minimal.  The 


Figure  12 

Typical  Test  Setup,  2  Strand  End  View 


of  the  MDF  produced  a  clean,  12.7-inm 
long  conically  expanding  spray  on  the 
opposite  side  of  the  plate.  Thus,  In 
the  x-ray  Image,  the  observed  radial 
spray  dispersion  was  almost  entirely 
due  to  a  radial  velocity  gradient. 
Without  the  slot,  both  radial  disper¬ 
sion  and  effects  due  to  axial  disper¬ 
sion  would  have  been  superimposed. 


Figure  11 

Interaction  Study,  5  grain  MDF 
Strands  50.8  mm  Apart,  Side  View 


angle  formed  by  the  outer  boundary  of 
the  conical  cloud  should  change  after 
the  clouds  meet  If  significant  Inter¬ 
action  exists.  Also,  the  apparent 


An  effort  was  made  to  predict  the 
mean  pressure  anticipated  at  a  target 
surface  100  mm  away  from  the  deton¬ 
ating  MDF.  An  end  view  radiograph  was 
made  of  the  expanding  lead  particle 
cloud.  A  single  exposure  was  timed  to 
occur  at  the  desired  cloud  radius  and 
a  spray  thickness  measurement  was  made 
(see  Fig.  13).  From  this  data: 


Pressure  =  Impulse  X  Spray  Velocity 
Thickness 


N". 


tpactd  12.7  mm  «part.  A  doublt- 
txpoturt  radiograph  was  takan  with 
tlwing  sat  to  obtain  laagas  In  which 
targat  coupons  wara  dlspiacad 
significantly.  A  radiograph  of  a 
typical  tast  Is  shown  In  Fig.  17. 
Satup  paraaatars  ara  sumarltad  In 
Tabla  II.  Uadga  d1 splacaaants  wara 


Figure  17 

Radiograph  of  Tast  19;  Two  Exposures 
Single  Strand  HOF;  2.54  cm  from 
Target  Surface 


Impulse  Experiments n  ) 

measured  In  two  directions:  normal 
and  parallel  to  the  Initial  position 
of  the  Impacted  surface.  Then  the 
normal  and  tangential  Impulses  were 
calculated  using  an  average  velocity 
approximation . 

In  an  effort  to  achieve  better 
correlation  to  theory,  several  other 
target  configurations  were  tried.  The 
most  satisfactory  targets  were  brass 


sguaras  measuring  9.53  mm  i  0.S9  mm 
thick.  The  brass  target  centers  were 
much  easier  to  locate  on  the  x-ray 
exposures  and  yielded  more  consistent 
Impulse  results  In  the  direction 
normal  to  the  Impacted  surface.  It 
should  be  noted  that  Test  No.  )2  diff¬ 
ered  significantly  from  the  other 
experiments  in  that  the  brass  targets 
were  turned  90  degrees.  This  was  done 
In  an  effort  to  achieve  correlation 
with  the  tangential  theory  for  the 
Impulse  delivered  to  the  targets  in 
the  "X’  direction.  The  total  error 
due  to  setup  variations  and  data 
Interpretation  was  estimated  to  be 
plus  or  minus  7  percent. 

An  Important  by-product  of  the 
experiments  was  the  development  of  a 
reliable  Initiation  scheme  for  the 
multiple  HDF  strand  configurations. 
Since  possible  applications  of  these 
configurations  might  Involve  many 
closely  spaced  strands,  an  explosive 
train  utilixing  one  detonator  was 
developed.  The  most  successful  ver¬ 
sion  Is  Illustrated  In  Fig.  12.  This 
basic  Idea  could  be  employed  with, 
perhaps,  one  detonator  for  each  10 
strands . 

Since  the  theoretical  analysis 
depends  upon  an  Inelastic  collision 
between  the  lead  particles  and  the 
target  surface,  the  posttest  surface 
condition  of  both  the  brass  and  alum¬ 
inum  surfaces  was  of  Interest.  No 
attempt  was  made  to  measure  the  exact 
quantity  of  lead  that  remained  on  the 
target;  however.  It  appeared  that 
nearly  all  of  the  sheath  material  that 
struck  the  target  at  close-to-normal 
Incidence  remained  embedded  In  the 
surface.  As  the  angle  of  Incidence 
became  smaller,  less  Impacting  mate¬ 
rial  remained  embedded,  especially  In 
the  brass  target. 

COMPARISON  -  ANALYSIS  AND  EXPERIMENT 

An  accurate  value  of  the  lead 
sheath  velocity  Is  crucial  to  predic¬ 
ting  Impulse  delivered  to  a  target 
surface.  Calculations  using  2930  m/s 
for  the  Gurney  velocity  [10J  and  Eq.  1 
yield  a  velocity  normal  to  the  MDF 
strand  axes  of  570  m/s  for  2  grain/ft 
ahd  660  m/s  for  5  grain/ft.  Side  view 
radiographs  of  the  expanding  lead 
sheaths  (see  Figs.  10  and  11).  along 
with  the  measured  propagation  velo¬ 
cities,  yielded  spray  velocities  of 
580  m/s  and  700  m/s,  respectively. 
These  values  compare  to  the  computed 
values  well  within  experimental  error. 


Tki  final  a«*‘t**"  tiaarl- 

■tntt  va*  an  attaaat  ta  Matara 
la^Mltaa  la^arta^  ta  tarfat  tarfacat 
ana  caatara  tkaa  a1 tk  casaatak  alatt 
ttatlar  ta  flat.  3  ana  4.  flfara  It 
caaaarat  l■aa^Ba  aalaat  aarivaa  fra* 
tka  raaiaaraak  of  a  itnfla  atrana  tatt 
In  Fi|.  17  altk  calcalatna  »alaa*. 
FItara  to  Mktt  tka  aaaa  caaaarUan 
altk  «alaa»  aarlvaa  fraai  a  aaakla 
Itrana  tatt  atlna  tka  raaiaaraak  tkaan 
In  FIf.  It.  In  Mf.  }l .  ratalti  af 
tkraa  raaaatoa  aaa*^l<Mntt  tkarlna 
caaaan  tatt  aaraaatort  ara  alattaa 
aaalntt  tkaary  ta  lllattrata  raaaata- 
kll Ity . 


Flgura  18 

Radiograph  of  Tott  30,  2  Etpoiurot 
2  Strondt  MDF,  5.08  ca  Aport, 

2.54  ca  froa  Targot  Surfaca 

Tangantlal  lapulta  valuat  aara 
alto  acaturad  and  coaparcd  In  all 
catat;  tka  axparlaantal  values  aarc 
significantly  baloa  (30  to  50  porcont) 
tho  values  prodlcttd.  No  atteapt  aas 
aada  to  analyze  the  dlsagreaaant 
tinea,  for  the  structural  exparlaentt 
anticipated,  the  desired  coaponent  of 
lapulte  aould  bo  noraal  only  and 
aaabrana  forces  In  the  structure  aould 
resist  the  tangential  coaponent  of 
lapulte.  Also,  alth  aultiple  MDF 
rods,  tangential  lapulsa  aould  tend  to 
bo  cancelled  by  overlapping  sprays 
having  plus  and  alnus  coaponents. 


Figure  If 

Caaparlsan  of  Calculattd  and 
Measured  lapulsa  for  Test  19 


Figure  20 

Coaparlson  of  Coaputed  and  Measured 
lapulsa  for  Test  30 
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}t 

CM^arlioN  of  CM9oto4  Odd  Utotort^ 
l■»«1lO  for  Thrto  I4oot4col  Toitt 

COMCLU&IOMi 

Sovorol  coocloilool  t4o«)4  kt 
4ro«o  fro*  tko  titorfaoott  «o4  oktor- 
*«t<ooi  m4o.  Tko  t  orofo/ft  kOI  cort 
HOf  t$  a  aoro  attractivo  aorfaca  loak- 
I09  •atorlal  tkao  t  |ra1n/ft  ktTk  cort 
HOF.  Tko  look  ikra/  fro*  tko  i 
9ra<n/ft  \%  aoro  oolfora  ank  flooly 
kUkoriok  akilo  aMoy  of  tko  }  oraln/ft 
earttcloa  aro  long  atrtnga.  Aiao,  tko 
largo  noaikor  of  atranka  of  ?  grain/ft 
NOF  rtgolrod  to  kollk  a  toat  ckargo 
Movlk  roault  In  kigktr  fakrtcatlon 
coata.  Only  wkon  rolativoly  aaall 


atroctoroa  art  to  ko  loakok  akoolk  2 
gra<n/ft  NOT  ko  conalkorok  ainct  It 
aoolk  alloM  for  cloaor  rok  agacing 
roaolting  In  a  aoro  onlfora  Waking. 

Noan  grtaaoro  oatlaatlona  oktalnok 
ky  finking  tko  looking  koratlon  ank 
aaaoaing  a  roctangolar  golao  InkUato 
tkat  tko  NPF  loaking  tocknlgoo  «o«1k 
grokoco  rolatlooly  loa-avorago 
grotaorta  of  loaa  tkan  I  Kkar. 

Tko  coagotatlonal  aokol  waok  In 
tkla  oork  akoolk  ko  oaofol  for  koalgn- 
ing  oagloalvo  ckargoa  aoltakit  for 
loaking  laroo  cylinkrical  atroctoroa 
at  lo*  lagoiao  W«ola.  lagolaoa  kol - 
loorok  noraal  to  tko  targot  aorfact 
aay  ko  grokictok  oltkin  oaakit 
accoracy  llalta.  Tangontlal  coago- 
nonta  ara  aort  klfficolt  to  forocaat 
ainco  tkoy  ooro  aigni f Icantly  loatr 
tkan  grokictok  akon  tko  targot  aorfact 
aaa  kraaa  or  aloalnoa. 

Mkon  otilliing  NOf  onkor  ataoa- 
gkoric  conkitlona,  aorokynaalc  offocta 
akoolk  ko  conalkorok.  krallalnary 
calcolatlona  ank  aagorlaontal  okaorva- 
tlona  inkicato  littia  rokoctlon  In 
garticio  lagact  voloclty  at  atrank- 
to-aorfaco  klatancaa  of  100  aa  or  loaa 

Tko  foaalklllty  of  tagloying  tko 
kotonatlon  of  garaUol  atranka  of  allk 
kotonating  foio  for  lagoiao  loaking  of 
atroctoroa  kaa  kton  Invoatigatok  for 
oao  at  rolativoly  lo*  lagolaa  Itoola 
Mitk  faooraklo  roaolta.  It  It 
conclokok  tkat  tko  tocknlgoo  akoolk  ko 
conalkorok  for  oat  In  atroctoral 
oigorlaontatlon.  Tkla  aotkok,  kocauto 
of  Itt  alagllclty,  aggoart  aoltaklo 
for  Ota  In  lagoiao  totting  of  very 
largo  cylindrical  atructuroa. 
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A  THEORY  FOR  THE  CALCULATION  OF  EXPLOSIVE  DEPOSITION 
PROFILES  FROM  THE  SPRAY  PAINTING  OF 
LIGHT  INITIATED  EXPLOSIVE 


Floyd  H.  Mathews 
Sandia  National  Laboratories 
Albuquerque,  New  Mexico 


When  a  weapon  structure  is  exposed  to  X-rays,  the  energy  depos¬ 
ited  in  the  surface  material  may  result  in  an  impulsive  pressure 
loading  on  the  surface.  Laboratory  nuclear  effects  experimen¬ 
tation  allows  the  study  of  structural  response  during  simulation 
tests.  Spray  painted  coatings  of  Silver  Acetylide-Silver 
Nitrate  explosive  when  surface  initiated  by  an  intense  flash  of 
light  provide  a  suitable  test  loading.  Safety  considerations 
dictated  by  the  initiation  sensitivity  of  this  primary  explosive 
require  that  the  spray  process  be  carried  out  by  remote  control. 
The  ability  to  predict  deposition  during  design  of  the  spray 
procedure  is  therefore  important  in  developing  an  efficient  and 
safe  technique. 

The  processes  occurring  during  spray  painting  of  the  explosive 
layer  on  the  target  surface  were  studied  and  an  empirical  theory 
of  spray  deposition  developed.  Important  parameters  which 
include  explosive  concentration  in  the  atomized  spray,  the 
deposition  profiles  for  a  single  pass,  with  deposition  efficiency 
as  a  function  of  spacing,  position  and  incident  angle  are  incor¬ 
porated  into  a  numerical  theory  describing  the  space  dependent 
explosive  deposition  for  a  single  pass  of  the  spray  apparatus. 
When  implemented  into  a  computation  of  multiple  overlapping 
passes,  a  reasonably  complete  prediction  is  obtained.  Several 
geometries  including  flats,  cylinders  and  cones  are  described. 
This  work  suggests  methods  for  improving  the  spray  process. 
Consequences  of  positioning  inaccuracies  are  also  studied. 


INTRODUCTION 

When  a  weapon  structure  is  exposed 
to  X-rays  originating  from  a  nuclear 
burst,  sufficient  energy  may  be  depos¬ 
ited  in  the  surface  material  causing  its 
vaporization  and  subsequent  blowoff. 

This  blowoff  imparts  an  impulsive  pres¬ 
sure  loading  on  the  reamining  surface 
lasting  for  a  period  of  a  few  microsec¬ 
onds.  During  development  of  a  weapon, 
vulnerability  studies  are  conducted  to 
assure  survival  at  appropriate  intensity 
of  the  X-ray  environment. 

Laboratory  nuclear  effects  experimen¬ 
tation  allows  the  study  of  structural 
response  during  simulation  tests.  Spray 
painted  coatings  of  Silver  Acetylide- 
Silver  Nitrate  (SASN)  explosive,  when 
surface  initiated  by  an  intense  flash  of 
light,  provide  a  suitable  test  loading. 


Desirable  features  of  this  laboratory 
technique  include  the  ability  to  produce 
simultaneously  applied  impulses  with 
intensity  varying  either  gradually  or 
discontinuously  over  complex  curved  sur¬ 
faces.  Details  of  experimentation 
employing  Light  Initiated  Explosives  have 
been  reported  at  several  previous  Shock 
and  Vibration  Symposia  and  elsewhere 
[l-ll]. 

Safety  considerations  dictated  by 
the  initiation  sensitivity  of  this 
primary  explosive  require  that  the  spray 
painting  process  be  carried  out  by  remote 
control.  The  ability  to  predict  the 
aerial  density  of  the  explosive  deposi¬ 
tion  during  design  of  the  spray  procedure 
is  therefore  important  in  developing  an 
efficient  and  safe  technique. 


I 


SPRAY  PROCESS 


The  impulse  distribution  desired  on 
a  test  object  is  a  function  derived 
specifically  for  the  particular  X-ray 
encounter  and  materials  involved. 
Typically  impulse  values  decrease  approx¬ 
imately  as  the  cosine  of  the  angle 
between  the  surface  normal  and  the  line 
of  sight  to  the  X-ray  source.  Different 
materials  exposed  to  identical  X-ray 
fluences  will  generally  experience 
different  impulse  loadings.  This  situa¬ 
tion  is  illustrated  schematically  in 
Figure  1  where  the  impulse  loading  is 
plotted  for  a  ring  composed  of  two 
materials  illuminated  from  the  side  by  a 
distant  source.  The  objective  is  to 
design  a  spray  painting  process  to  apply 
an  explosive  layer  which  when  detonated 
will  impart  an  acceptable  approximation 
of  the  desired  impulse  function. 


The  impulse  imparted  by  explosive 
detonation  on  each  small  surface  element 
is  directly  related  to  the  local  value 
of  SASN  areal  density.  This  function 
has  been  determined  from  numerous  tests 
of  target  samples  and  is  given  by 


t=0.00086(^)^+0. 3795^^j;  0<I<225 


I«0.763(‘^\-  42.7;  225<I 


where  M  is  the  explosive  mass  (g) ,  A  the 
area  (M^)  and  I  the  impulse  (Pa.s). 

This  equation  applies  only  for  the  con¬ 
ditions  of  SASN  formulation,  spray  depo¬ 
sition,  and  initiation  ./hich  have  become 
standard  practice  at  the  Sandia 
facility. 


The  machinery  employed  in  the  spray 
process  involves  using  many  overlapping 
and  superimposed  passes  of  a  spray  gun 
accomplished  by  either  moving  the  gun 
along  the  surface  or  by  moving  the  sur¬ 
face  past  the  gun.  In  this  respect,  the 
process  is  similar  to  conventional  paint¬ 
ing.  Removable  masks  placed  over  the 
surface  may  be  used  to  intercept  unneeded 
portions  of  the  spray.  Thus,  the  impulse 
function  of  Figure  1  could  be  obtained  by 
masking  material  b,  spraying  a  portion  of 
the  load  on  material  a,  and  then  removing 
the  mask  and  completing  the  spray. 


A  cross  section  representing  the  geom¬ 
etry  of  a  spray  pass  over  a  curved  sur¬ 
face  is  illustrated  in  Figure  2.  The 
purpose  of  the  theory  is  to  predict  the 
explosive  areal  density  M/A  as  a  function 
of  the  parameters  describing  the  geometry 
of  the  spray  setup.  These  parameters 
include,  V  the  spray  gun  traverse  rate, 

N  the  number  of  repeated  spray  passes. 


dM/dt  the  explosive  mass  flow  rate 
through  the  spray  nozzle,  S  the  distance 
separating  the  surface  point  and  spray 
gun,  W  the  spray  fan  half  width  at  S,  X 
the  surface  position  of  the  point  being 
considered,  and  6  the  angle  of  the  sur¬ 
face  normal  relative  to  the  spray  gun 
location. 


Generally  the  atomizing  air  pressure 
and  atomizing  nozzle  are  specifically 
designed  to  disperse  material  over  a 
wide  strip  on  either  side  of  the  spray 
gun  motion  with  a  narrow  dispersal  along 
the  Z  direction,  the  path  of  the  gun 
motion.  During  each  spray  pass  a  com¬ 
plete  segment  along  the  Z  axis  passes 
over  each  surface  point,  therefore  a 
simplified  treatment  which  considers 
only  dispersal  in  the  width  direction  is 
justified. 


The  explosive  mass  flow  rate  from 
the  nozzle  is  given  by 


where  C  is  the  explosive  concentration 
(g/l)  in  the  acetone  carrier  fluid  and 
Q  is  the  fluid  discharge  rate  (1/s) . 


The  explosive  is  manufactured  for 
each  application  using  a  carefully 
repeated  formulation  and  is  continually 
stirred  and  pumped  thru  the  spray  gun  to 
prevent  explosive  particles  'rom  settling. 
Mixture  concentration  therefore  does  not 
change  from  batch  to  batch  nor  during  the 
individual  spray  processes.  The  fluid  flow 
rate,  Q,  is  set  at  a  constant  value  by 
adjusting  the  static  head  at  the  spray 
gun  for  each  spray  operation. 


The  total  mass  emitted  from  the 
spray  gun  per  unit  length  (1)  in  the 
traverse  (Z)  direction  is  given  by 


M  ^ 

1  V  ■ 


Emitted  material  must  be  either  depos¬ 
ited  somewhere  on  the  target  surface 
within  the  area  described  by  the  width 
of  the  spray  fan  (2W)  and  its  length  or 
the  material  is  blown  away  by  the  atom¬ 
izing  air  in  the  form  of  overspray.  The 
theory  assumes  that  material  lost  to 
overspray  does  not  adhere  elsewhere  on 
the  target  surface.  This  assumption  is 
correct  in  most  cases  of  convex  surface 
curvature.  Concave  curvatures,  and  in 
particular  barriers  in  the  form  of  sur¬ 
face  bumps  and  ridges  would  require 
special  attention  not  afforded  by  the 
present  treatment. 


X  RADIATION 


Fiq.  X  ■  Impulse  Distribution  for  a  Ring  Structure  Built  From  Two  Materials 


SASN 


Fig.  2  -  Cross  Section  of  a  Spray  Pass  Over  a  Curved  Surface 


Several  processes  must  be  studied 
to  comp]t'to  this  theory.  First,  each 
:;pccific  spray  head,  atomizing  air  nozzle 
ind  atomizing  pressure  combination  dis¬ 
tributes  the  particles  of  explosive 
differently.  A  specific  spray  gun  setup 
v^ras  selected  as  the  standard,  (DeVillbiss 
i’ll  head  with  a  1.016  mm  fluid  nozzle  at 
an  atomizing  pressure  of  124  kPa) .  The 
function 

lm\ 

=  f^(S,X)  (4) 

must  be  identified  empirically  where 
:lM/dt  is  the  mass  flow  rate  of  explosive 
thru  an  area  normal  to  the  flow  at  a 
position  S,  X,  when  the  surface  is  not 
present . 

Drying  of  the  liquid  droplets  dur¬ 
ing  their  flight  from  the  nozzle  affects 
their  adherence  when  they  reach  the  tar¬ 
get  surface.  Very  small  droplets  may 
lose  enough  fluid  so  that  they  have  in¬ 
sufficient  momentum  to  penetrate  the  gas 
boundary  layer  at  the  target  and  are 
therefore  carried  into  the  surrounding 
air  as  an  overspray.  Thus,  the  efficien¬ 
cy  of  deposition  decreases  with  separation 
to  yield  a  function 

E  =  f2(S)  (5) 

where  E  is  the  deposition  efficiency. 
Conditions  within  the  spray  booth  includ¬ 
ing  temperature  and  possibly  humidity 
Influence  efficiency. 

A  final  process  involves  an  addi¬ 
tional  decrease  of  deposition  dependent 
upon  the  angle  of  incidence  between  the 
arriving  spray  flux  and  the  surface 
normal  depicted  by  6  in  Figure  2.  Thus, 
an  efficiency  function 

K  =  fjCB)  (6) 

dependent  upon  angle  of  incidence  of  the 
sprayed  material  as  it  approaches  the 
target  surface  is  required.  In  this 
relatively  crude  theory,  possible  inter¬ 
relationships  between  these  three 
functions  are  omitted  resulting  in  an 
overall  functional  relationship 

”  =  ^  fl(S,W)f2(S)f3(6)coB6.  (7) 

Where  the  last  term,  cosB,  accounts  for 
the  larger  area  presented  to  the  spray 
flux  by  a  surface  inclined  to  the  flux. 

The  theory  sought  in  this  paper  involves 
identifying  this  function. 


DEPOSITION  MEASUREMENTS 

Deposition  was  measured  by  placing 
target  strips  in  front  of  the  spray  gun 
as  shown  in  Figure  3.  The  static  pres¬ 
sure  at  the  spray  nozzle  was  adjusted 
until  a  measured  flow  of  2.08  ml/s  was 
obtained  with  atomizing  air  off.  The 
spray  gun  traverse  velocity  was  set  at 
125  nun/s.  Fluid  flow  measurements  given 
in  Table  1,  were  taken  with  the  gun 
stationary  before  and  after  completing 
the  spray  by  capturing  material  ejected 
from  the  nozzle  with  the  atomizing  air 
turned  off.  After  drying,  the  residual 
explosive  solids  were  weighed,. and  the 
explosive  mass  concentration  of  Table  2 
calculated.  A  reduced  flow  rate  observed 
after  the  spray  process  is  attributed  to 
coating  of  the  nozzle  surface.  This 
occurs  as  the  flow  is  stopped  between 
each  spray  pass  when  a  needle  valve  is 
inserted  through  the  fluid  stream  and 
seats  on  the  nozzle.  An  explosive  coat¬ 
ing  is  pressed  onto  the  nozzle  sides 
restricting  flow.  The  possibility  of 
nozzle  f low-cestriction  has  not  been 
studied.  Explosive  mass  concentration 
data  of  Table  2  indicates  that  this 
parameter  may  be  treated  as  constant 
over  a  spray  process. 


Fig.  3  -  Spray  Targets  for  the 
Deposition  Experiment 
With  Strip  and  Circular 
Coupons 
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"lit  (JO  oC  the  spray  targets  wore  flat 
oc lions  placed  perpendicular  to  the 
iozalc  axis  and  centered  on  a  stream  of 
fluid  emitted  without  atomizing  air 
using  both  circular  coupons  19  mm  in 
diameter  and  long  strips  19  mm  wide. 

Two  strips  165  mm  long  joined  at  the 
.pray  centerline  were  used  at  the 
152  mm  spacing.  Three  strips,  152  mm 
'ong,  were  placed  symmetrically  at  the 
.’29  mm  location,  and  three  strips, 

203  mm  long,  were  used  at  the  304  mm 
location.  The  fourth  target  was 
inclined  to  the  spray  by  an  angle  of  45 
■legrees  with  its  center  229  mm  from  the 
nozzle  outlet.  In  comparison  to  the 
coupons,  the  strips  have  a  much  larger 
ratio  of  surface  area  to  edge  area  and 
give  the  best  indication  of  total 
explosive  mass  deposited  across  the 
spray  width.  In  general,  the  average 
■'xplosive  mass  obtained  by  integrating 
a  curve  drawn  thru  values  indicated  by 
small  coupons  was  10  to  15%  less  than 
measured  on  the  strips.  The  spray  gun 
velocity  was  set  at  127  mm/s  and  a 
sequence  of  60  spray  passes  completed  in 
groups  of  15  with  at  least  40  seconds  of 
drying  time  allowed  between  each  spray 
pass . 

Measured  values  of  areal  density 
are  given  in  Tables  3  through  6.  Stan¬ 
dard  sampling  methods  were  used  involv¬ 
ing  removal  and  weighing  of  sprayed 
coupons.  Most  coupons  were  raised 
slightly  above  the  surface.  However,  no 
systematic  difference  between  these 
samples  and  flush  mounted  samples  was 
determined.  The  scatter  between  multi¬ 
ple  coupons  placed  on  the  spray  center- 
line  was  for  some  unknown  reason  larger 
than  is  usually  obtained.  Sample  No.  8 
was  removed,  weighed,  and  replaced  after 
each  group  of  15  spray  passes  to  obtain 
the  incremental  data  of  Table  3. 


calculated  to  give  the  values  of 
Table  8.  This  data  can  be  approximated 
by  a  linear  function 

E  =  0. 925-0. 000512S  (8) 

152£S£305  mm 

which  applies  for  a  flat  surface  and  the 
standard  Ph  nozzle  setup. 

The  width  over  which  material  is 
deposited  increases  as  a  function  of 
separation.  The  values  given  in  Table  9 
are  representative  of  the  standard  setup 
and  a  flat  surface.  This  information 
was  obtained  using  dyed  acetone  and  can 
be  approximated  by  a  parabolic  function 

W=  -*61irnr7+1.7842S-0.001894S^  (9) 

152<S005  mm 

where  W  is  the  spray  half  width  in  mm  on 
a  flat  surface  at  a  center  line 
separation  S. 

The  explosive  mass  deposition 
across  this  width  on  a  flat  surface 
varies  as  a  function  of  position  (X) 
along  the  width  but  was  symmetric  with  a 
maximum  at  the  center  line.  The  func¬ 
tional  dependence  was  approximated  by 


-W<X<W 


where  (M/A) max  is  the  maximum  value 
deposited  at  the  spray  centerline. 

Rewriting  in  terms  of  Eg.  (3)  gives 


-w<x<w 


Data  from  the  19  mm  wide  strips  is 
given  in  Table  7.  These  strips  were 
located  so  that  they  intercepted  almost 
the  complete  spray.  A  negligibly  small 
amount  of  explosive  in  the  form  of  dry 
overspray  was  deposited  beyond  the 
sample  ends. 

EMPIRICAL  THEORY 

An  empirical  description  of  the 
spray  efficiency  on  a  flat  surface 
located  normal  to  the  spray  axis  can  be 
derived  from  the  flat  strip  data  of 
Table  7.  Thus,  in  60  passes  over  these 
strips  a  total  explosive  mass  of  1.096g 
was  emitted  over  the  19  mm  wide  strips 
and  the  total  deposited  mass  was  measured 
and  is  given  in  Table  7.  Thus^  the 
efficiency  of  deposition  on  a  flat  sur¬ 
face  as  a  function  of  separation  can  be 


and  both  E  and  W  are  functions  of  the 
separation. 

The  mass  distribution  computed  using 
this  function  is  compared  to  measure¬ 
ments  in  Figure  4.  A  second  comparison 
is  obtained  by  Integrating  Eg.  (11)  over 
the  width  of  the  strip  samples  to  obtain 
the  comparison  given  in  Table  7.  The 
functional  dependency  has  been  forced  to 
fit  the  more  accurate  total  deposition 
obtained  from  atrip  samples.  The  com¬ 
parison  to  the  individual  coupon  measure¬ 
ments  is  poorer.  Reasons  for  a  discrep¬ 
ancy  between  the  coupon  and  strip  samples 
were  not  investigated.  A  second  obser¬ 
vation  from  the  coupons  is  that  the  spray 
was  not  exactly  centered  over  the  sample 
holder  eveit-though  the  setup  was  care¬ 
fully  done.  Non-symmetry  of  dispersal 
from  the  atomizing  air  is  a  li)cely  cause. 
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Sample _ 

Before  Spray 
After  Spray 


'Atomizing  air  was  off. 


TABLE  1 

Flow  Data^^* 

Flow  Rate 

t(s) 

Vol (ml) 

Q(m  1/s) 

14.5 

30.1 

2.08 

14.3 

28.1 

1.97 

Sample _ 

Before  Spray 
After  Spray (i) 

tic  T .... 


TABLE  2 

Explosive  Concentration  Data 

Vol  (ml) _ Mass  (q) _ 

30.1  1.S09 

I  28.1  1.643 


Some  HE  Lost  While  Taking  Sample. 


TABLE  3 


P.H.  Nozzle  Deposition  Data  at  152  mm  Separation  After 
60  Passes  at  127  mm/s  With  124  kPa  Atomizing  Air*^^ 


Coupon 

Number 

X(min) 

E>epo8itlon 
( a/m^) 

1 

-133 

4 

2 

-114 

18 

3 

-95 

46 

4 

-76 

112 

5 

-57 

193 

6 

-38 

284 

7 

-19 

330 

8 

0 

372 

8  (0-15) 

0 

(102) 

8  (16-30) 

0 

(102) 

8  (31-45) 

0 

(84) 

8  (46-60) 

0 

(84) 

9 

19 

358 

10 

38 

323 

11 

57 

235 

12 

76 

126 

13 

95 

60 

14 

114 

14 

15 

133 

7 

57 

0 

330(< 

'static  gage  pressure  at  nozzle  inlet. 

^Negative  positions  are  to  the  left  in  Figure  3. 
^Accumulation  determined  from  coupon  weight  change. 
^Explosive  chipped  during  removal. 
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TABLE  4 

P.H.  Nozzle  Deposition  Data  at  229  mm  Separation  After 
60  Passes  at  127  mm/s  and  With  124  kPa  Atomizing  Air 


Coupon 

Number 

X(mm) 

Deposition 
(g/m2 ) 

16 

-200 

4 

17 

-171 

14 

18 

-143 

32 

19 

-114 

77 

20 

-86 

(1) 

21 

-57 

179 

22 

-26 

221 

23 

0 

249 

58 

0 

225 

59 

0 

246 

24 

29 

239 

25 

57 

197 

26 

86 

140 

27 

114 

88 

28 

143 

46 

29 

171 

4 

30 

200 

4 

Coupon 

dropped  during  seunpling. 

TABLE  5 

P.H.  Nozzle  Deposition  Data  at  305  mm  Separation  After 
60  Passes  at  127  mm/s  and  With  124  kPa  Atomizing  Air 


Coupon 

Number 

X(mm) 

Deposition 

(q/m2) 

31 

-229 

0 

32 

-191 

25 

33 

-152 

49 

34 

-114 

98 

35 

-76 

137 

36 

-38 

169 

37 

0 

182 

60 

0 

176 

61 

0 

165 

38 

38 

162 

39 

76 

119 

40 

114 

88 

41 

152 

49 

42 

191 

18 

43 

229 

7 

TABLE  6 


P.H.  Nozzle  Coupon  Data  at  45  Degree  Inclincation  After 
60  Passes  at  127  mm/s  With  124  kPa  Atomizing  Air 


Coupon 

Number 

S(mm) 

X(mm) 

44 

354 

-108 

25 

45 

336 

-90 

25 

46 

300 

-72 

28 

47 

282 

-54 

53 

48 

264 

-36 

56 

49 

247 

-18 

53 

50 

229 

0 

772 

62 

229 

0 

736(1) 

51 

211 

18 

109 

52 

193 

36 

144 

53 

175 

54 

176 

54 

157 

72 

165 

55 

139 

90 

112 

56 

121 

108 

33(2) 

^^’piush 

mounted 

^ Small 

chip 

TABLE  7 


P.H.  Nozzle  Data  From  19  mm  Wide  Strips  After  60  Passes 
at  127  mm/s  With  124  kPa  Atomizing  Air 


152 

-165  to  0 

438 

464 

152 

0  to  165 

488 

464 

Total 

926 

928 

229 

-229  to  -76 

99(2) 

131 

229 

-76  to  76 

641 

623 

229 

76  to  229 

137 

131 

Total 

877 

885 

305 

-305  to  -102 

113 

109 

305 

-102  to  102 

626 

625 

305 

102  to  305 

101 

109 

Total 

840 

843 

^^^Computed  values  obtained  by  integration  of  Eg.  (11) 
(2) 

'Sample  dropped. 


TABLE  8 

Deposition  Efficiency  on  a  Flat  Surface 


Separat 


TABLE  9 

Measured  Total  Spray  Width  (2W) 


Separation 

mm) 

Spray  Width  (mm) 

152 

339 

229 

498 

305 

616 

m 

V.«v 


I »**!** 

Il'i 


1**%’ 

m\ 


efficiency  terms  describing  angular  and 
separation  efficiency.  Thus, 


Deposition  efficiency  is  influenced 
by  both  the  distance  separating  the  gun 
from  the  target  surface  and  the  angle 
between  the  surface  normal  to  the  direc¬ 
tion  in  which  the  spray  material  is 
traveling.  The  distance  versus  effi¬ 
ciency  function  has  already  been  found 
for  a  flat  surface  and  is  given  by 
Eq.  (8).  The  angular  efficiency  func¬ 
tion  K  can  be  determined  by  comparing 
centered  coupon  data  from  Table  4  and 
data  for  coupons  50  and  82  in  Table  6 
which  were  mounted  on  the  spray  center- 
line  at  an  angle  of  45  degrees.  The 
deposition  at  45  degrees  is  given  by 

(?)„  =  iA 

where  K  is  the  angular  efficiency. 

Using  average  values  for  coupons  50  and 
62  then  K  =  0.427.  In  the  absence  of 
additional  data,  a  linear  equation  is 
selected.  Thus, 


I  i|iEK  cosB  (14) 

-78.7<e<78.7 

is  the  empirically  determined  function 
which  describes  the  SASN  explosive 
deposited  on  a  surface  placed  in  front 
of  the  spray  fan  from  a  PH  nozzle  with 
125  )cPa  atomizing  air  pressure. 

Eq.  (14)  can  be  verified  by  com¬ 
paring  the  calculated  deposition  for 
the  strip  inclined  at  45  degrees  in 
Figure  3  with  measured  values  as  shown 
in  Figure  5.  The  excellent  agreement 
is  ta)cen  as  justification  for  use  of 
Eq.  (14)  to  compute  the  deposition  on 
other  surfaces. 

APPLICATIONS 


K  =  1  -0.0127161;  -78.7<6<78.7 

'  (12) 
K  =  0  ;  all  other  6 

where  6  is  the  angle  in  degrees  between 
the  surface  normal  and  the  line  to  the 
spray  nozzle.  The  linear  function  is 
the  best  that  can  presently  be  offered 
with  limited  data,  and  is  assumed  to 
apply  at  all  distances  and  all  positions 
along  the  spray  fan. 


The  function  of  Eq.  (14)  was  used 
in  computer  studies  of  several  spray 
geometries.  A  major  objective  was  to 
understand  the  influence  of  parameters 
which  could  be  selected  in  the  design 
of  a  particular  painting  procedure. 
Several  examples  will  be  discussed  to 
illustrate  these  results. 

Flat  Surface  Subjected  to  a  Uniform 
Impulse 


A  final  use  of  Eq.  (12)  is  to 
correct  the  flat  plate  data  to  account 
for  angular  dispersal  at  positions  along 
the  fan  width.  Then  the  spray  flux  i|i 
within  the  flux  tube  passing  from  the 
spray  nozzle  to  a  position  S,  X  is  given 
by 


.4NQC 

'3WV 


( 1-0. 01271  a  p  cosa 


a  =  arc  tan 


(13) 


6<S<12 

-W<X<W 


where  a  is  the  angle  between  the  flat 
plate  normal  and  the  spray  nozzle  which 
defines  the  flux  tube.  This  calculation 
of  the  flux  term  using  the  various 
empirical  factors  results  in  a  calculated 
mass  flow  rate  somewhat  larger  than  the 
value  actually  present  and  therfore  intro¬ 
duces  a  violation  of  continuity.  This 
problem  results  from  accumulating  small 
errors. 


The  material  deposited  on  any  sur- 
I  face  located  at  coordinate  S,  X,  is  the 

I  product  of  this  flux  term  and  the 

I 

I 


A  relatively  common  test  problem 
is  to  produce  a  uniform  load  on  a  flat 
surface.  A  sequence  of  equal  numbers 
of  spray  passes  on  uniformly  spaced 
parallel  paths  produces  this  loading. 
Several  questions  are  important  to  the 
design  including;  (1)  How  accurately 
must  positioning  be  controlled?  (2) 

What  is  the  widest  spacing  permitted 
between  each  spray  gun  path?  (3)  How 
far  must  the  spray  gun  traverse  beyond 
the  width  of  the  target? 

Results  for  several  calculations 
are  given  in  Figures  6  thru  9  for  a 
standard  spray  gun  setup  with  152  mm 
separation.  An  acceptably  uniform 
impulse  distribution  is  obtained  when 
either  51  or  102  mm  spacing  is  used 
while  a  127  mm  spacing  produces  unaccept 
able  impulse  variation.  These  plots 
also  show  that  the  last  spray  gun 
position  must  extend  about  130  mm  beyond 
the  surface  to  be  covered  by  uniform 
impulse.  Results  calculated  when  all 
sprays  at  one  location  were  misplaced 
by  6.4  mm  are  given  in  Figure  9.  Errors 
randomly  spaced  between  -5  and  5  mm 
affecting  all  sprays  at  each  location 
were  also  studied.  Impulse  uniformity 
was  similar  to  that  obtained  in  Figure  9 
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Fig.  5  -  Computed  and  Measured  Deposition  on  a  Flat  Surface  Inclined 
at  45°  with  a  Center  Separation  of  229  nm 
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Fig.  6  -  Computed  Impulse  Distribution 
on  a  Flat  Surface  After  20 
Spray  Passes  at  Each  of  11  (X) 
Locations  Spaced  50.8  imn 
Apart 


Computed  Impulse  Distribution 
on  a  Flat  Surface  After  40 
Spray  Passes  of  Each  of  5 
Locations  Spaced  101.6  mm 
Apart 


Fig.  8  -  Computed  Impulse  Distribution 
on  B  Flat  Surface  After  SO 
Spray  Passes  at  Each  of  5 
Locations  Spaced  127  mm 
Apart 


Fig.  9.  -  Impulse  Distribution  on  a 
Flat  Surface  After  20 
Spray  Passes  at  Each  of  11 
Locations.  The  Spray  at 
50.8  mm  Has  Been  Positioned 
with  an  Error  of  6.4  mm 


These  results  suggest  that  single 
errors  of  position  should  be  kept  below 
6  an  and  that  random  errors  of  5  an  are 
acceptable.  The  largest  spacing  between 
spray  locations  should  be  kept  to  102  an 
or  less  and  the  edge  spray  path  should  be 
at  least  130  an  outside  the  surface  which 
will  be  subjected  to  uniform  impulse. 

Overlapping  Sprays  on  Cylindrical  or 
donical  Surfaces 


Impulse  distributed  as  a  cos  8 
function  over  half  the  test  object  sur¬ 
face.  Current  practice  involves  spray 
painting  using  an  aperture  which  allows 
explosive  to  fall  on  a  narrow  (-  15 
degrees)  surface  segment.  The  loading 
profile  is  then  built  up  using  a  sta'ir 
step  approximation  by  applying  repeated 
sprays  at  suitably  indexed  positions 
on  the  surface.  When  conical  shapes  are 
involved  the  process  is  inefficient  with 
only  10  to  20%  of  the  sprayed  explosive 
adhering  to  the  target.  The  case  of 
overlapping  sprays  with  no  aperture 
applied  to  a  cylindrical  surface  was 
therefore  studied  for  the  case  where  a 
cos  8  Impulse  distribution  is  desired. 

In  this  setup  approximately  30  to  50% 
of  the  explosive  sprayed  should  adhere 
to  the  target.  The  cylindrical  calcu¬ 
lation  was  then  extended  to  a  conical 
surface  by  studying  cylinders  of  various 
diameter.  Thus,  if  the  spray  gun  were 
Bioved  parallel  to  a  ray  of  the  conical 
.surface  traversing  from  the  large  to 
SBtall  dieuneter  at  a  spacing  of  152  mm, 
using  the  number  of  passes  indicated  in 
Table  10,  then  results  similar  to 
Figure  10  are  predicted.  This  procedure 
requires  that  the  spray  gun  be  turned 
off  at  appropriate  positions  along  the 
conical  axis  during  its  movement  from 
the  large  to  small  end. 

Studies  regarding  results  of 
random  positioning  errors  on  cylincfrical 
surfaces  have  also  been  conducted  with 
results  similar  to  those  already  dis¬ 
cussed.  It  was  concluded  that  randomly 
occurring  positioning  errors  of  a  few 
degrees  can  be  tolerated. 

Deposition  Efficiency 

Estimates  of  total  explosive 
utilization  are  needed  to  determine  the 
explosive  batch  size.  Overestimates 
result  in  wasted  SASN  which  although 
expensive,  cannot  be  stored  for  sub¬ 
sequent  use.  Underestimates  require 
that  the  partially  sprayed  test  unit  be 
removed  and  repositioned  while  coated 
with  dry  SASN  explosive,  a  particularly 
difficult  operation.  It  is  therefore 
useful  to  investigate  efficiency  for 
several  types  of  spray  setups. 

When  flat  surfaces  are  sprayed 
using  overlapping  passes,  the  efficiency 
can  be  calculated  using  Eq.  (8) . 
Ordinarily  approximately  80%  of  the 
explosive  adheres  to  the  target  surface. 
Losses  due  to  edge  masking  and  end  run¬ 
out  may  be  estimated  for  the  specific 
setup.  Previous  observations  derived 
from  Figures  6  thru  9  are  adequate  for 
this  purpose. 


Test  specifications  on  conical  or 
cylindrical  surfaces  usually  involve  an 


TABLE  10 

Schedule  for  a  200  COS  6  Impulse  (Pa.s)  On  a  Conical  Surface 


Number  of  Spray  Passes 


Diameter  (on 


Angle 


508  457  I  406  356  I  305  i  254  I  203  I  152  1 102 


Total  279  259  241  1220  202  183  167  ll52  136 


^Spacing  of  152  mm.  Atomizing  air  124  kPa,  velocity  of  127  mm/s. 
^Impulse  function  plotted  in  Figure  10. 

^Impulse  function  plotted  in  Figure  10* 
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Fig.  10  -  Impulse  Distribution  at  Two  Diameters  Computed  for  a  Conical 
Object  Using  the  Setup  of  Table  10.  The  Desired  Impulse  is 
Shown  by  a  Dotted  Line 
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The  deposited  fraction  is  defined 
as  the  amount  of  SASN  material  adhering 
to  the  target  surface  divided  by  the 
amount  emitted  by  the  spray  gun  as  it 
passes  over  the  surface.  The  deposition 
fraction  obtained  with  a  mask  placed 
between  the  spray  fan  and  a  flat  target 
surface  was  studied  by  solving  Eg.  (14) 
over  the  area  of  the  slit  width.  Results 
are  given  in  Figure  11  where  the  fraction 
deposited  is  plotted  as  a  function  of 
slit  fraction  for  three  gun  to  surface 
separations.  The  slit  fraction  is  the 
width  of  spray  fan  passing  thru  the  slit 
divided  by  the  total  spray  fan  width. 

This  figure  indicates  that  reasonably 
high  efficiencies  are  obtained  provided 
the  slit  is  at  least  40%  of  the  fan  width. 

The  deposition  fraction  on  a 
cylinder  when  no  mask  is  used  was  obtained 
as  a  function  of  radius  and  minimum 
separation  between  the  target  surface  and 
the  spray  nozzle.  The  result  is  plotted 
in  Figure  12.  Note  that  relatively  great 
losses  occur  for  small  radius  and  that  at 
small  radius  the  efficiency  is  severely 
reduced  with  large  separation  distances. 
This  figure  permits  estimates  of  explosive 
quantities  for  cylindrical  or  conical  sur¬ 
faces  provided  additional  losses  due  to 
spray  over  run  and  edge  masking  are 
included. 

The  case  of  spray  painting  a  cylin¬ 
drical  surface  while  using  a  slit  to  pass 
only  material  within  a  fixed  angular  seg¬ 
ment  is  shown  in  Figure  13.  Three  angular 
segments  of  12,  15,  and  18  degrees  are 
plotted.  Comparison  between  Figures  12 
and  13  indicates  that  use  of  an  angular 
slit  significantly  decreases  efficiency 
in  comparison  to  a  similar  case  when  no 
slit  is  used.  Again  small  diameters 
exhibit  particularly  low  efficiencies. 
These  figures  may  also  be  used  when 
estimating  required  quantities  of 
explosive. 

Other  cases  have  also  been  studied 
including  the  situation  of  flat  and 
curved  surfaces  rotated  in  front  of  a 
spray  gun  similar  to  the  techniques 
described  in  Reference  5.  Future  work 
will  investigate  the  possibility  of 
combining  a  variable  traverse  velocity  in 
conjunction  with  control  of  position  and 
number  of  passes  as  a  means  of  deposition 
control.  This  work  is  awaiting  a  suitable 
testing  requirement. 

CONCLUSION 


explosive  concentration  in  the  atom¬ 
ized  spray,  the  deposition  profiles  for 
a  single  pass,  with  deposition  effi¬ 
ciency  as  a  function  of  spacing, 
position  and  incident  angle  have  been 
incorporated  into  a  numerical  calcu¬ 
lation  of  the  space  dependent  explosive 
deposition  for  a  single  pass  of  the 
spray  apparatus .  When  implemented  into 
a  computation  of  multiple  overlapping 
passes,  which  may  include  the  use  of 
masking  to  Intercept  unwanted  portions 
of  the  spray,  a  reasonably  complete 
prediction  is  obtained. 

Studies  of  several  important 
geometries  including  flats,  cylinders, 
and  cones  have  been  described.  This 
work  suggests  improvements  in  process 
efficiency  as  well  as  new  methods  for 
handling  difficult  shapes.  An  additional 
benefit  is  that  consequences  of  position¬ 
ing  inaccuracies  have  been  estimated. 
Reasonable  positioning  tolerances  pro¬ 
duce  acceptable  deviations  in  computed 
spray  results.  The  completed  analysis 
is  a  useful  tool  in  selecting  appropri¬ 
ate  spray  application  methods  during 
the  design  of  a  remotely  controlled 
spray  process. 
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Deposition  Fraction  as  a 
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An  empirical  theory  describing  spray 
painting  of  a  SASN  explosive  layer  has 
been  developed  and  verified  for  a  single 
Inclined  flat  plate  geometry.  Important 
physical  parameters  which  include 
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Fig,  12  -  Deposition  Fraction  as  a 

Function  of  Cylinder  Radius 
for  Spray  Painting  at  Three 
Separations 


Fig.  13  -  Deposition  Fraction  as  a 
Function  of  Target  Radius 
and  Slit  Angle  for  a 
Cylinder 
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THE  RESPONSE  SPECTRUM  METHOD  OF  SOLUTION 
FOR  DISPLACEMENT  EXCITATION 
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Medford.  MA  02155 


The  response  spectrum  method  is  formulated  in  terms  of 
base  displacement  rather  than  base  acceleration.  This 
allows  simpler  application  of  the  response  spectrum 
method  to  spring-mass  systems  with  multiple  input 
motions.  The  method  is  extended  to  systems  for  which 
hysteretlc  damping  is  Incorporated  by  the  use  of 
complex  stiffnesses. _ 


INTRODUCTION 

Consider  an  n  degree-of-freedom 
(ndof)  spring  and  mass  model  where 
Xj^(t)  is  the  absolute  displacement  of 
mass  1  and  y(t)  is  the  absolute  ground 
displacement,  see  Fig.  1. 


In  the  problem  of  Fig.  1,  y(t)  is 
specified  and  one  wishes  to  determine 
the  X|^(t).  Such  problems  arise  in  the 
design  of  shipboard  equipment  to  resist 
shock  and  vibration  and  the  design  of 
mechanical  and  electrical  equipment  to 
resist  earthquakes.  The  conventional 
approach  is  to  write  the  laws  of  motion 
with  respect  to  the  base.  The  base  then 
becomes  fixed,  each  mass  is  subjected  to 
an  inertial  force  mj^y(t),  and  the  dis¬ 
placement  variables  become  the  relative 
displacements,  ZjCt)  -  see  Fig.  2. 


Fig.  1  -  Spring-mass  system  with 

displacement  excitation  of  the 
base 


T^z. 


TT7T7 


/  7/7/7 


Fig.  2  -  Conventional  transformation  of 
Fig.  1  into  a  fixed-base 
system 
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One  can  now  proceed  with  a  solu¬ 
tion  by  modal  analysis  using  either  the 
acceleration  time  history,  y(t), 
directly  or  using  the  acceleration 
response  spectrum  A(u),  which  is  asso¬ 
ciated  with  y(t).  Since  shock  and 
earthquake  motion  do  not  have  repeat- 
able  time  histories  but  do  have  repeat- 
able  shock  spectra,  it  is  the  latter 
method  which  is  of  general  interest. 

See  reference  [1]  for  a  discussion  of 
this  method. 


The  purpose  of  this  paper  is  to 
work  out  the  consequences  of  the  form¬ 
ulation  of  Fig.  3  in  such  a  way  that 
it  can  be  easily  incorporated  into  a 
computer  program  and  then  to  modify  the 
formulation  to  permit  the  use  of  the 
complex  stiffness  model  of  hysteretic 
damping. 


DKTEIUilNATION  OF  RESPONSE 


However,  it  is  possible  to  formu¬ 
late  the  problem  of  Fig.  1  as  shown  in 
Fig.  3;  with  the  base  fixed,  with  only 
the  mass  next  to  the  base  subjected  to  a 
force  equal  to  k^yCt),  and  with  the  dis¬ 
placement  variables  being  the  absolute 
displacements,  xi(t).  All  that  is 
required  is  to  write  the  equation  of 
motion  with  respect  to  an  observer  at 
rest  and  move  the  term  k^y  to  the  right- 
hand  side  of  the  n^^  equation. 


u 


£ 


Fig.  3  -  Alternative  transformation  of 

Fig.  1  into  a  fixed-base  system 


This  formulation  is  not  widely 
used  because  most  dynamic  analysis 
computer  programs  will  not  accept  it. 

It  does  have  some  advantages  over  the 
conventional  formulation  of  Fig.  2; 
e.g. ,  in  the  seismic  analysis  of  nuclear 
power  plant  piping  which  is  supported  at 
many  different  elevations,  it  permits 
the  easy  incorporation  of  distinct 
motions  at  each  support,  see  reference 
[2]. 


The  equations  of  motion  of  the 
system  in  Fig.  3  are; 

fo'\ 

0 


r*mJ{X}  +  Ik]{X}  =  kj^y 


(1) 


Assume  that  the  eigenvalue  problem  asso¬ 
ciated  with-  Eq.  (1)  has  a  spectral 
matrix  and  a  modal  matrix 

where 


[*]  =  [(♦i)  :  Ug)  : 


and  is  the  i^^  eigenvector  with 

elements  r  ■  1,  .  .  .  .  n.  It 

will  be  assiuned  that  the  (0^)  are 
normalized  so  that  UAX  [0  ■  1  for 

each  i.  r  r,i 

Orthogonality  of  the  eigenvectors 
requires  that 


and 


n>rrmj[0i  - 


(♦]*[k)i0i  -  rxjj 


(2) 


(3) 


where  are  the  modal  masses  and  are 
the  modal  stiffness.  It  can  be  shown 
that  uj  ■  Kj/Mj. 

Consider  the  transformation  of 
coordinates 


{X(t))  -  t0Hq(t)) 
Eq.  (1)  bei-omes 

rmj|01(q)  ♦  lkl|tl<<i 


(4) 


0 


k  V 

n 


premultlplytnK  bv  II' 
(3)  gives 


anil  using  and 


Equation  (4)  can  be  rewritten 


mjOtq}  +  r-KjO  q-l4J^ 


C5) 


It  can  be  shown  that 


f0^ 

0 

r  ' 

[♦] 


fn.l 

>n.2 


'n,n 


th 


i.e.,  a  vector  composed  of  the  n  ele¬ 
ment  of  each  {4^}.  Eq .  (5)  then  become 


r-Mi^  ^ 

f^il 

^2 

' 

“2 

. 

i 

'♦n.ll 

1  ^n,2 
• 

Rny(t) 

4 

,  n,n 

which  is  equivalent  to 

“i^i  *^l^i  "  '*'n,l 
i  -  1,2 . n 


(6) 


The  response  spectrum  is  the  maxi¬ 
mum  response  of  an  oscillator  subjected 
to  a  forcing  function  drawn  from  the 
process  of  interest  as  a  function  of  the 
frequency  of  the  oscillator.  If  the 
response  of  interest  is  the  absolute 
acceleration,  the  acceleration  response 
spectrum  is  denoted  by  A(u)  where  w  is 
the  frequency  of  the  oscillator. 

If  A(u^)  equals  Max  [(i^(t)]  where 
Q^(t)  is  the^solution  to 


"A  ^  •'i^i " 

(7) 

then  linearity  requires  that 

k 

Max  (qj(t)l  -  lA('-i) 

n 

(8) 

where  q{(t)  is  the  solution  to 

Eq. 

(6). 

*r  -  r  ♦r  i^i 


(9) 


The  acceleration  of  the  r'^^  dof  in  the 
i^**  mode  is  therefore 


Xr,i  “  *r,i^i 
using  Eq.  (8) 


(10) 


f*r,iJ  -  ♦r.i^n,!  ^<“1^  ^ 
For  convenience,  let 


Max  (X^  ,1  -  , 


(12) 


Note  that  in  going  from  Eq.  (10)  to 
Eq.  (11),  the  information  about  the 
temporal  relationships  among  the 
Max  IX_  ^(t))  is  lost.  This  loss  of 

Information  requires  that  the  exact 
modal  recombination  rule,  Eq.  (4),  be 
replaced  by  an  approximate  modal  recom¬ 
bination  rule. 

The  most  widely  used  recombination 
rule  among  the  many  suggested  is  the 
Square-Root-of-the-Sum-of-the-Squares 
(SRSS)  rule.  In  the  SRSS  rule 


t !  r:  j 

i-1 


,2  ,1/2 

r,i^ 


(13) 


where  A^.  is  expected  to  be  an  approxi¬ 
mate  measure  of  the  maximum  absolute 
acceleration  of  mass  point  Mr  when  all 
modes  are  excited  by  input  y(t).  The 
spring  forces  in  mode  i  can  be  obtained 
from 


IR, 


r,i 


lul 


~  \-*-l.i^ 


(14) 


and,  if  desired,  they  can  also  be  com¬ 
bined  by  the  SR^  rule. 

Equations  (11)  and  (14)  can  be  the 
basis  for  a  computer  solution  of 
Eq.  (1)  using  the  accleration  response 
spectrum  associated  with  y(t).  Of 
course  if  A(u)  is  not  specified,  a 
separate  program  will  be  necessary  to 
compute  A(u)  from  y(t)  in  accordance 
with  Eq.  (7).  The  method  encompassed 
by  Eqs.  (11)  and  (14)  was  developed  to 
solve  a  multibranched  dynamic  model 
which  was  attached  to  ground  at  several 
places  but  had  a  displacement  imposed 


at  only  one  attachment  point.  In  the 
case  of  multiple,  distinct  Inputs,  it  is 
better  to  generalize  Eq.  (1)  as  in  .Ref . 
[2]  and  base  the  solution  on  the  pre¬ 
scribed  displacements.  In  either  case, 
the  above  method  is  more  suitable  than 
the  conventional  method. 


The  question  then  becomes  bow  to  find 
m  for  each  mode. 

Tc  answer  this  question,  first  con¬ 
sider  a  single  dof  system  subjected  to 
sinusoidal  forcing.  The  equation  of 
motion  is 


EFFECT  OF  DAMPING 

So  far,  the  effect  of  damping  has 
been  neglected.  In  lumped  spring-mass 
models  subjected  to  sinusoidal  forcing, 
hysteretic  damping  can  be  included  by 
considering  the  spring  stiffnesses  to 
be  complex ,  1 . e . 

k  -  +  Ikj  (15) 

where  (_)  represents  a  complex  number, 

(  )p  the  real  part  of  the  complex 
number,  (  )|  the  imaginary  part  and 

1  -  .  This  representation  is  a 

mathematical  convenience  rather  than  a 
physical  reality. .. .as  are,  in  fact, 
complex  numbers  themselves.  Hysteretic 
damping  is  energy  dissipation  which  is 
independent  of  frequency  and  proportion¬ 
al  to  the  square  of  the  displacement. 

As  such,  it  is  a  much  better  predictor 
of  the  ability  of  metals  and  polymers 
to  dissipate  energy  than  is  linear 
viscous  damping. 

Although  Eq.  (15)  is  the  most 
common  way  (it  is  not  the  only  way)  of 
modeling  hysteretic  damping,  it  must  be 
used  with  caution  when  the  forcing  is 
not  sinusoidal.  Its  use  for  free  vibra¬ 
tion  or  multiple-frequency  forcing  (such 
as  a  shock  pulse)  is  open  to  question. 
Experience  has  Indicated  that  reasonable 
results  are  obtained  provided  the  exci¬ 
tation  does  not  contain  a  strong  DC- 
component,  e.g.  an  earthquake  ground 
acceleration  having  zero  mean  value. 

Shock  response  spectra  are  usually 
specified  with  damping  as  a  parameter. 

In  using  Eq.  (11)  one  must  select  the 
value  of  A((i)i)  for  the  appropriate  damp¬ 
ing  value.  If  damping  is  measured  by 
the  loss  factor  n,  F]q,  (11)  can  be 
written 


where 


mX  k  X  >  f 


f(t)  -  Re[fe^“^l 
X(t)  -  Re[Xe^“^] 


Letting  k  "  kj^  ik^  and  defining  the 

loss  factor  as  n  =  k./kj,,  gq.  (17) 
becomes 

mX  +  k^(l+in)X  -  f  (18) 

Now  consider  an  ndof  system  with 
[kl  -  (k]g  +  ilklj 

For  sinusoidal  forcing,  Eq.  (1)  becomes 
rmJ{X}  +  l[k]jW  +  [k]g{X}  «  {f}(19) 


where 


a)  “  z 


y(t)  =  Relxe‘“^) 

The  generalization  of  Eq.  (4)  is 

(x)  -  i*]{a} 

where  [4]  is  the  (real)  modal  matrix 
derived  from  the  undamped  eigenvalue 
problem. 

The  above  relation,  along  with 
Eqs.  (2)  and  (3)  transform  Eq .  (19) 
into 


_r,i  r,l  n,i  i  i  r'M^jCq}  +  +  1[*1  (klj(4){a} 


where  4^  ^  are  the  mode  shapes  of  the 
undamped ’eigenvalue  problem  and  is 


given 


-  l*l’'{f} 

or,  for  the  1^**  dof, 


Now  by  comparison  of  Eq.  (20)  and  Eq. 
(18),  a  modal  loss  factor  may  be 
defined  as 
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The  above  derivation  assumes  that  the 
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undamped  mode  shapes. 
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where  (kj)j  Is  the  Imaginary  part  of 
the  complex  stiffness  kj  In  Fig.  3  and 
(kj){{  Is  the  real  part.  Now  let  (kj)i 

°  nj(kj)|^  so  that  Eq.  (22)  becomes 


I  nj(kj)R(4i,j 

-  (23) 


Equation  (23)  Is  obvious  from  energy 
consideration;  the  denominator  Is  the 
sum  of  the  energies  stored  In  each 
spring  In  mode  1  and  the  numerator  Is 
the  sum  of  the  energies  dissipated  In 
mode  1.  As  such,  Eq.  (23)  Is  widely 
used  to  estimate  modal  loss  factors 
since  It  can  be  Justified  on  the  basis 
of  Intuition  alone.  The  formal  equiva¬ 
lence  between  Eq.  (23)  and  Eq.  (21) 
established  that  Eq.  (23)  Is  tantamount 
to  modal  superposition  using  complex 
stiffnesses. 


CONCLUSIONS 

This  paper  has  discussed  a 
response  spectrum  method  which  Is  par¬ 
ticularly  suited  for  spring-mass 
systems  excited  by  one  or  more  ground 
displacements.  It  offers  an  alternative 
to  the  conventional  response  spectrum 
method  which  Is  best  suited  for  a  single 
prescribed  ground  acceleration.  The 
paper  also  discusses  how  to  Incorporate 
hysteretlc  damping  via  complex  spring 
stiffnesses . 
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Currently  used  recursive  formulas  for  calculating  the 
shock  response  spectra  are  based  on  an  Impulse  Invariant 
digital  simulation  of  a  single  degree  of  freedom  system. 
This  simulation  can  result  in  significant  errors  when 
the  natural  frequencies  are  greater  than  1/6  the  sample 
rate.  It  Is  shown  that  a  ramp  Invariant  simulation 
results  In  a  recursive  filter  with  one  additional  filter 
weight  that  can  be  used  with  good  results  over  a  broad 
frequency  range  Including  natural  frequencies  which 
exceed  the  sample  rate. 


NOMENCLATURE 

x(t)  -  base  Input  displacement  of  a 

slngle-degree-of- freedom  system 

y(t)  "  response  displacement  of  a 

single-degree-of-freedom  accel¬ 
eration 

x(t)  ~  base  Input  acceleration 

y(t)  •  response  acceleration 

z(t)  ~  relative  displacement  y(t)  - 
x(t) 

(  •  fraction  of  critical  damping 

(D  -  natural  frequency  of  a  slngle- 
“  degree-of-freedom  system, 

rad/ sec 

s  ~  complex  variable 

H  ■  transfer  function 

L[]  -  Laplace  transform 

L~^[]  -  Inverse  Laplace  transform 

Z  ~  z  Transform 

2“^  “  Inverse  z  transform 

-  dampled  natural  frequency, 

T  ■  sample  Interval 


6(t)  ”  delta  function;  6(t)  “  1  for 

t  ■  0,  5(t)  ■  0  elsewhere 

d_  “  digital  delta  function;  cL  •  1 

“  for  m  »  0,  ■  0  all  other  m 

SDOF  single  degree  of  freedom 

u(t)  “  unit  step  function;  u(t)  •  1 
for  t  ^  0,  u(t)  -  0  for  t  <  0 

t  “  time 


INTRODUCTION 

There  are  many  ways  to  calculate 
the  shock  response  spectra.  A  popular 
technique  Is  to  use  a  digital  recursive 
filter  to  simulate  the  slngle-degree-of- 
freedom  (SDOF)  system.  The  output  of  the 
filter  using  a  sampled  input  Is  assumed 
to  be  a  measure  of  the  response  of  the 
SDOF  system. 

The  response  Is  then  searched  for 
the  maximum  value.  This  process  Is  then 
repeated  for  each  natural  frequency  of 
Interest.  Currently  used  filters  exhibit 
large  errors  when  the  natural  frequency 
exceeds  1/6  the  sample  rate.  This  paper 
will  discuss  the  design  of  an  Improved 
filter  which  gives  much  better  results 
at  the  higher  natural  frequencies.  The 
companion  problem  of  peak  detection  of 
a  sampled  system  will  not  be  discussed  In 
this  paper. 


MODELS 


I 


(2) 


Absolute  acceleration  model  —  The 
absolute  acceleration  model  Is  shown  In 
Fig.  1. 


Fig.  1  Absolute  acceleration  model 


The  Input  to  the  SDOF  system  is  the  base 
acceleration.  The  response  of  the  system 
is  the  absolute  acceleration  of  the  mass. 
The  transfer  function  of  this  system  In 
the  complex  Laplace  domain  is  given  by 


H(s) 


2?id  s+w^ 
n  n 

- - -  . 

a  +2c(ij_s+« 
n  n 


<1) 


This  is  the  model  most  frequently  used  in 
shock  response  spectra  calculations. 


H(s)  -  -j - j  • 

s  +2cu_8+u_ 
n  n 

If  the  relative  displacement  is  expressed 
In  terms  of  an  equivalent  static  acceler¬ 
ation. 


the  transfer  function  becomes, 

“n 

H(s)  -  -2—2 - y  •  (4) 

s  +2cu  8+0) 
n  n 


The  relative  displacement  model  is  used 
when  the  damage  potential  (perhaps  the 
stress  in  the  support  bracket)  can  be 
related  to  the  relative  displacement. 

The  equivalent  static  acceleration  Is 
used  to  keep  the  input  and  response  In 
the  same  physical  units.  Both  models 
give  H(0)  *  1  and  have  the  same  denomi¬ 
nator.  Equations  (1)  and  (4)  will  be 
referred  to  as  the  absolute  acceleration 
and  the  relative  displacement  models 
respectively. 


SIMULATION  OF  CONTINUOUS  SYSTEMS 

Following  Steams  [1]  a  digital 
simulation  will  be  compared  with  the 
continuous  system  as  outlined  in  Fig.  3. 


Relative  displacement  model  —  The 
relative  displacement  model  is  shown  In 
Fig.  2. 


Fig.  2  Relative  displacement  model 


Fig.  3  Simulation  of  a  Continuous  System 


The  ou^ut,  yQ,  of  the  digital  simula¬ 
tion,  h(z),  will  be  compared  to  tfof  sampled 
output  of  the  continuous  system,  yi^.  If 
the  sample  set  ^  *  0  for  all  m's  me 
simulation  is  said  to  be  exact. 


The  input  to  the  system  is  the  absolute 
acceleration  of  the  base.  The  response  of 
the  system  is  the  relative  displacement 
between  the  base  and  the  mass.  The  trans¬ 
fer  function  of  this  system  is  given  by 


Impulse  invariant  simulations  — 
Steams  shows  that  if  the  input  is  an 
impulse,  i.e., 

x(t)  -  6(t), 

^  "  ‘*m- 
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Che  simulation 


Hq(2)  -  TZ[t"^[H(8)]]  (5) 


is  exact. 

The  digital  recursive  filters  given 
in  [2]  for  Che  absolute  acceleration  and 
relative  displacement  models  can  be 
derived  from  this  formulation.  The  for¬ 
mulas  given  in  [2]  are  therefore  said  to 
be  impulse  invariant.  It  can  be  shown 
(using  superposition)  that  if  the  input  is 
a  series  of  scaled  i^ulses  the  error  of 
simulation,  Sm,  will  be  zero.  This  is 
true  even  chough  Che  impulses  are  not 
band  limited.  Also  H(s)  need  not  be 
band  limited  for  the  simulation  to  be 
exact.  In  the  case  of  a  SDOF  simula¬ 
tion,  the  natural  frequency  can  be  equal 
to  or  above  the  sampling  frequency. 

Tne  shock  response  spectra  of  a  Ig, 

.64  ms  haversine  was  calculated  (Fig.  4), 
using  an  impulse  invariant  simulation  of 
Che  absolute  acceleration  model  (eq.  6.96 
in  [2]).  The  correct  shock  spectra  should 
be  alrosc  a  constant  of  1.0  above  a  few 
hundred  Hz.  Note  the  gradual  decline  in 
the  computed  shock  spectra  to  a  minimum 
at  1000  Hz  (one  half  the  sample  rate)  and 
Chen  an  increase  as  2000  Hz  (the  sample 
race)  is  approached.  As  a  second  example, 
the  shock  spectra  of  an  exponentially 
decaying  sinusoid  was  calculated.  The 
decaying  sinusoid  was  modified  to  reduce 
Che  velocity  and  displacement  change  [3]. 
The  input  acceleration  time  history  sam¬ 
pled  at  2000  samples/s  is  given  by 

jl(t)  “  u(t)e"^“*'sinut+u(t+T)Ae”'’^8inv(t+T) , 


where 

A  -  -0.1995 
n  -  .05 
u)  -  2Tr(100) 

V  -  2it(10) 

T  -  -0.015757. 

The  shock  spectra  (Fig.  5)  again  shows 
the  notch/ peak  at  one  half  the  sample 
race  and  at  the  sample  rate. 

The  errors  cannot  be  blamed  on  the  sam¬ 
pling  theorem  as  Che  input  is  reasonably 
well  band  limited.  If  Che  input  is  pro¬ 
perly  band  limited,  Che  response  will  be 
band  limited  even  if  H(8)  is  not  band 
limited.  The  errors  have  long  been 
recognized  and  the  recursive  formulas 
have  not  been  recommended  whenever  the 
sample  race  was  less  than  5  or  6  times 


Che  highest  natural  frequency.  However, 
Che  author  does  not  believe  that  the 
mechanism  of  the  errors  has  been  well 
understood. 

The  errors  can  be  explained  using 
Che  following  argument.  Consider,  the 
response  to  a  square  wave  represented 
by  two  Impulses.  That  is,  Che  original 
square  wave  is  sampled.  The  function  is 
now  represented  by  a  series  of  scaled 
impulses  at  each  sampling  time.  Note 
chat  the  sample  rate  is  such  that  only 
two  non-zero  samples  are  observed.  Set 
the  natural  frequency  of  the  SDOF  system 
equal  to  one  half  the  sample  rate  (see 
Fig.  6). 


DAMPMO  «  3% 


NATURAL  FREQUENCY  (HZ) 

Fig.  4  Shock  Response  Spectra  of  a  64  ms 
Haversine  with  Unity  Amplitude 
Sampled  at  2000  Samples/Sec 
Using  an  Impulse  Invariant  Filter 


FREQUENCY  HZ 

Fig.  5  Shock  Response  Spectra  of  a  100 
Hz  Decaying  Sinusoid  Sampled  at 
2000  Samples/Sec  Using  an 
Impulse  Invariant  Filter 


Fig.  6  Response  to  Two  Impulses  by  a  Single  Degree  of  Freedom  System 


The  solid  line  represents  the  response  to 
the  first  impulse  and  the  dashed  line 
represents  the  response  to  second  impulse. 
The  total  response  will  be  the  sum  of  the 
two  curves.  Clearly  the  total  response 
will  be  quite  small  except  for  the  first 
half  cycle  of  response  due  to  the  de¬ 
structive  interference  of  the  two  impulse 
responses.  The  actual  response  of  the 
system  to  a  square  wave  will  be  larger 
than  the  response  to  two  impulses.  The 
simulation  of  the  square  wave  input  by 
two  impulses  is  not  very  good  in  this 
example.  This  argximent  can  be  extended 
to  more  complicated  waveforms  simulated 
by  a  series  of  impulses.  In  general, 
using  an  impulse  invariant  simulation  of 
a  SDOF  system,  a  minimum  in  the  observed 
response  will  be  found  when  the  natural 
frequency  is  near  one  half  the  saople 
rate  due  to  the  destructive  interference 
of  successive  impulses.  A  maximum  (con¬ 
structive  interference)  will  be  found 
when  the  natural  frequency  is  near 
the  sample  rate. 

Ramp  Invariant  simulations  [1]  — 

Let  the  input  to  the  system  be  a  general¬ 
ized  ramp  function; 


X(t)  -  A« (t-mT) ’uCt-mT) , 


i.e.,  a  ramp  with  slope  A  beginning  at 
time  t>mT.  A  ramp  invariant  simulation 
can  then  be  found  from 


Using  siq;>erposition,  an  input  composed 
of  straight  lines  connecting  the  saiiq>le 
points  will  then  be  an  exact  simulation. 

Eq.  6  yields  (after  much  algebra) 
Che  following  formulas  for  the  absolute 
acceleration  and  relative  displacement 
models. 

Absolute  acceleration  model  -- 


“d 

E 

K 

C 

S 

S’ 

b« 


H(z) 


bQ+bj^z  * 

- — 2  -2 

1-2CZ  ^+E^z  ^ 


e-^“nT 

TiiJd 

E  cos  K 
E  sin  K 

S/K  -  E  sin  K/K 
1-S’ 

2(S’-C) 

E^-S'. 


(7) 


Relative  displacement  model  -- 
bn+b,z“Vb,z”^ 


H(z) 


1-2CZ+E^Z"^ 


(8) 


»()  ■  +  T“„l 

»2  -  ^^^1  • 
"  /l-c 


These  models  can  be  converted  into  a 
recursive  formula  of  Che  form 


K  -  ’»0V'>l»m-l+Vm-2-“lVrVm-2' 

where 

a,  •  -2C, 

^  2 
aj  -  , 

^0’^1’^2  g^ven  above  for  the 


(9) 


relative  displacement  model, 
and  for  the  absolute  accelera¬ 
tion  model. 


The  denominator  has  the  same  form  as 
the  impulse  invariant  simulations  given 
in  [2]. 

When  the  natural  frequency  is  much 
less  than  the  sample  rate  the  filter 
weights  become  nearly  integers  1 . e . , 


*’0'’*1’*’2 


0 


The  output  of  the  filter  can  be  found  more 
accurately  if  written  in  the  form 


^01  "  '’0*m'^*’l*m-l'^^2*m-2'^m-l'*’^^m-l"^m-2^ 


relative  displacement  model, 


bg  -  (a)„T)^/6  (19) 

bj^  -  2(a)j^T)^/3  (20) 

b,  -  (u)  T)^/6  .  (21) 

z  n 

The  ramp  Invariant  filters  have  one 
more  weight  than  the  impulse  invariant 
filters.  (For  the  impulse  invariant  fil¬ 
ters  b2~0) .  The  additional  weight 
requires  one  more  multiply  add.  Round 
off  errors  can  cause  the  filter  to  be 
unstable  when  the  natural  frequency, 
is  small  and  the  damping,  c.  is  zero. 

This  can  be  avoided  by  not  using  ^ 
exactly  zero  when  the  natural  frequency 
is  small  compared  to  the  sample  rate. 


-*iVl-2V2 


(10) 


where 


aj^  “  aj^  +  2  (11) 

*2  *  *2  ”  ^  '  (12) 

In  this  form 


V  ■  V  ,  +  (smaller  terms).  (13) 

Incidently,  the  formulas  in  [2]  have  the 
same  problem  and  can  be  improved  by  writ¬ 
ing  them  in  a  similar  form.  When  the 
natural  frequency  is  much  less  than  the 
sample  rate  even  double  precision  calcu¬ 
lations  will  not  yield  accurate  filter 
weights.  The  following  approximations 
derived  from  a  power  series  expansion  of 
the  formulas  can  then  be  used 

ai  >  2;u)  T  +  (u)  T)^(l-2c^)  (14) 

inn 

®2  “  *  2i;^(u)^T)^  (15) 

absolute  acceleration  model 


For  the  proper  calculation  of  the 
residual  shock  response  spectra,  the  | 

response  must  be  calculated  for  a  mini-  i 

mum  of  one  full  cycle  after  the  input  i 

has  ended.  The  number  of  samples  in  one  | 

cycle  is  the  inverse  of  the  non-dimen¬ 
sional  frequency,  fjjT.  When  f^T  is  small, 
this  can  be  a  large  number  of  samples.  i 

An  efficient  way  to  avoid  this  problem  I 

is  to  reduce  the  sample  rate  when  calcu-  | 

lating  the  residual  response  for  low  | 

natural  frequencies.  ] 

I 

The  shock  response  spectra  for  the  I 

examples  as  in  the  impulse  invariant 
section  were  calculated  using  the  ramp  I 

Invariant  model  as  shown  in  Figs.  7  and  | 

8.  The  spectra  was  computed  with  good  , 

accuracy  over  a  non-dimensional  fre¬ 
quency  range,  fj^T,  of  10"^  to  2.0. 

! 

CONCLUSIONS 


An  efficient  (requiring  5  multiply- 
adds  per  sample  point)  recursive  formula 
for  calculating  the  shock  response  spec¬ 
tra  has  been  derived.  The  formula  will 
give  good  results  over  a  wide  frequency 
range  with  a  natural  frequency  of  much 
less  than  the  sample  rate  to  many  time:? 
the  sample  rate.  The  only  requirement  ' 

is  that  the  input  waveform  is  reasonably  I 

well  band  limited  to  less  than  the  I 

Nyqulst  frequency.  j 
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NATURAL  FREQUENCY  (HZ) 


Shock  Response  Spectra  of  a  64  ms  Haversine  with 
Unity  Aiq)litude  Sampled  2000  Samples/Sec  using  a 
Ramp  Invariant  Filter 
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Fig.  8  Shock  Response  Spectra  of  a  100  Hz  Decaying 
Sinusoid  Sampled  at  2000  Samples/Sec  Using  a 
Ramp  Invariant  Filter 
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DISCUSSION 


Mr.  Kubln  (The  A«ro«p«c«  Corp);  Regard¬ 
ing  the  reelduel  natter  that  you  juat 
daacrlbed.  An  alternative  procedure 
would  be  to  develop  the  reaponee  and  Ita 
flrat  derivative  at  the  laat  tine  of 
your  Input  function  and  then  you  can 
predict  what  the  peak  will  be  and  the 
realdual  Innedlately.  You  don't  have  to 
go  through  declnatlon  or  any  further 
calculations  at  all.  All  you  have  to  do 
la  get  the  flrat  derivative  of  the 
reaponee.  It  la  an  Initial  value 
problen  of  free  vibration  and  you  can 
get  the  answer. 

Mr.  Snallwoodi  1  agree.  It  la  an 
alternate  way  to  do  It. 
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A  FINITE  EI£MENT  MODEL  FOR  FAILURE  INITIATION  IN 
SHOCK  LOADED  STRUCTURAL  MATERIALS 


David  W.  Nicholson 
Naval  Surface  Weapons  Center 
White  Oak,  Silver  Spring,  Maryland  20910 


The  present  article  reports  the  basic  finite  element  equations 
governing  the  response  of  a  material  described  by  a  recently 
published  constitutive  model  for  dynamically  loaded  ductile 
structural  materials.  The  main  feature  of  the  model  is  the 
decomposition  of  the  material  response  into  rate  sensitive  flow 
and  damage  processes.  The  finite  element  treatment  is  based  on 
several  assumptions  regarding  the  Intraelement  and  interelement 
distributions  of  the  flow  and  damage  strains.  The  derived 
equations  comprise  a  system  of  ordinary  differential  equations 
in  time,  requiring  the  specification  of  nine  material  parameters. 


INTRODUCTION 

In  broad  terms  the  work  reported 
here  concerns  the  prediction  of 
structural  failure  under  high  dynamic 
loads,  for  example  due  to  an  explosive 
attack  on  a  ship.  The  common  approach 
has  been  to  predict  permanent 
structural  deformation,  using  either 
empirical  results  or  finite  element 
structural  analysis.  Criteria  based  on 
the  deflection  magnitude  have  then  been 
cited  as  grounds  for  anticipating  the 
rupture  of  the  structural  material. 

The  ultimate  objective  underlying  the 
present  work  is  to  predict  directly  the 
onset  and  termination  of  the  rupture 
process. 


(nucleation,  growth  and  coalescence  of 
microvoids  and  microcracks) .  Three 
vector  quantities  with  dimensions  of 
displacement  are  to  be  determined  by 
numerically  integrating  the  time- 
dependent  governing  finite  element 
equations:  the  nodal  displacement 
vector  the  nodal  flow  parameter 

vector  and  the  nodal  damage 

parameter  vector  ][q.  The  governing 
equations  in  finite  element  form  are 


”g  ^  *  ‘«fg  *  5g 


-g  rg 


Unfortunately,  classical  fracture 
mechanics  primarily  concerns  cata¬ 
strophic  crack  propagation  in  brittle 
materials,  and  it  does  not  genuinely 
address  fracture  initiation  in  the 
ductile  structural  materials  used  in 
various  marine  applications.  To 
obviate  this  difficulty,  we  have  form¬ 
ulated  a  special  constitutive  model 
[1].  Here  we  briefly  describe  the 
model  and  we  present  the  mathematics 
for  its  implementation  in  a  finite 
element  code. 

More  concretely,  the  constitutive 
model  describes  two  rate-dependent 
inelastic  processes  occurring  in 
ductile  structural  materials:  flow 
(plastic  deformation)  and  damage 


^  =  ’’f  ♦f  Ig 
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Here  M^,  Kj^,  K^^,  and  ♦g  are 
matrices;  P_  is  the  vector  of  external 

-g 

forces;  and  c^,  c^,  ic  and  v  are 

positive  material  constants.  The  major 


thrust  of  this  paper  is  simply  to 
sketch  the  derivation  of  the  governing 
equations. 

A  finite  element  code  applying  the 
constitutive  model  to  a  rapidly  loaded 
simply  supported  circular  plate  is 
currently  being  written  and  we  expect 
to  report  computational  results  shortly. 
In  this  report,  the  present  paper 
describes  work  in  progress. 

CONSTITUTIVE  MODEL 

As  discussed  in  Ref.  1,  under  high 
loads  ductile  structural  materials 
experience  two  inelastic  processes: 

(a)  flow,  otherwise  called  plastic 
deformation,  and  (b)  damage,  comprising 
the  nucleation,  growth  and  coalescence 
of  microvoids  and  microcracks.  Further, 
both  of  these  processes  are  dynamic  in 
the  sense  that  they  are  delayed 
(retarded).  The  appearcuice  of  a  crack 
of  significant  sire,  representing  the 
initiation  phase  of  (macroscopic) 
fracture, corresponds  to  the  accumulation 
of  deunage  to  a  critical  level. 

The  governing  equations  are  given 
as  follows. 

3F 

®ij^  =  Hf  <  -Jf  (Ff  -  k^)  >  ^  (1.1) 


for  the  stress,  6^^  the  Kronecker 

tensor,  and  y  and  X  the  Lame' 
coefficients. 

Continuing,  in  Eq.  1,  s^^^  and  s 

are  the  deviatoric  and  Isotropic 
(hydrostatic)  stresses;  (fi^,  (t>^,  and 

F.  are  positive  material  functions;  n^, 

^  f  <3  ^ 

n^j,  k  and  k  are  positive  material 

constants;  and  the  symbols  <  *  >  are 
defined  by 

$  if  ^  0 

<  (ji  (ij,)  >  = 

0  if  ill  <  0  . 

The  constitutive  model  embodies 
several  features. 

1.  Inelastic  strains  are  used  as 
measures  of  flow  and  deunage. 

2.  Flow  is  a  deviatoric  (hence 
volume  conserving)  process  controlled 
by  the  deviatoric  stress. 

3.  Deunage  is  an  isotropic 
(dilatational)  process  controlled  by 
the  isotropic  stress. 

4.  Flow  and  deunage  are  uncoupled. 


4^  =  0 


4**  =  ‘^<3 


"  >  >  nr 


.  0 


Here  and  are  the  deviatoric 

(shear)  and  isotropic  parts  of  the  flow 

strain  Similarly,  and  e** 

are  the  deviatoric  and  isotropic  parts 
of  the  damage  strain  e  ® 


The  total 


strain  is  the  sum  of  the  flow  strain, 
the  damage  strain  and  the  elastic 
strain,  which  is  given  in  terms  of  the 
stress  by  Hooke's  law.  Formally 


where 


e  f  d 
Sj  “  ^ij  ^ij  *  ''ij 


®ij  *  2y  >  X  6^. 


5.  The  dynamic  (retarded)  nature 
of  thr  flow  and  damage  processes  is 
accommodated  by  using  rate  equations 
with  viscosity  coefficients  and  n^j. 

6.  Threshold  conditions,  analogous 
to  yield  conditions,  are  used  to  govern 
the  onset  and  termination  of  flow  and 
deunage. 

7.  The  fact  that  and  are 

positive  goes  a  long  way  to  ensuring 
that  both  flow  and  damage  are 
dissipative  processes. 

Simply  speaking,  the  deunage 

measure  e^  represents  the  relative 
microvoid  and  microcrack  volume .  A 
macroscopic  fracture  initiation 
criterion  is  introduced  in  Ref.  1  based 
on  damage  strain  accumulation  to  a 
critical  level.  Formally, 

max  [e*^]  ^  e* 

X 

where  x  refers  to  points  in  the  body 
under  study. 


FINITE  ELEMENT  FORMULATION 


A. 


Equation  of  Equilibriuin  of  an 
Element 


A(e)  where  a 


{a  o  0 
XX  yy  xy 


An  approximation  for  the  stress  is  now 
given  by 


For  simplicity  of  illustration,  we 
study  the  plane  triangle  shown  in  Fig. 
1  and  assume  that  the  displacements  u 

and  Uy  are  distributed  linearly  in  the 

element.  Our  argument  follows  the 
presentation  of  Ref.  2.  Extension  to 
more  elaborate  elements  and  displace¬ 
ment  models  is  straightforward, 
although  frequently  tedious. 


o  'v-  a  =  A(e) 


(3.3) 


For  equilibrium  of  the  element,  the 
principle  of  virtual  work  may  be  stated 
in  terms  of  true  quantities  as 


J‘p^6'a6V  +  &edV  = 


6udV 


We  introduce  the  nodal  displacement 
vector  £  for  the  element  under  study 


r 


u 


u 


u. 


u, 


(1) 

X 

(1) 

y 

(2) 

X 

(3) 

X 

(3) 


The  displacement  vector  u  =  {u  u  }' 

X  y 

is  now  approximated  according  to 


u  u  =  DC  c 


(3.1) 


Here,  V  is  the  element  volume  and  S  its 
surface  area,  t_  is  the  traction  applied 
to  the  element  boundary,  p  is  rhe  mass 
density,  6(-)  is  the  variational 
operator ,  and  the  superposed  dot  denotes 
differentiation  with  respect  to  time. 

We  assume  this  principle  also 
applies  to  the  approximate  quantities: 

J'p^6udV  +  =  yi'^AudS  (3.4) 


Hereafter  the  overbars  designating  the 
approximations  will  not  be  displayed. 

Upon  substituting  (3.1)  into  (3.4) 

T 

the  inertial  term  becomes  £  M6^  where  M 
is  the  consistent  mass  matrix  given  by 


H.  /, 


T  T 
pc  D  DCdV. 


where  C  is  a  constant  matrix  and  D 
depends  on  x  and  y  within  the  element, 
and  where  the  superscript  T  denotes  the 
transpose. 

Using  the  usual  kinematic 
relations,  the  strain 


=  {e 


XX  yy 


^xy>' 


may  be  written  as 


Similarly,  the  forcing  term  becomes 
T 

P  6^  where  P  is  the  consistent  load 
vector  given  by 


=  y'x’^DCdS 

.S 


£  =  B' *U 

where  b'  may  be  called  the  kinematic 
operator.  Applying  b'  to  u,  we  obtain 
an  approximate  strain  £  according  to 

£'\.£=b'*u=BC£  (3.2) 


Here  B  is  a  matrix  possibly  depending 
on  X  and  y  (although  not  in  this  case) . 

Suppose  now  that  the  constitutive 
relation  is 


But  the  second  right  hand  term 
requires  the  use  of  the  constitutive 
model,  as  discussed  in  the  next  section. 

B.  Application  of  the  Constitutive 
Model 

We  first  write  o  and  £  in  deviatoric 
and  isotropic  components  as 

a=s+s0  e+e=e0 


where  6  is  the  vectorial  counterpart  of 
the  Kronecker  tensor.  Elementary 
manipulation  leads  to 


2* 6c  ■  5,^6e  +  3s6e 

From  the  constitutive  model 
8  ■  2ij(e  -  e^)  8  -  ie(e  -  e**) 

where  k  >  2)i  -f  3X  is  the  bulk  modulus. 
Consequently, 

T  T 

o  6£  »  2ue  6e  +  3Ke6e 
T 

-  2we^  6e  -  3ice^6e.  (4.1) 


I 

( 

( 

I 

The  matrix  'f  is  nothing  but 

the  ordinary  stiffness  matrix  of  linear  i 

elasticity.  | 

The  equilibrium  equation  for  the  ' 

element  under  study  is  now  j 

MC  +  (Kj  +  Kj)C  *=  P  +  Kf  6  +  K<jl-  (5) 


In  the  next  section  we  apply  the 
constitutive  model  to  derive  equations 
governing  6  and  £. 


By  decomposing  the  kinematic  operator 
in  (3.2),  we  may  find  a  matrix  B  and  a 
vector  b  such  that  ° 


C.  Constitutive  Equations  in  Finite 
Element  Form 

For  simplicity  of  illustration,  we 
use  the  constitutive  relations 


e  =  B^CC  (4.2) 

e  =  b^CC  (4.3) 


We  now  make  a  most  Important 
assumption,  which  we  call  the 
consistent  inelastic  assumption. 

Namely,  we  assume  that  e^  and  e^  are 
distributed  throughout  the  element  in 
the  same  fashion  as  the  corresponding 
parts  of  the  total  strain  vector.  Hence 

e^  »  BqCB  I  (4.4) 


(4.5) 


in  terms  of  new  unknown  vectors  2 
Xt  hereafter  called  the  flow  and  damage 
parameters.  It  now  follows  that 

=  c'^Kj6£  +  i'^Kj62 

V 

with 

Kf  -  2p  J C^'B^CdV 
V 


e^  =  rif  <  1  -  k^/Fj  >  (s  -  c^e^)  (6.1) 


-  c,ef) 


]  (6.2) 


=  ,1^  <  1  .  )c‘*/F^  >  (s  -  c^e^)  (6.3) 


Fd=  (s.Cde‘*)2 


(6.4) 


The  flow  relations  (6.1,  6.2)  comprise 
the  Hohenemser-Prager  viscoplasticity 
model  with  linear  kinematic  hardening 
[3].  Evidently,  the  relations  (6.3, 
6.4)  are  the  counterparts  for  damage. 

Recalling  that 


8  »  2p(e  -  e  ) 


£  =  B^CB 


£  =  B^cc 


we  introduce  the  vector  2^  by 


■  2u  5.  -  (2p  +  Cj)6 


-  3k  jc\*^CAV 


}ij  -  b^b.. 


It  follows  that 

BjjCB  “  hf  <  1  -  kj/Fj  >  BqC^j. 


Using  integration  over  the  volume  of 
the  element,  we  find 


B  -  Tij,  Lj  (7.1) 

where 

Lj  -  2u  <  1  -  k^/Fj  >  (7.2) 

V 


For  the  sake  of  simplicity .  we 
approximate  F^  as  follows: 


sharing  it  is  equal  to  the  force 
applied  externally  at  the  node. 

The  global  equilibrium  equation  now 
takes  on  the  form 

^  *  ‘•'fg  ^  •'dg’ig 

(8.1) 

-  P  +  K,  B  ♦  K.„  Y 
-g  fg  Eg  dg  -Lg 


=  Kj  il)f/2uV 


Of  course,  numerical  integration  in 
(7.2)  usually  poses  no  problem. 
Substituting  into  (7.2)  we  find 

Lj  *  <  1  -  k^/F^  >  Kj 


and  (7.1)  becomes 

i  =  <  1  -  k^/f^  >  (2u  ^  -  (2u  +  Cj)6) 

(7.4) 

By  similar  reasoning,  for  y  we  may 
derive  ~ 


i  <  1  -  k^/F^  >  (k  £  -  (k  +  c^)  y) 

(7.5) 

^d  -  ['^d’’  "'d 


»  IC£  -  (K  +  C^)l. 


D.  Global  Equations 

The  previous  sections  concerned 
equilibrium  of  a  given  element.  Here 
we  consider  equilibrium  of  a  collection 
of  elements.  The  element  equations  of 
equilibrium  may  be  combined  into  a 
global  equilibrium  equation  using  two 
rules: 

1.  the  elements  sharing  a  node 
have  the  same  values  of  £,  B  and  ^  at 
that  node;  ~ 


where  the  subscript  g  stands  for 
global.  In  reality,  it  is  seldom 
necessary  to  assemble  the  global  system 
matrices  explicitly. 

A  difficulty  arises  in  stating  the 
global  form  of  the  constitutive 
equations.  In  particular,  in  their 
present  form  the  element  constitutive 
equations  (7.4)  and  (7.5)  are  not 
necessarily  consistent  with  the 
requirement  (1)  for  nodal  continuity  of 
B  and  y.  To  obviate  this  difficulty 
we  use~nodal  averages  over  the  elements 
sharing  a  node.  For  elements  e  we 
rewrite  (7.4,  7.5)  as 

6  =  i)>|  (2w  C  -  (2w  +  Cj)B) 


Y  =  4®  Of  C  -  (k  +  c^)Y) 
At  node  n  introduce 


where  n  is  the  numt>er  of  elements 
e 

sharing  node  n  and  summation  is  taken 
over  these  elements  sharing  node  n. 

The  quantities  ((>£  and  4^  can  now 
be  assembled  into  global  matrices  4^ 
and  4^,  to  yield  global  constitutive 
-equations  in  the  form 

Bg  -  4j  (2p  £g  -  (2u  +  Cj)^)  (8.2) 


ig  "  ♦d  -  (f  +  (8.3) 


2.  the  vector  sum  of  forces 
exerted  at  a  node  by  the  elements 


The  material  parameters  to  be 
specified  are:  v,  k,  n£>  c^,  c^, 

k^,  k^  and  p 
CONCLUSION 

The  present  article  formulates  the 
mathematics  underlying  the  finite 
element  implementation  of  a  constitu¬ 
tive  model  for  fracture  initiation  in 
dynamically  loaded  ductile  structural 
materials.  One  of  the  main  features  of 
the  model  is  that  it  decomposes  the 
material  response  into  (uncoupled)  flow 
and  damage  processes.  The  basic  step 
in  the  finite  element  implementation  is 
the  consistent  inelastic  assumption  in 
which  the  flow  and  damage  strains  are 
approximated  in  the  same  manner  as  the 
corresponding  parts  of  the  total 
strain.  A  n^al  continuity  requirement 
is  imposed  on  the  flow  and  damage 
parameters  Introduced  by  the  constitu¬ 
tive  inelastic  assumption.  The 
governing  equations  in  finite  element 
form,  comprising  a  system  of  ordinary 
differential  equations  in  time,  are 
given  by  Eqs.  8.1,  8.2  and  8.3.  A 
special  purpose  finite  element  code 
embodying  the  constitutive  model  is  in 
preparation  and  it  should  soon  lead  to 
Illustrative  calculations  on  the 
deformation  and  rupture  of  a  rapidly 
loaded  simply  supported  circular  plate. 
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DISCUSSION 


Voice;  Could  you  describe  whet  kind  of 
en  experiment  you  would  do  so  thet  you 
could  decompose  the  Incrementel  etlff- 
ness  Into  the  damege  and  flow  properties 
that  you  need  to  essentially  fit  the 
parameters  In  your  equation? 

Mr.  Nicholson;  1  believe  that  the  most 
likely  method  for  doing  that  Is  to  use 
the  flat  plate  Impact  teat  results  from 
Sandla  or  some  place  and  attempt  to  back 
the  stiffness  matrices  out  of  the  actual 
measurements  up  to  point  of  spall.  There 
have  been  substantial  numbers  of  tests 
at  Sandla  where  flyer  plates  have  struck 
each  ocher  causing  a  spalling  process 
and  some  of  these  tests  have  gone  short 
of  the  threshold  of  spalling.  That  la 
what  you  particularly  want  to  look  at. 
There  have  been  examinations  of  the 
Interior  of  these  places  where  void 
nucleatlon  and  growth  was  quite  exten¬ 
sive.  So  here  we  have  a  situation  of 
damage  short  of  the  event  of  coalescence 
and  chat  Is  really  what  we  have  to 
examine.  There  have  been  empirically 
minded  studies  of  that  problem  by 
Shockley,  Seaman  and  others.  I  hope  to 
take  advantage  of  Che  more  adhoc  treat¬ 
ment  of  the  data  that  these  people  have 
to  see  if  I  can  state  what  the  flow  and 
damage  stiffness  matrices  should  be. 

Mr.  Pakstys  (General  Dynamics-Electric 
Boat);  Were  your  second  and  third  set 
of  matrix  equations  non-linear? 


Mr.  Pakstys;  Do  you  have  In  mind  some 
procedures  for  getting  solutions? 

Mr.  Nicholson;  Yes,  I  don't  believe 
there  Is  any  basic  problem  with 
Integrating  these  equations.  That  Is 
not  typical  of  large  systems  which  are 
also  non-linear. 

Mr.  Pakstys;  You  would  Just  be  marching 
In  time? 

Mr.  Nicholson;  That  is  right.  It  Is 
Just  going  to  be  marching  In  time.  I 
hope  I  can  get  ai>ay  with  a  primarily 
explicit  method  but  I  haven't  succeeded 
yet. 

Mr.  Pakstys;  So  you  are  planning  an 
explicit  method? 

Mr.  Nicholson;  Well  1  did  try  the 
Adams-Moulton  and  the  Adams-Bashsmith 
type  methods. 

Mr.  Pakstys;  Have  you  tried  It  on  one 
dimensional  problems? 

Mr.  Pakstys;  You  haven't  even  tried  It? 

Mr.  Nicholson;  Right,  but  the  Adams 
Bashworth  method  seemed  to  Introduce 
Instabilities  and  I  think  It  was  Just  a 
bad  choice.  I  am  attempting  to  prove 
the  method  I  am  using. 


Mr.  Nicholson;  They  were  mildly  non' 
linear. 


STUDY  OF  PENETRATION  FORCES  FOR  SUPERSONIC  WARHEAD  DESIGNS 


R.  Hassett,  J.  C.  S.  Yang*.  J.  Richardson  and  H.  Walpert 
Naval  Surface  Weapons  Center 
Silver  Spring,  Maryland  2D910 


The  purpose  of  this  study  vms  to  generate  penetration  forces  to  evaluate 
several  preliminary  warheads  designed  to  survive  severe  transient  loading 
conditions  at  velocities  up  to  762  mps  Into  water,  ship  targets,  and  a  wide 
variety  of  land  targets.  A  preliminary  Investigation  Into  each  of  these 
mediums  was  conducted  to  determine  which  target  medium  presented  the  most 
difficult  applied  loading  conditions  to  the  warhead  structure. 

Results  were  obtained  using  various  methods  both  analytical  and  semi* 
empirical  for  the  expected  range  of  peak  deceleration  loads  experienced 
by  the  warhead  as  It  penetrates  water,  earth  and  hull  targets.  The  range 
In  magnitude  of  the  deceleration  1$  large  because  It  covers  the  wide  range 
In  diameters,  weights,  target  materials  and  velocities  under  consideration. 
The  ship  hull  penetration  provides  the  most  severe  loading  and  therefore 
was  selected  as  the  design  criteria  for  the  warheads. 


INTRODUCTION 

The  warhead  must  be  designed  to  survive 
severe  transient  loading  conditions  at  veloci¬ 
ties  up  to  762  mps  Into  water,  ship  targets, 
and  a  wide  variety  of  land  targets.  A  preli¬ 
minary  Investigation  Into  each  of  these  mediums 
was  conducted  to  determine  which  target  medium 
presented  the  most  difficult  applied  loading 
conditions  to  the  warhead  structure.  The  war¬ 
heads  considered  were  all  designed  with  a  blunt 


nose  (typically  0.6  times  the  maximum  diameter 
of  the  warhead),  weighed  226.8  or  317.5  kilo- 
rams,  measured  up  to  152.4  centimeters  In 
ength  and  between  30.48  and  40.64  centimeters 
In  diameter  (see  Fig.  l).  Two  materials  were 
used,  AISI  4340  Steel  and  Titanium  64.  Termi¬ 
nal  velocities  considered  were  457  and  762 
meters  per  second. 
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Figure  1;  Warhead  Design  Features 
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Various  methods,  both  analytical  and  semi- 
empirical,  were  used  to  determine  the  penetra¬ 
tion  loads  on  water,  earth  and  ship  targets. 

*  Water  entry  loads  were  obtained  by 
analyzing  the  transient  forces  on  flat  disks 
during  water  entry.  The  resulting  cavity  from 
the  blunt  nose  warhead  Is  such  that  It,  In 
essence,  appears  to  be  a  flat  disk  as  far  as  the 
water  forces  are  concerned  since  the  cavity 
clears  the  rest  of  the  warhead. 

*  Earth  penetration  loads  were  obtained 
Initially  by  using  some  simplified  assumptions 
and  empirical  results  from  various  experimental 
tests  which  were  compared  to  the  results  ob¬ 
tained  using  the  PENCO  computer  code.  The  PENCO 
computer  code  was  developed  by  R.  S.  Bernard 
and  D.  C.  Creighton,  U.S.  Anny  Engineer .Water¬ 
ways  Experiment  Station,  Vicksburg,  Miss. 

*  Ship  penetration  loads  were  obtained 
using  the  DEFORM  ballistic  penetrator  deforma¬ 
tion  model  developed  by  Mr.  Rodney  Recht  of  the 
Denver  Research  Institute.  This  model  Is  based 
on  empirical  data  and  DEFORM  Is  a  subroutine  of 
the  SPM  (Ship  Penetration  Model]  used  at  the 
David  Taylor  Naval  Ship  Research  and  Develop¬ 
ment  Center,  Carderock,  Maryland. 

Results  were  obtained  for  the  expected 
range  of  peak  deceleration  loads  experienced  by 
the  warhead  as  It  penetrates  water,  earth  and 
hull  targets.  The  range  In  magnitude  of  the 
deceleration  Is  large  because  It  covers  the 
wide  range  In  diameters,  weights,  materials  and 
velocities  under  consideration.  The  ship  hull 
penetration  provides  the  most  severe  loading 
and  therefore  was  selected  as  the  design  cri¬ 
teria  for  the  warheads. 
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WATER- ENTRY  LOADS 

Considerable  empirical  data  are  available 
In  the  literature  regarding  transient  forces 
on  flat  disks  during  water  entry  (see  Refs.  1 
and  2).  This  data  Is  applicable  to  all  warhead 
configurations  which  have  blunt  nose  similar 
to  those  In  this  study.  The  resulting  cavity 
from  this  blunt  nose  Is  such  that  It  In  essence 
appears  to  be  a  flat  disk  as  far  as  the  water 
forces  are  concerned  since  the  cavity  clears 
the  rest  of  the  warhead. 

The  behavior  of  drag  coefficient  for  disks 
during  water-entry  Is  Illustrated  In  Fig.  2-a 
as  a  function  of  penetration  distance  and  entry 
angle  (e)  off  the  horizontal.  It  Is  the  sum 
total  of  the  steady-state  drag  coefficient  which 
Increases  to  a  constant  value  as  the  nose  be¬ 
comes  wetted  and  a  transient  term  resulting  from 
virtual  mass  behavior  and  effects.  The  peak 
drag  coefficient  as  a  function  of  (e)  has  been 
plotted  In  Fig.  2-b.  The  peak  axial  drag  force 
can  be  expressed  as: 

where 

0  >>  water  density 


A  ■  area  of  blunt  nose 


V^  »  entry  velocity 


The  peak  loads  and  deceleration  are  given 
in  Table  1  for  a  variety  of  conditions  being 
considered. 
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Figure  2:  Drag  Coefficients  for  Water  Entry 


I 

I 


Table  1 

Peak  Water-Entry  Loads 
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EARTH-PENETRATION  LOADS 

Theoretical  Investigations  Into  projectile 
Impacts  with  earth- type  targets  are  usually 
macroscopic  penetration  studies.  The  technique 
used  Is  to  assume  an  equation  of  motion  for 
the  projectile.  The  constants  In  this  equation 
are  determined  by  Integrating  and  maximizing 
the  resulting  distance  equation  to  yield  a 
penetration  depth.  Expressing  the  penetration 
depth  in  terms  of  Impact  velocity  yields  an 
equation  which  can  be  fitted  to  experimentally 
gathered  data. 

A  generalized  equation  of  motion  could  be 
written  In  the  following  form: 

♦  CZ*DZ^*  E 
dt 


31 


'31' 


where  Z  Is  the  distance  along  the  penetration 
path. 


The  coefficients  A,  B,  C,  D,  E  depend  on 
the  target  material  properties,  the  penetrator 
geometry  and  the  Interaction  parameters  between 
penetrator  and  target  material. 

Once  the  mathematical  model  has  been  assum¬ 
ed,  It  Is  necessary  to  solve  the  equation  and  to 
express  the  depth  of  penetration.  Dp,  In  terms 
of  the  Impact  velocity,  V  ,  by  substituting  the 
proper  boundary  conditions: 

when  t  -  0  =  gf  ■  Vp,  Dp  •  o 


when  Z  •  D„ 


dZ 

3t 


Some  of  the  prediction  techniques  which 
predominantly  depend  on  experimental  penetration 
data  for  the  evaluation  of  the  constants  are 
given  In  Table  2,  with  the  equations  for  the 
depth  of  penetration.  Evaluation  of  the  con¬ 
stants  used  and  further  details  may  be  found  In 
Refs.  3  and  4. 


Table  2 

Earth  Penetration  Loads 
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The  equations  of  penetration  were  solved 
to  provide  the  velocity  and  acceleration  as 
a  function  of  time  (see  Table  3),  Typical 
constant  values  were  used  In  these  calculations 
and  the  results  were  used  as  Inputs  to  check  on 


the  validity  of  the  subsequent  PENCO  penetra* 
tion  analysis.  The  PENCO  compute  code  was 
selected  as  the  baseline  method  for  determining 
deceleration  loading. 


Penetration  Equation  Solutions 
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PENCO:  COnPUTER  CODE 

Program  PENCO  analyzes  the  normal  Impact 
and  penetration  of  rigid  axl symmetric  projec*- 
tiles  Into  layered  targets.  The  projectile 
penetration  theory  used  In  the  PENCO  computer 
code  for  the  earth  materials  Is  based  on  an 
analogy  with  the  expansion  of  a  spherical 
cavity  In  a  Nohr-Coulomb  material.  The  form 
of  the  projectile  equation  of  motion  Is  pos¬ 
tulated  In  accord  with  empirical  observations. 
However,  the  force  coefficients  are  obtained 
directly  from  the  cavity  expansion  analysis 
and  are  expressed  In  terms  of  standard  engineer¬ 
ing  properties.  The  theory  Is  used  to  moke  a 
number  of  after-the-fact  calculations  which 
are  compared  with  full-scale  test  results. 

PENCO  uses  this  theory  and  Incorporates 
a  simple  Newtonian  Integration  scheme  to  solve 
the  projectile  emtlon  of  motion.  The  code 
requires  Inputs  describing  the  penetrator. 

Impact  velocity,  target  material  properties 


and  Integration  time  step  size.  The  output  Is 
trensmitted  to  an  external  time  history  output 
file  and  Includes  the  projectile's  Instantaneous 
velocity,  depth,  and  deceleration,  along  with 
the  maximum  cavity  diameter,  at  selected  points 
In  time  between  problem  Initialization  and 
problem  completion. 

PENCO:  RESULTS 

Projectile  penetration  studies  were  con¬ 
ducted  on  seven  warhead  designs  using  the  PENCO 
computer  code  for  two  sets  of  Impact  velocities, 

762  mps  and  457  mps.  The  warhead  designs  vary 
In  material,  steel  and  titanium,  dimension  and 
weight. 

In  the  PENCO  computer  analysis,  the  projec¬ 
tiles  are  modeled  as  bIconIc  penetrators  (see  i 

Fig.  3),  The  blunt  nose  Is  obtained  by  setting 
the  half  angle  of  the  nose  equal  to  90  degrees. 

The  ogive  section  of  the  penetrator  Is  approxi¬ 
mated  by  a  conical  section  with  a  straight  line  i 

1 

i 

i 


drawn  fron  the  edge  of  the  blunt  nose  to  a  point 
tangential  to  the  profile  of  the  penetrator. 

This  Is  a  reasonable  estimation  since  the  cavity 
expansion  Is  not  affected  by  the  excavation 
behind  the  blunt  nose.  The  parameters  which 
describe  the  different  projectiles  are  pre¬ 
sented  In  Table  4.  The  properties  of  the  soil 
used  are  given  below: 

p  ■  Target  mass  density  >1.5  gm/cm^ 


K  ■  Effective  bulk  modulus  > 


TYPKM.  DECaEMTIOM 
AND  PBKTMTIMI  PROHU 


I  ■  Rigidity  Index  >  50 
^1  *  ^2  '  degrees 

>  C2  *  1.38  X  10®  dyn«s/cm^ 

Amax  >  Locking  strain  >  0.1 


Figure  3 

BIconIc  Penetrator 

Table  4 


Penetrator  Parameters 
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Results  from  the  PENCO  computer  analysis  on 
the  maximum  deceleration  and  penetration  depth 
are  suemarlzed  In  Table  5. 

Table  5 

PENCO  Analysis  Results  for  Haximuni  Penetration  and  Deceleration 


WARHEAD 

WARHEAD 

WARHEAD 

MAX 

MAX 

MATERIAL 

WEIGHT 

DECELERATION 

PENETRATION 

(CMI 

(KGI 

(60 

(CMI 

TARGET  PENETRATION  LOADS 
DEFORM:  COMPUTER  CODE 

The  DEFORM  subroutine  from  the  Ship  Vulner 
ability  Model  (SVM/D)  program  developed  by  the 
David  Taylor  Naval  Ship  Research  and  Develop¬ 
ment  Center  (DTNSRDC)  and  the  Denver  Research 
Institute  (DRI)  was  used  to  analyze  these 
designs  for  ship  target  penetration  capability. 
The  representative  ship  target  Illustrated  In 
Fig.  4  consists  of  a  1.905  cm  thick  HY80  plate 
reinforced  by  a  T-beam  and  angle  member  welded 
cross-ways  on  the  back  of  the  plate.  Composite 
tarMts  such  as  this  are  modeled  In  DEFORM 
as  Isotropic  Infinite  flat  plates  of  finite 
thickness.  Extensive  semi-analytical  and 
empirical  studies  conducted  at  DRI  Indicate 
that  blunt  nose  shapes  at  high  velocities 


will  develop  a  shear  plug  during  penetration 
of  the  plate  with  peak  Impact  proportional 
to  the  mass  of  the  plug.  The  worst  case  situa¬ 
tion  for  the  target  In  Fig.  4  would  then  be  the 
section  of  the  target  where  the  reinforcing 
members  cross  and  present  the  largest  mass 
resistance.  The  mass  of  this  plug  was  deter¬ 
mined  to  be  equivalent  to  a  uniform  plate 
thickness  of  3.175  cm  which  was  then  used  In 
these  calculations. 
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The  DEFORM  code  evaluates  stresses  and 
strains  in  the  casing  wall  at  some  arbitrary 
(selected)  station,  the  explosive  carried  by 
the  projectile  and  the  bond  (shear  stress) 
between  casing  and  explosive.  The  model  will 
consider  any  nose  shape  which  is  axisymmetric 
(or  can  be  represented  by  an  axisymmetric 
shape).  The  penetrator  deformation  model  will 
predict  stresses  and  plastic  strains  (due  to 
combined  axial  and  flexural  impact  loading) 
in  the  penetrators.  The  model  also  evaluates 
the  maximum  g-loading  experienced  by  the  pene¬ 
trator. 


conditions  after  penetration.  Gross  deforma¬ 
tions  can  be  expected  if  the  predicted  strains 
are  0.Z5  cm/ cm  or  higher.  Functional  behavior 
of  the  penetrator  may  be  Impaired  when  the  pre¬ 
dicted  strains  are  above  0.03  cm/cm.  A  moderate 
amount  of  deformation  of  the  walls  can  also  be 
expected  at  strains  above  0.10  cm/cm.  Strains 
of  0.02  cm/cm  or  less  correspond  to  ballistic 
penetrators  with  little  or  no  damage  due  to 
plate  penetration.  Thus,  by  designing  to  a 
certain  strain  level,  the  designer  can  choose 
an  acceptable  damage  level  for  a  particular 
application. 


The  model  is  empirical.  It  is  based  on 
actual  tests  of  40MM,  and  8  inch  projectiles, 
and  Mk  82  bombs.  The  DEFORM  model  first  pre¬ 
dicts  the  strain  based  on  velocity,  plate  thick¬ 
ness,  diameter  and  shape  of  similar  40MM  or  8 
inch  projectiles  or  Mk  82  bombs.  The  results 
are  then  scales  up  to  fit  the  penetrator  in 
question.  The  stresses  and  forces  are  then 
derived  from  the  strain  and  other  geometric 
and  material  properties  of  the  projectile. 

The  stresses  and  loads  predicted  may  be  less 
accurate  since  they  are  deduced  from  the 
strain.  This  is  why  the  strain  prediction  is 
used  as  the  main  criterion  for  design  purposes. 

The  strain  predictions  are  correlated  with 
certain  general  descriptions  of  warhead 


It  should  be  noted  that  stresses  and 
strains  due  to  axial  loading  are  invalid  aft 
of  the  station  at  which  maximum  deformation 
occurs.  Aft  of  this  point  the  loads  in  the  war¬ 
head  will  be  lower  than  those  predicted  by  the 
model.  This  is  due  to  the  shock  mitigation 
(energy  absorbed)  by  the  projectile  while  being 
deformed. 

The  model  evaluates  the  maximum  value  of 
the  resisting  force  and  considers  it  to  be 
acting  at  a  specific  location  near  the  nose; 
it  does  not  define  force  magnitude  and  location 
as  a  function  of  time.  Hence,  in  the  Immediate 
vicinity  of  the  nose,  the  model  is  not  capable 
of  defining  bending  moments  accurately;  at 
stations  farther  aft  this  is  not  a  problem. 


Fortunately,  bending  moments  are  minimal  near 
the  nose  (where  axial  loading  Is  maximal)  and 
prediction  accuracy  does  not  suffer  greatly. 

The  DEFORM  Code  provides  for  modeling  a 
full  diameter  flat  blunt  nose  or  a  conical 
nose  but  It  Is  not  possible  to  describe  the 
subcall bre  flat  blunt  followed  by  an  ogive 
used  as  the  warhead  shape.  To  get  around 
this,  the  warhead  was  Input  to  DEFORM  as  If  It 
were  the  same  diameter  as  the  blunt  penetrator 
plate  for  purposes  of  calculating  loads.  The 
plugging  load  during  hull  penetration  with  the 


penetrator  plate  Is  significantly  higher  than 
the  load  when  the  ogive  section  Impacts  the 
hull  because  the  material  will  petal.  Also 
since  these  loads  do  not  occur  simultaneously, 
this  was  considered  a  realistic  design  approach. 

The  material  property  Inputs  to  the  DEFORM 
code  are  given  for  the  titanium  and  steel  war* 
heads  In  Table  6.  The  final  configuration  for 
the  steel  warheads  used  a  maximum  strain  of 
0.02  cm/cm  as  the  design  criteria.  The  titanium 
warhead  used  0.01  cm/cm/  These  values  present 
reasonable  structural  deformations  based  on 
extensive  data  obtained  by  DRI. 


Table  6 

Material  Properties  Input  Into 
DEFORM 


STEEL 

TITANIUM 

EXPLOSIVE 

PROPERTY 

AISI4340 

64ieKAL.4%Vt) 

PBXN-103 

DENSITY 

7.834  GM/CM^ 

4.706  6M/CM* 

1.855  GM/CM* 

YOUNG'S  MODULUS 

2.07x10'*  DYNES/CM  2 

1.103xT0'*DYNES/CM* 

0.688x10**  DYNES/CM* 

POISSON'S  RATIO 

•  • 

•  • 

0.18 

DYNAMIC  YIELD 
(COMPRESSION) 

-  1.47ex10*KG/CM* 

1.406  x10*KO/CM* 

WORK-HARDENING 

COEF 

1.828x10*KG/CM* 

1.624  X  10*  KG/CM* 

ULTIMATE  STRENGTH 

1.125x10*  KG/CM* 

I.OOx  10*KG/CM* 

SHEAR  STRENGTH  OF 
METAL-EXPLOSIVE 

BOND 

6.88x10*  DYNES/CM* 

HARDNESS 

• 

TARGET 

240 

TARGET  THICKNESS 

1.805  CM 

*  COMPUTED  FROM  DYNAMIC  YIELD  AND  WORK-HARDENINQ  COEF. 
**  DEFORM  HAS  VALUE  FOR  STEEL  INTERNAL  TO  CODE 
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SUMMARY 

The  expected  range  of  peak  deceleration 
loads  experienced  by  the  warhead  as  It  pene¬ 
trates  water,  earth  and  hull  targets  are  sum¬ 
marized  in  Table  7.  The  methods  used  to  deter¬ 
mine  these  loads  were  described  in  the  pre¬ 
ceding  sections  of  this  report.  The  range  in 
magnitude  of  the  deceleration  is  so  large 
because  it  covers  the  range  in  diameter,  weight 


and  velocity  under  consideration,  and  for  the 
case  of  earth  penetration  it  covers  the  varia¬ 
tion  due  to  the  different  theories  applied. 

Of  the  cases  analyzed,  the  ship  hull  penetration 
provided  the  most  severe  loading  condition. 

Thus,  the  hull  penetration  load  was  selected  as 
the  design  criteria  for  the  warheads. 


Table  7 

Penetration  Studies 


PEAK  DECELERATION 

MEDIUM  BASIS  OF  STUDY  ID'S) 


H,(MPS) 

457.3 

762.2 

WATER 

EMPIRICAL  mr  IMPACT  ANGLE) 

2200  3000 

6140  0500 

SOIL 

SEMI-ANALYTIC 

1450-0600 

2800-17300 

ANALYTIC 

670  1420 

1100  2260 

SHIP  TARGET 

EMPIRICAL 

13000  - 

-  30000 
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